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PREFACE 


This year’s group of review articles selected for their interest and 
importance to chemical engineers is devoted in large part to the 
“engineering science” aspects of our professional field. The papers 
presented are all applicable to more than one unit operation, and 
give theories, facts, and techniques from which the design methods 
in any one operation are constructed. 

In a sense, all the present papers treat problems in interphase 
contacting. On the theoretical and observational sides, respectively, 
Davies and Kintner explore the properties of two-phase systems 
undergoing mass transfer. In a third study, both the descriptive and 
the theoretical properties of cocurrent two-phase flow systems are 
presented by Scott. Longitudinal dispersion (or axial mixing), 
which has only recently been identified and analyzed as a substan¬ 
tial factor in equipment performance, is reviewed by Levenspiel and 
Bischoff. 

Finally, an article by Hanson and Somerville takes note of the 
current impact of high-speed computers upon design, and shows 
how computers allow very simple calculation steps to be applied 
repetitively in solving complex arrangements of process operations. 
These authors provide a very widely applicable computation pro¬ 
gram for vapor-liquid separation processes. The program typifies 
present-day computation procedures and should be of direct use to 
a large number of readers. 

The editors express their thanks to the publishers and particu¬ 
larly to Dr. Stanley F. Kudzin, associate editor at Academic Press, 
for their effective attention to the administrative and production 
aspects of publication of this volume. 

New York, New York 
Wilmington, Delaware 
Berkeley, California 
August, 1963 
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Thomas Bradford Drew 
John Walker Hoopes, Jr. 
Theodore Vermeulen 



ERRATA TO VOLUME 2 

p. 155 Below fl: in Type 2, (if K B > 1) should read (if Kb > 2); in 
Type 3,. (if K B < 1) should read (if K B < 2). 
p. 157 In Eq. (16), change x K and x B to n a and n b . 

p. 166 In Eq. (40), change e~ 2ru/3Dt to e~ iru/3Dl . 

p. 175 Eq. (78) should read dx/dr = kta v xfD. 
p. 175 Eq. (79), first line, should read 

1 + fnx = k f a p (V — ve — Eetoio )/KD. 

p. 176 Eq. (81) in the exponent, replace 0.97 by 0.64. 

p. 176 In Eq. (82), omit D. 

p. 183 Eq. (113b) should read n « Uv/SE 

Below, read: n W v/2d p tS . . . IId ~ 2 d p t. 
p. 189 Eq. (139), replace x by x*. 

p. 190 Eq. (145), replace y by y*. 

p. 199 In Eq. (162), insert a coefficient 1/2 before the right-hand “erf” 
term. 

p. 199 In the second line of Eq. (165), change r to vV . 

p. 203 k also may indicate a mass-transfer coefficient (ft./hr., or cm./sec.); 

kt here corresponds to the usual ka or fc L . 
p. 288 Credit: Fig. 32 was originally published in an article by W. C. 
Peck, Chem. & Ind. (London) pp. 159-163 (1956). 
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When a molecule passes across an interface without chemical reaction, 
it encounters a total resistance R which is the sum of three separate 
diffusional resistances. These originate in phase 1, in the interfacial region 
(perhaps 10A thick) and in phase 2 (see Fig. 1). This additivity of resist¬ 
ances is expressed by: 


R = R\ n* Ri "h (1) 

Of these resistances, R\ and R 2 are usually (but not always) much larger 
than R h and liquid-phase resistances are usually much larger than gas- 
phase resistances. Typical values (1) for R\ (if phase 1 is a gas other 
than of the material diffusing) are 1-100 sec. cm." 1 . Values for R 2 (phase 
2 being a solvent for the material diffusing) often lie in the range 100- 
1000 sec. cm." 1 . For a clean interface E/ is very small, of the order 0.002 
sec, cm." 1 ; but for an interface covered with a monolayer of some sur- 

* In this chapter, references will be cited by italic numbers in parentheses. 

1 
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face-active material Ri reaches values of up to 100 sec. cm. -1 . Here we 
shall discuss the simultaneous effects of surface-active agents on R lt R r , 

GAS PHASE 


Unstir red" I a y er 


Gas-phase resistance, /?[ 
Interfacial resistance, Rj 

Liquid-phase resistance, R^ 



WATER PHASE 


Eddies 


Fig. 1 . Total resistance R = Ri -f + # 2 . The unstirred layer is shown as a 
simplified approximation. 


and i? 2 > for both plane interfaces and drops. For transfer processes, under 
a concentration gradient Ac, the basic equation is: 

§ = Ak Ac (2) 

at 

where q is in moles of material transferring, the time t is expressed in 
seconds, and A is the area across which transfer occurs. The permeability 
constant k (cm. sec. - * 1 ) is measured over a region where the concentra¬ 
tion difference is Ac (moles cm.~ 3 ). The reciprocal of k is the resistance 
R (sec. cm. -1 ). Equation (2) may be alternatively written (2) in terms 
of the diffusion coefficient D for the region of thickness Ax under con¬ 
sideration: 

i.e., 

and 


where Ac/Ax is the concentration gradient. 

For a pure gas or liquid, Ri or R 2 is extremely small, and is dependent 
only on the rate at which molecules strike the interface. This rate is given 
by the kinetic theory, and is extremely high; and Ri or R 2 is of the order 
0.1 sec. cm. -1 . However, for a solute such as C0 2 diffusing from the sur¬ 
face of water, the concentration gradient of this solute below the surface 
may extend over an appreciable thickness Ax, so reducing fc 2 [see Eq. 
(3)]. Thus k 2 will depend on D and on the thickness Ax of the unstirred 


R Ax 


% = AD 
at Ax 


(3) 

(4) 
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region below the surface: will depend markedly on the hydrodynamics 

of the surface, as is discussed in more detail below. 


I. Evaporation 

Here R 2 is extremely low, since phase 2 consists of pure water. The 
total resistance, therefore, is given to a very close approximation by 

R 5 = R\ + Rr 

Above a plane surface , the resistance Rx of the gas phase may be quite 
large, of the order 100 sec. cm.- 1 , if there is a stagnant film (e.g., of air) 
overlying the water. Compared with such a value of R 1} the resistance Ri 
is rather small, even if a monolayer of a long-chain alcohol or acid is 
present. But if the air pressure is reduced below atmospheric, or if the 
air is stirred (e.g., by wind or by a fan), Rx can be reduced to only a few 
sec. cm." 1 , and the resistance Rj (up to 20 sec. cm. -1 with suitable films) 
may become controlling. 

Under natural conditions, Rx may be reduced by wind, so that spread 
monolayers of hexadecanol or similar materials may significantly retard 
evaporation. In the last few years they have found commercial applica¬ 
tion in reducing evaporation from lakes and reservoirs in hot, arid regions 
where the amount of water lost by evaporation may be so great as to 
exceed the amount usefully used. Another application is to reduce the 
evaporation from heated swimming-pools: here it is important to save 
the latent heat of evaporation rather than the water. 

Reducing the evaporation by using only a monolayer of a polar oil 
(3, 4 ) has not only the advantage that quite small amounts are required, 
but also that the oxygen necessary to support life can still diffuse into 
the water, and stagnation of the lake is thereby avoided. The reason that 
enough oxygen penetrates a quiescent surface covered with a monolayer 
lies in the high diffusional resistance R 2 encountered in the aqueous solu¬ 
tion subjacent to the surface: compared with this resistance, the mono- 
layer has a smaller effect (5), If, however, a thick film of oil were used 
to retard evaporation, its enormous resistance would become dominant 
in retarding the entry of oxygen. Under natural conditions, the uptake 
of oxygen into a lake or reservoir is aided by the wind and by convection 
currents, which stir the liquid near the surface: the surface viscosity 
and the resistance to local compression of a monolayer will reduce this 
stirring and so decrease the uptake of oxygen towards the rate for a 
quiescent surface. The effect of this in practice is that the monolayer 
doubles R 2 , and this in turn doubles the oxygen deficit (5 ); consequently, 
the effect of placing a monolayer of hexadecanol on a reservoir contain- 
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ing water which is 90% saturated is to reduce the oxygen content to 
80% of saturation. This has little effect on the living organisms in the 
water. In practice, hexadecanol is very suitable, spreading spontaneously 
and sufficiently rapidly from solid beads in small gauze-covered “rafts” 
in the surface to give a monolayer with a value of n* of 40 dynes cm. -1 : 
this retards evaporation into the atmosphere by about 50%. Spreading 
from solution in kerosene is also feasible (4), and is preferable if the 
reservoir is dirty. Trials reported in America describe the pumping of 
stearyl alcohol suspensions through a perforated plastic hose to give a 
spray application at the windward end of the reservoir (4). Longer hy¬ 
drocarbon chains in the monolayer improve the efficiency, though the 
spreading properties of the alcohols become less favorable. To overcome 
this difficulty, one may add an ethylene-oxide group at the polar end of 
the molecule. 

Evaporation from drops of liquid is generally much faster than from 
a plane surface, on account of the geometry of the system aiding the 
concentration to fall steeply away from the surface, and so making the 
concentration gradient steep. 

The complete equation for such evaporation is: 

1 dvo _ Mp -v 

A dt ~ RT(a/D + Rj) W 

where w represents weight, M is the molecular weight, a the drop radius, 
D the diffusion coefficient and p the saturation vapor pressure of the ma¬ 
terial evaporating under the given circumstances. R is the gas constant 
and T the absolute temperature. This equation is based on the assump¬ 
tion that the air around the drop is completely unsaturated. For clean 
surfaces, one calculates that while a drop of water of initial radius 0.1 
cm. would take 11 min. to evaporate completely into dry, still air at 
18°C., the time would be only 0.06 sec. for a drop of initial radius 10 fx. 

From Eq. (5) it is clear that for very small droplets (a small) the 
rate of evaporation will become extremely great unless Rj is appreciable. 
Conversely, a small amount of surface impurity may have a large effect 
on the rate of evaporation of very small drops. Thus, a monolayer of a 
long-chain alcohol or acid, which at room temperature can increase Ri 
(from 0.002 sec. cm. -1 for the clean water surface) to 10 sec. cm. -1 , 
should be able to reduce the rate of evaporation of a very small drop by 
5000 times. The life-times in dry air of water drops of 1 jx radius are 
correspondingly increased from a few milliseconds to about a minute by 

* II is the lowering of surface tension due to the adsorbed film. It is known as the 
surface pressure (i). 
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such a monolayer; in air of 80% relative humidity the life of a 10 p drop 
is increased from 2.5 sec. to 1300 sec. ( 6 ). Even oleic acid monolayers 
(making R I about 0.1 sec. cm.” 1 ) considerably reduce the rate of evapo¬ 
ration of water droplets, as Whytlaw-Gray showed (7). Besides mono- 
layers, traces of dust, nonvolatile impurities and oxidation or decompo¬ 
sition products may similarly reduce the evaporation rate, particularly 
if the droplets are small. The tarry material in town fogs is thus respon¬ 
sible for delaying dispersal of the fog by “isothermal distillation.” Mer¬ 
cury droplets, if a skin of oxidized products is allowed to form, may 
evaporate 1000 times more slowly than calculated. 

If the drop is exposed to a turbulent stream of air the diffusion co¬ 
efficient in Eq. (5) must be modified by multiplication by the calculated 
correction factor [14-6 (Re) 1/2 ] } where the second term in the bracket 
allows for eddy diffusion of the vapor away from the surface in the air¬ 
flow of Reynolds number Re. The constant 6 is related to the diffusion 
coefficient of the solute and the kinematic viscosity of the gas. This cor¬ 
rection factor is in good accord with experiment. Self-cooling may be¬ 
come more important under these conditions: a full discussion of the 
experimental findings for droplets moving relative to the gas is given by 
Green and Lane (£). 

An interesting application of small water drops is in the binding of 
dust in coal mines. It is, however, necessary to prevent the evaporation 
of the aerosol of water by previously dispersing in the water a little cetyl 
alcohol. The spray of water drops, each about 12 microns in radius, is 
then relatively stable, though without the cetyl alcohol complete evapo¬ 
ration occurs in a few seconds (6). A fuller account of evaporation may 
be found in Chapter 7 of reference 1. 

K. Transfer between Gas and Liquid Solvent 

If a gas such as ammonia or CO 2 (phase 1) is absorbing into a liquid 
solvent (phase 2), the resistance R 2 is relatively important in controlling 
the rate of adsorption. This is also true of the desorption of a gas from 
solution into the gas phase. Usually R 2 is of the order 10 2 or 10 3 sec. 
cm. -1 , though the exact value is a function of the hydrodynamics of the 
system: consequently various hydrodynamic conditions give a variety of 
equations relating R 2 to the Reynolds number and other physical vari¬ 
ables in the system. For the simplest system where the liquid is infinite 
in extent and completely stagnant, one can solve the diffusion equation 



( 6 ) 
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in which x is the distance from the interface and D the diffusion coeffi¬ 
cient. 

Hence, for absorption controlled by R 2 in a stagnant liquid 



where t is the time for which the surface has been exposed to the gas, 
and c refers to concentration. Subscript s refers to the constant (satura¬ 
tion) concentration of the gas at the surface, and subscript oo refers to 
the concentration of dissolved gas in the liquid far from the surface: c a0 
is usually made zero. By comparison with Eqs. (2) and (3) we see that 



so that R 2 is a function of the time of exposure. If, for example, D = 
10~ 5 cm. 2 sec. -1 , R 2 is about 500 sec. cm. -1 when £ = 1 sec., increasing 
to 5000 sec. cm.” 1 after 100 sec. of exposure. For the desorption of a gas 
the same equations apply, c s usually being zero if the desorbing gas is 
rapidly removed, for example, by a stream of inert gas or by evacuation 
of the vessel. 

The total number of moles that have transferred in a time t is found 
by integrating Eq. (7): 

t) (9) 

and it is this quantity q which is often conveniently measured and com¬ 
pared with theory. If the liquid phase is not infinite in extent, the rela¬ 
tions become more complicated (5). 

In general, when the system is subject to stirring by mechanical 
means or by density or temperature variations during absorption, R 2 is 
difficult to calculate from fundamental principles, and each system has 
to be considered separately. Among the complicating factors is sponta¬ 
neous “surface instability” which may reduce R 2 by as much as five 
times; and, before discussing the relation of R 2 to the external hydro¬ 
dynamics, we shall outline the conditions under which spontaneous sur¬ 
face turbulence may occur during mass transfer, 

A. Surface Instability 

During the transfer of a surface-active solute across the surface, 
unstable surface-tension gradients may occur in the plane of the surface. 
A good example is furnished by Langmuir’s experiment (10) on the 
evaporation of ether from a saturated (5.5%) solution in water: talc 
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sprinkled on the surface shows abrupt local movements, caused by dif¬ 
ferences in surface tension in different regions. The mechanism is that 
convection currents, either in the air or in the water, cause more ether 
to be present at some point in the surface than in neighboring regions. 
Consequently, at this point the pressure n of the adsorbed monolayer of 
ether is higher, and so this ether film will therefore spread further over 
the surface, as shown in Fig. 2. In doing so it will necessarily drag some 
of the subjacent liquid with it (1), so that an eddy of solution as yet 
undepleted in either is brought to the point in question. The consequent 
local increase in concentration of ether rapidly amplifies the interfacial 
movement to visible dimensions. Such “surface turbulence” greatly re¬ 
duces i? 2 , and we should therefore expect the ether to evaporate very 
rapidly from water, since i?/ and Ri are small. This is confirmed by ex¬ 
periment: the ether escapes sufficiently rapidly to burn actively when 

Gas or oil 

-\>— -L-1—A- 

vu/" 

1 Y n i 

f Ether or other surface- 

a ^_ active material dissolved 

^ in water 

Fig. 2. Ether molecules (symbolically shown as i) spreading from a locally high 
concentration in the surface, carry some of the underlying water with them, bringing 
up more ether and so amplifying the disturbance. 

ignited. A monolayer of oleic acid (or other material—the effect is non¬ 
specific) on the surface is sufficiently viscous in the plane of the surface 
and sufficiently resistant to local compression to reduce considerably the 
“surface turbulence”; a thicker, unstirred layer of solution immediately 
subjacent to the surface is set up as a result of the presence of the mono- 
layer. Because of the necessity for the ether to diffuse through this layer, 
R 2 and hence R are increased [cf. Eq. (1)], and the ether no longer 
escapes from the surface rapidly enough to burn (10) . Stirring with a glass 
rod will temporarily offset the effect of the monolayer. A similar effect 
was found by Groothuis and Kramers (11) for the absorption of S0 2 
into n-heptane. The surface of the liquid becomes violently agitated, and 
R 2 is thereby reduced. 

Turbulence of this kind depends on the solute transferring across the 
surface: if eddies of fluid rich in solute coming to the surface increase 
the surface pressure locally, they can cause redistribution by spreading 
in the surface before the solute is removed into the other phase. The effect 
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must therefore depend (12) both on the distribution coefficient of the 
solute and on the sign and magnitude of ( dy/dc ). This is discussed more 
fully below. 

In a mathematical treatment of the hydrodynamics of surface and 
interfacial turbulence, Sternling and Scriven (13) have discussed the 
conditions under which a molecular fluctuation in surface tension during 
mass-transfer can build up into a macroscopic eddy. They point out that 
their equations predict that surface eddying will be promoted if the so¬ 
lute transfers from the phase of higher viscosity and lower diffusivity, if 
there are large differences in D and also in kinematic viscosity v (=rj/p) 
between the two phases, if there are steep concentration differences near 
the interface, if dy/dc is large negatively, if surface-active agents are 
absent, and if the interface is large in extent. The heat of transfer can 
produce interfacial forces only about 0.1% of those due to concentration 
fluctuations. That there is no mention here (13) of the critical concentra¬ 
tion of solute required just to produce surface turbulence, nor of the dis¬ 
tribution coefficient of the solute between the phases, distinguishes this 
theory from that of Haydon (12 ), and shows that neither treatment is 
comprehensive in explaining the causative and hydrodynamic behavior 
of systems showing spontaneous surface turbulence. 

B. Theoretical Values of R x 

In the passage of (say) CO 2 from water to air, the simple diffusion 
theory [Eqs. (7) and (8)] will apply if the air is completely unstirred: 
D for a gas is of the order of 0.2 cm. 2 sec. - " 1 at 1 atm. pressure, so R x 
is only about 1% of R 2 , having values of about 4 sec. cm." 1 when t = 1 
sec. or 40 sec. cm." 1 when t = 100 sec. Usually, however, the air will be 
in turbulent motion, and then R G will depend on the resistance of a layer 
of air near the surface; typical values of R G are 5-80 sec. cm. -1 . If pure 
gas is absorbing into liquid, and if the gas is not highly soluble in the 
liquid, then usually diffusion through the liquid is rate-determining. 

C. Theoretical Values of R 2 

In a plane static system, Eq. (8) above gives exactly the value of R 2 . 
In general, however, thermal convection currents or stirring can reduce 
R 2 much below the value calculated from Eq. (8). Lewis and Whitman 
(2) proposed that turbulent stirring maintains the composition of the 
solute constant within the liquid, up to a distance Ax below the surface, 
though within this distance the liquid flow is laminar and parallel to the 
surface (see Fig. 1). Through this “laminar sublayer” transfer occurs at 
a steady rate as if the layer were stagnant, and is therefore given by 
Eqs. (2) and (3). For this mechanism R 2 is thus constant for a given 
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value of Ax or, if the rate of stirring is varied, fi 2 can be calculated from 
the variation of Ax near a solid surface with the Reynolds number char¬ 
acterizing the turbulence in the bulk of the liquid: 

Ax — constant X (fie) -0 * 67 (10) 

where fie = NL 2 /v with N the speed of stirring, L the tip-to-tip length 
of the stirrer blades, and v the kinematic viscosity. 

Further, if the concentration difference across the laminar sublayer 
does not vary appreciably with time, Eqs. (2) to (4) may be integrated 
directly to give linear relations between q and ktAc, between k and D> 
and between q and Dt{Ac/Ax). 

In the limit of extreme turbulence , when eddies of fresh solution are 
rapidly swept into the immediate vicinity of the interface, neither the 
laminar sublayer nor a stationary surface can exist: the diffusion path 
may, according to Kishinevskii, become so short that diffusion is no longer 
rate-controlling, and consequently for such liquid-phase transfer ( 14 ) 

^ = A * AC'Vn ( 11 ) 

where v n is the mean velocity of the liquid normal to the interface. By 
Eq. (2), v n is equal to k 2 , and the latter is now independent of D ; this 
limit of extreme turbulence is seldom reached in practice. 

The steady-state theory of Lewis and Whitman cannot be valid, how¬ 
ever, at short times of contact of the gas with a turbulent liquid, when 
diffusion according to Eq. (8) must be important. This condition may 
be of practical importance in the flow of a liquid over packing in a gas- 
absorption column, when the flow may be laminar for short times as the 
liquid runs over each piece of packing, though complete mixing may 
occur momentarily as the liquid passes from one piece of packing to the 
next. For the absorption of a gas in such a column, Higbie {15) proposed 
that moderate liquid movements would have no effect on the diffusion 
rate for a very short time of exposure of the liquid surface, and that ac¬ 
cordingly one should use Eqs. (7) and (9). This is confirmed by experi¬ 
mental studies on the absorption of CO 2 into water with times of ex¬ 
posure t up to 0.12 sec.; k 2 and q vary closely with t 1/2 . Further, k 2 
should vary with D 1/2 : this is indeed confirmed by experiments on packed 
towers (16). The Higbie theory can, however, be valid only for times of 
exposure so short and for turbulence so low that the diffusing gas does 
not penetrate into those parts of the liquid which have a velocity appre¬ 
ciably different from that at the surface. 

For clean interfaces, it is now generally agreed that turbulence will 
sweep fresh liquid from the bulk right into the interface, thus displacing 
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the liquid which had previously formed the interface. There is thus no 
stagnant layer near a clean interface according to this view. There is, 
however, disagreement as to the quantitative interpretation of “surface 
renewal,” and to discuss this it is convenient to distinguish by the sub¬ 
scripts D and E the diffusional and eddy-diffusional resistances ex¬ 
pressed by Eqs. ( 8 ) and (11), so that 


and 


R,d = (irt/Dy» 


R2E — 1 An 


If these two resistances act in series , i.e., if the physical mechanism 
corresponds to an eddy coming right into the surface, then residing there 
for a short time t during which the mass transfer occurs, then the total 
effective resistance R 2 is given by 


R% ~ R%d d - R 


2 E 


(*t) 1/2 Vn + D U2 

D u *v n 


Now the time t that an element of liquid spends in the interface is 
related to the fractional rate $ of turbulent replacement of elements of 
liquid in the surface by t = 1 /s; and $ must also be related to v n by 
dividing the latter by a characteristic projected eddy length l e in the 
plane of the surface, as may be understood from Fig. 1 , where some eddies 
are shown as being deflected along the interface. With these substitutions, 
and putting k 2 = I/R 2 , one obtains: 


D m s m 

kl ~ 7 T 1/S + (D/sl'ya 

In practice l e ~ 0.1 cm., D 10 -5 cm . 2 sec. -1 , s ~ 1 sec. -1 , and so the 
term (D/sl e 2 ) 1/2 is of the order 0.03, and may be neglected in compari¬ 
son with 7 r 1/2 . The expression for k 2 thus simplifies to 


fc 2 = 0.56(Ds) 1/2 (12) 

Because the eddy transport and the diffusional process always act in 
series, the coefficient k 2 varies with D 1/2 . Danckwerts (17) derived an 
equation even simpler in form: 

k 2 = (. Ds ) 1/2 (13) 

where the numerical factor is different from that in our simple treatment 
[Eq. (12)] above, Danckwerts having made allowance for the different 
times of residence of the elements of liquid in the surface. Toor and 
Marchello (18) consider that at very low stirring rates the Lewis and 
Whitman model should be valid, though at moderate turbulence the rate- 



MASS-TRANSFER AND INTERFACIAL PHENOMENA 


11 


controlling step should become the replacement of elements of liquid ac¬ 
cording to Eq. (13). 

Supposing, on the other hand, that the physical mechanism is that 
some elements of fresh liquid are swept into the surface at a velocity v n 
which is so rapid that the diffusion path remains negligibly short, then 
the mass-transfer coefficient of such elements of liquid is given by Eq. 
(11). At moderate turbulence, other elements of liquid may, however, ap¬ 
proach the surface obliquely, so that the fresh liquid resides for apprecia¬ 
ble times in the surface, and to such elements Eq. (7) applies. The total 
resistance to mass transfer is then the sum of the two resistances acting 
in parallel, i.e., 


I/R2 = I/.R2.D d - 1 / R2E 
or 

h = (Ds/t)'* + (14) 

From this relation (24) it is clear that the apparent over-all variation of 
fc 2 with D will depend on the relative importance of s 1/2 and U n ) as the 
turbulence is increased, v n will increase faster than s 1/2 , and k 2 will de¬ 
pend less on D, becoming independent of D (i.e., varying as D°) in the 
limit of very high turbulence. At very low turbulence, however, fc 2 will 
vary with D 1/2 , and for any narrow range of moderate turbulence the 
dependence on D will be to some power between 0 and 0.5. Experiments 
to test the mechanism of the surface renewal in a turbulent liquid are 
described below. 

Whether one would expect the mechanism of mass transfer to be the 
same across the plane surface between a gas and a stirred liquid in a 
beaker as across the surface of a liquid flowing over packing is still not 
clear. Kafarov (19) criticizes Kishinevskii for not distinguishing the two 
types of surface, pointing out that the turbulence caused by the stirrers 
in a large mass of liquid may be different from that due to wall friction 
in a liquid flowing over packing: in particular, the formation of vortices 
and the entrainment of drops or bubbles of one phase in the other may 
well be important. It therefore seems possible, though the point has not 
yet been tested, that the Danckwerts mechanism may apply to absorp¬ 
tion during flow over packing, while the Kishinevskii mechanism may 
apply to transfer between stirred liquids in a vessel. 

In a hydrodynamic theory of the free, clean, surface of a turbulent 
liquid, Levich (19a) postulates that there exists an upper zone of liquid, 
of thickness A, in which the turbulent regime is so altered by the surface 
tension (which opposes local deformations) that within this zone the 
turbulence is severely damped. Right in the plane of the surface (at 
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x = 0) the mean eddy length becomes zero, according to Levich. For 
mass-transfer, this thickness A is of great importance, and, according to 
Levich’s equations (136.24) and (136.25), 

h = D ll 2 v e ll 2 )r 112 

where v e is the characteristic eddy velocity (cm. sec. -1 ) in the bulk of 
the turbulent liquid. According to this theory, k 2 should always vary 
with D 1/2 , as in the theory of Danckwerts. One can take the theory a 
stage further by estimating the magnitude of A in terms of experimental 
quantities. Levich says that if the surface tension y is the cause of the 
damping of turbulence at the free surface, A must be directly propor¬ 
tional to y. In addition, since A can be a function of only eddy velocity 
v e and of liquid density p , dimensional analysis gives Levich’s equation 
(135.7): 

A = yp-'vr 2 

Alternatively, one may consider that the capillary pressure y/A arising 
from the deformation compensates for the dynamic thrust pv e 2 , pre¬ 
venting the eddies from splashing out of the liquid surface. 

Hence, on this analysis, 

h = C 3/ W /2 f 1/2 (15) 

For film-covered surfaces , the fluctuations in surface pressure II 
severely damp out any liquid movement in the plane of the surface. 
Talc particles sprinkled on the surface become virtually immobile if the 
surface is even slightly contaminated, indicating that the surface film 
sets up a considerable resistance to the “clearing” of the surface by eddies 
of liquid approaching obliquely (see Fig. 12). For such systems one may 
extend the above theory as follows (21ft). 

The resistance r which an eddy encounters as it approaches the surface 
will determine the thickness A of the surface zone of damped turbulence. 
For clean surfaces, r and A vary directly with y; the eddies, approaching 
either normally to the clean surface or obliquely, “dent” the surface and 
so lose energy. But in addition to denting the surface, the oblique eddies 
sweep out a certain region of the surface, “renewing” the liquid thereon 
(cf. the term s in the Danckwerts theory). It is therefore these oblique 
eddies which will encounter an extra resistance to movement near the 
surface if n is nonzero. Quantitatively one may write that the resistances 
of the (more or less) normal and oblique eddies are respectively pro¬ 
portional to y [Levich (19a)] and to y + ftU [Davies (21ft)]. If n is not 
zero, the “surface clearing” stress ftli/X will generally be more important 
than the “deformation” stress represented by y/A. For example, the 
numerical coefficient ft may be of the order (21ft) of 100, from comparison 



MASS-TRANSFER AND INTERFACIAL PHENOMENA 


13 


with the data of Fig. 11. The present writer is attempting to calculate 
P from hydrodynamic theory. Using now the concept that the different 
regions of the surface in intermediate conditions (with eddies approach¬ 
ing at various angles of incidence) may be described by resistances in 
parallel (see also above), one obtains for r, the effective resistance of the 
film-covered surface to eddies, assuming that the two horizontal and one 
vertical velocity components are additive: 


l/r = 0.5/y + 0.5/ (7 + pn) 

On a more complete theory, one would have to insert other numerical 
coefficients. For the present, however, we follow Levich in omitting them, 
except that here it is assumed quite arbitrarily that half the eddies are 
more or less normal to the surface and that half approach obliquely. This 
is done to make Eq. (16) below tend to Eq. (15) (as it must) in the limit 
of n -» 0. From the above equation r is found to be given by: 


= 7(7 + ffll) 

7+ 0.5 m 

Hence, since r determines A, we can extend Levich*s equation (135.7) to: 


x r 7(7 +inn _ 

x t 7 + 0.5 W) p 


V e ~ 


The expression for k 2 (=D 1/2 v e 1/2 k~ 1/2 ) now becomes (184): 


= (16) 

When n-* 0 (clean surface), Eq. (16) reduces to Eq. (15). In the limit 
of pU being large compared with 7 , k 2 tends to 0.7 times fc 2 for a clean 
surface. In one series of experiments (Fig. 3) the ratio in the limit of 
large n is found to be 0.5 and Eq. (16) does correctly give the form of 
the curves of k 2 against n (as in Figs. 3, 9, and 11). In particular, the 
curves have the same, nearly hyperbolic shape, not strongly dependent 
on the value of the Reynolds number, as is predicted by Eq. (16) if p is 
a constant. A more detailed analysis (24) shows that p should depend on 
v e ~ 1/2 if n is small, and v 6 ^ x if n is large. The experimental procedures 
and the results of the dependence of k 2 on D and v e (i.e., on Re) are dis¬ 
cussed below. 


D. Experiments on Gas-Liquid Systems 
with a Plane Interface 

1 . Static Systems 

In the rapid absorption of 0 2 and C0 2 into unstirred, chemically re¬ 
active solutions (20), monolayers of stearyl alcohol may decrease the 
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uptake of gas by 30%. In such studies, R x can be made negligibly low 
by using pure gases, and R 2 is fairly small because of the simultaneous 
reaction and diffusion, at least in the terms of the few minutes required 
for measurements. Hence Ri may readily be determined. As in evapora¬ 
tion studies, proteins and cholesterol are ineffective, but the values of 
J?/ for oxygen diffusing through films of the Cic and Cig alcohols are 
much higher than found in evaporation studies, being respectively about 
80 and 290 sec. cm.” 1 ; the values for C0 2 are similar to these figures 
(* 0 ). 

Another technique for studying the absorption of C0 2 into water uses 
an interferometer to obtain the concentration gradients as close as 0.01 
cm. to the surface {21): a cine-camera permits results to be obtained 
within 5 sec. of the admission of the C0 2 . Though various corrections are 
required, it is claimed that this method eliminates convection difficulties 
and that resistances as low as 0.25 sec. cm.” 1 can be detected. Experi¬ 
mental results for C0 2 into distilled water show no detectable interfacial 
resistance, though, when surface-active agents (Lissapol, Teepol) are 
dissolved in the water, the values of Rj are about 35 sec. cm. -1 . 

That these figures are higher than the evaporation studies would in¬ 
dicate for such expanded films, suggests that though the blocking effect 
of the “head-groups” is again important, a layer of molecules of bound 
liquid water is always present around these “head-groups” (which them¬ 
selves oppose evaporation moderately), and this bound water (otherwise 
known as “soft ice”) can appreciably retard the transfer of solute mole¬ 
cules. More precise studies of the effects of chain length and of the den¬ 
sity of packing of the “head-groups” would be of great interest. A dis¬ 
cussion on the subject of “soft-ice” will be found on p. 369 of reference 1. 

The layer of “soft-ice” adjacent to an interface may be “melted” or 
disoriented by adding LiCl. By this means Blank (22) has shown that 
the value of Ri of a monolayer of octadecanol to the passage of C0 2 
could be reduced from about 300 sec. cm.” 1 for pure water to only about 
30 sec. cm.” 1 for 8 M LiCl solution. Under the latter conditions we be¬ 
lieve that the “soft-ice” is apparently almost completely melted. A small 
amount of methanol in the water penetrates and somewhat disrupts the 
film of octadecanol, and Ri again drops from 300 sec. cm.” 1 to about 30 
sec. cm.” 1 , though with further increase in the methanol concentration 
the resistance increases again to about 500 sec. cm.” 1 , presumably due 
to the methanol molecules held in or near the surface increasing the vis¬ 
cosity of the “soft-ice” layer. These interpretations of the experimental 
data are not those proposed by Blank, and further studies with a “vis¬ 
cous-traction” surface-viscometer (f) should certainly be carried out to 
test this “soft-ice” theory. 
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Some recent results of Hawke and Alexander {23) indicate that mono- 
molecular films have considerable influence on the rate of mass-transfer 
of C0 2 and H 2 S gases from aqueous solution into nitrogen. However, the 
bulk phase resistances are high and unspecified in these experiments, and 
may well depend on the damping of convection or vibrational ripples by 
the monolayers. It is also significant that if one plots the resistances 
quoted by Hawke and Alexander for the diffusion of H 2 S against the 
reciprocal of the concentration of H 2 S gas originally in the water, one 
obtains { 24 ) a curve which, if extrapolated, passes through or below the 
origin. This dependence is indicative of the importance of concentration 
gradients, and suggests that if the concentration of solute is so high as 
to render these gradients no longer rate-controlling, the additional resist¬ 
ance arising from the presence of the monolayer is zero (or apparently 
negative). We believe, therefore, that the monolayers act in general by 
reducing convection in the apparatus of Hawke and Alexander, and that 
the high resistance they obtain (^10 4 sec. cm. -1 ) can be attribtued to 
this cause. That monolayers of protein and other polymers affect the rate 
of mass-transport is in accord with this interpretation. 

2. Dynamic Systems 

In the steady-state absorption of oxygen into water in stirred vessels, 
R 2 may vary between 120 sec. cm. -1 and 12,000 sec. cm. -1 , the lower 
figure corresponding to the most rapid mechanical stirring, and the latter 
to stirring by convection only {25). Application of Eq. (3) to the ex¬ 
perimental data shows that, since D is of the order 10 -5 cm. 2 sec. -1 , 
Ax would be 0.1 cm. in water stirred by convection only, 26.6 X 10 -3 cm. 
in water stirred at 50 r.p.m., and 5.8 X 10 -3 cm. for stirring at 270 r.p.m. 
Comparison of the ratio of these thicknesses with the ratio of the stirring 
speeds, gives a power of —0.9 instead of the —0.67 required by Eq. (10): 
this may well be due to the interface being able to move, instead of being 
static as in the data on which Eq. (10) is based. At the lower stirring 
speeds, and with no wind, a monolayer of hexadecanol (effective in re¬ 
ducing evaporation by 25%—see above) does not alter significantly the 
rate of oxygen absorption, since Rj is relatively low (about 1 sec. 
cm. -1 ), and since also R 2 is unaffected by the presence of the film. At 
high stirring rates, however, the monolayer may increase R 2 fivefold, by 
partially damping the eddies of liquid approaching the surface. This hy¬ 
drodynamic effect of the viscosity and incompressibility of a monolayer 
is discussed in more detail below. At the lower stirring speeds the mono- 
layer is effective only if the hexadecanol monolayer is compressed on 
part of the surface by a stream of air; in this way R 2 may be approxi¬ 
mately doubled. The effect of a monolayer of hexadecanol on the oxygen 
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level of a wind-blown reservoir may be found from Eq. (2). Thus, for a 
given oxygen demand dq/dt by the living material in the reservoir, halv¬ 
ing k must double Ac, where Ac is the difference between the oxygen 
concentrations at the surface (c sa t.) and in the bulk of the water (c), i.e., 
it is the oxygen deficit (c 8at . — c). In practice c is about 90% of c sat ., so 
that Ac is 10% of c 9at .; consequently doubling the deficit c will now in¬ 
crease (c sat . — c) to 20% of c S at.; or halving k will reduce c from 90% 
to 80% of c sat .. This change in oxygen level is not important to the life 
in the reservoir. 

Quantitative measurements (26) show that at moderate stirring speeds 
k varies as D 0 - 25 . With high turbulence, however, Kishinevskii’s experi¬ 
ments (27) with H 2 , N 2 , and 0 2 absorbing into water show no influence 
of the diffusion coefficient, though at lower stirring rates molecular diffu¬ 
sion becomes significant. 

In all the above experiments it was difficult or impossible to clean the 
interface. Since as little as 0.1 mg. of contaminant per square metre of 
surface can drastically affect the mass-transfer rate, it is essential to 
carry out studies using a thoroughly cleaned liquid surface. Davies and 
Kilner (28) have studied the absorption of pure 0 2 , C0 2 , and H 2 into a 
vessel containing two contra-rotating stirrers, these being run at rates 
such that the liquid surface was stationary on a time average. A little 
talc powder dusted on to such a clean surface showed, however, randown 
movements, evidently related to localized turbulent eddies entering the 
surface. Under such conditions k varies approximately as D 0,5 , in agree¬ 
ment with Eqs. (13) or (15). The dependence of k 2 on Re is approxi¬ 
mately as Re 0Q , this rather low power being presumably related to the 
fact that most of the turbulence is localized between the contrarotating 
stirrers in the water. When a film is spread on the surface, however, these 
random movements in the surface are eliminated, mass transfer then 
being slower by a factor of about 2 (Fig. 3). No eddies are now entering 
the surface, and the rather incompressible surface film produces a stag¬ 
nant layer in the underlying liquid. The mass-transfer coefficient now 
varies approximately as D 0Q , according to preliminary measurements 
(28), in reasonable accord with Eq. (16). The dependence of k 2 on Re is 
again as Re°- Q , and the form of the curve of fc 2 against Cr l in Fig. 3 is in 
accord with Eq. (16). 

Gas adsorption into the liquid falling down a wetted wall column is 
of considerable interest. The flow of liquid down the surface of such a 
tube is essentially laminar if Re < 1200, where Re is defined as 4 u/vl, u 
being the volume flow rate of liquid, l the perimeter of the tube, and v 
the kinematic viscosity of the solvent. Under these conditions, if there 
are no surface forces acting, the velocity of the air-water surface of the 
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falling film is 1.5 u/18, where 8 is the thickness of the falling liquid sheet. 
The residence time t r of an element of surface in contact with gas is 
therefore given by t r = hU/\.hu, if it is in contact with the gas while it 
falls through a height h. If absorption may be regarded as occurring into 



Fig. 3. A spread monolayer of protein decreases k 2 for the absorption of COs 
(from the gas phase at 1 atm. partial pressure) into water (28). The surface is 
cleaned thoroughly before the experiment, and the contra-rotating stirrers in the 
liquid are running at 437 r.p.m. The surface is nonrotating in all the experiments 
described here, and when /cl is reduced to 1.1 X 10“ 3 cm. sec." 1 , all random surface 
movements are also eliminated. 


a semi-infinite mass of liquid, this calculated value of t r may be substi¬ 
tuted into Eq. (7), or, more strictly, this is valid provided that hDv/gh 4 
< 0.1, where g is the acceleration due to gravity {17). If, however, this 
inequality is not satisfied, the liquid cannot be treated as semi-infinite, 
nor can the effect of the velocity gradient in the liquid be neglected. To 
test the applicability of the use of this value of t r in Eq. (8), i.e., of the 
expression 



Kramers {29) et al. studied the absorption of S0 2 into water. This is a 
comparatively simple process, Ri being negligibly small and any hydroly¬ 
sis reactions between C0 2 or S0 2 and water occurring very rapidly rela¬ 
tive to the times of contact involved. At low flow rates agreement with 
theory is satisfactory only if a surface-active agent is present in the sys¬ 
tem, though without such an agent the experimental results can be as 
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much as 100% too high (29). At high flow rates, the absorption of S0 2 
is independent of the presence of a surface-active agent. These effects 
are due to rippling of the water sheet which occurs in the absence of sur¬ 
face-active agents: a ripple causes a small velocity component normal 
to the surface, so facilitating absorption. Such ripples may disappear 
when a surface-active agent is added (1, 30) and the rate of absorption 
then agrees with theory. A complicating factor in wetted-wall columns, 
especially if these are short, is the immobilization of the surface layer: 
the spreading back-pressure of the monolayer, acting up the falling liq¬ 
uid surface from the pool of liquid below, may reduce its velocity from 
1.5 u/lS (quoted above) to practically zero. This effect, clearly visible 
with a little talc on the surface, causes gas absorption to be much slower 
than otherwise. 

If the times of contact are relatively long (i.e., hDv/gS* > 0.1) the 
above theory of wetted-wall columns is no longer valid. Instead, one must 
use Pigford’s theoretical equation (16), again valid for laminar flow: 

fc 2 = 3A1D/S 

This assumes that the depth of penetration of the diffusing solute mole¬ 
cules is at least equal to 8, i.e., that 3.6 (Dt ) 1/2 > 8. Equation (16) is 
based on normal diffusion theory, and is of the general form of Eq. (3). 
Again, the ripples formed on the liquid surface may cause results to be 
several times greater than calculated by diffusion theory if no surface- 
active agent is present. Now R 2 is at least several hundred sec. cm."* 1 
in typical wetted-wall experiments, and since the surface-active agents 
used would not increase 12/ beyond 30 sec. cm. -1 at the most, the effect 
of the surface-active agents is entirely hydrodynamic: the ripples when 
present decrease R 2 below the calculated values. 

Absorption of a gaseous solute into a moving liquid at short times 
can also be conveniently measured using a falling vertical jet of liquid, 
formed in such a way that the liquid velocity is uniform across every 
section of the jet. Results for C0 2 absorbing into water and dekalin are 
in close agreement with an equation of the form of Eq. (9), modified to 
allow for the form of the jet during absorption. This accord shows that 
R 2 is dominant, Rj being negligible (SI, 32). If surface-active agents are 
added, the same effects are found as for short wetted-wall columns, an 
immobile monolayer forming on the lower part of the jet. This monolayer 
retains powder sprinkled on the surface, and extends to such a distance 
up the jet that the spreading tendency (forcing it further up the jet) is 
balanced by the shear stress between the monolayer and the moving 
liquid of the jet, i.e., All = hr , where h is the height the monolayer ex- 
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tends up the jet, and r is the calculated mean shear stress. Typical values 
(32) for 0.2% Teepol are t = 20 dynes cm. -2 and h — 1.4 cm., whence 
All = 28 dynes cm. -1 , a quite reasonable value. 

Liquid flowing slowly over the surface of a solid sphere is in essen¬ 
tially laminar flow, except that there must be a radial component due to 
the increase of the amount of surface at the “equator” relative to that 
at the “poles.” This system, useful as a model of packing in an absorp¬ 
tion column, has been studied mathematically (33, 34). Further, if a 
vertical “string” of touching spheres is studied, one finds that this lami¬ 
nar flow is interrupted at each meniscus between the spheres: complete 
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Fig. 4. Carbon dioxide absorption rate for 5 spheres at 25°C: o, experimental re¬ 
sults for pure water; •, Lissapol solution (34). 


mixing of the liquid occurs at these points. This is confirmed by meas¬ 
urements and calculations of R 2 for the absorption of CO 2 (Fig. 4). If 
now a surface-active agent is added to the water flowing over the spheres, 
the uptake of gas is reduced by about 40%, because the adsorbed mono- 
layer reduces k 2 (by reducing both the eddy mixing at the menisci and 
the rippling over the spheres (34). This rippling of the clean surface oc¬ 
curs in the system of Fig. 4 at flow rates greater than 3 cm. 3 sec. -1 , and 
deviations from the calculated curves at high flow rates are ascribed to 
ripples and to inertial effects in the liquid flow, not allowed for in the 
calculations (34). There is no evidence that i?/ is important in any of 
these studies. 
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III. Transfer between Two Liquid Solvents 

When a solute such as acetic acid is diffusing from water to benzene, 
the sum of the two R terms for the liquid phases is usually much greater 
than the interfacial resistance Rj. In the simplest, unstirred system, with 
both liquids taken as infinite in extent, one must solve the diffusion 
equations (35) 

I-MS) fori>o (17) 

I-MS) tori< ° < i8) 

referring respectively to the upper and lower phase (Fig. 5a). The initial 
conditions are typically that, at t — 0, c = c 0 for x < 0, and c = 0 for 
x > 0. If there is a negligible interfacial resistance Rj, then c u /c 2I = B 


X>0 

X=0 

X<0 


Phase I 
(e.g. t oil) 


Phase 2 
(eg., water) 


*1 

k z 


(a) 



(b) 


Fig. 5. (a) Unstirred cell, (b) Stirred cell. Full arrows show eddies produced di¬ 
rectly by stirrer, broken arrows show eddies induced by momentum transfer across 
the turbulent liquid interface. 


for all t > 0, where c u and c 2I are the respective concentrations of the 
solute immediately on each side of the interface, and B is the distribu¬ 
tion coefficient. The continuity of mass transfer across the interface re¬ 
quires that at x = 0 the condition Di ( dc x /dx ) = D 2 (dc 2 /dx) is always 
satisfied, and with these boundary conditions the solutions to the diffu¬ 
sion equations above (if x = 0 and t > 0) are: 

_ Bco _ 

Cu ~ 1 + B(£>i/A) 1/2 

and 

. = Co 

2/ 1 + B(D 1 /D 2 ) 1/2 

These equations imply that the interfacial concentrations must remain 
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constant as long as the diffusing material has not reached the ends of 
the cell: for cells which cannot be considered infinite the treatment is 
more difficult (9). 

The total number of moles q of solute which has diffused across the 
interface after any time t is given by Jo* c x dx, which may be integrated 
(36) to 


from which 


2 ABco \(D 1 t V« 

1 + bova) 1 ' 2 A / 

(19) 


(20) 


whence the value of k x is given with respect to c u with these initial con¬ 
ditions by 



If there is an interfacial resistance, the equations become much more 
complicated (36, 37), and both q and the ratio Cu/c 2 / are altered. 

These equations, referring to completely unstirred systems, are not 
usually valid in practice; complications such as spontaneous interfacial 
turbulence and spontaneous emulsification often arise during transfer, 
while, if external stirring or agitation is applied to decrease R x and I2 2 , 
the hydrodynamics become complicated and each system must be con¬ 
sidered separately. The testing of the above equations will be discussed 
below, after a consideration of overall coefficients and of interfacial tur¬ 
bulence. 

In practice, whether the cell is stirred or not, transfer is conveniently 
referred to “over-all” rather than interfacial concentrations. The over-all 
transfer coefficient K is related to the individual liquid coefficients by the 
relations 


h (cu - Ci) = k 2 (c 2 - c 2I ) (22) 

and 

jf t = K(c 2 - Cl /B) (23) 

implying that the material diffusing into the interface must also diffuse 
away from it. They are applicable at any time t. The factor B must be 
introduced in the latter equation since the transfer rate will be zero at 
equilibrium, i.e., when c x finally reaches c^B. Elimination of the rates 
from Eqs. (22) and (23) gives 
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or 


K 


= — + — 
k 2 — Bki 


(24) 


I^(over-all) — R2 "f" Rl/R 


(25) 


If there is also an interfacial resistance, it will be given by the measured 
resistance less the 72( 0 ver-aii) value calculated by Eq. (25). 


A. Spontaneous Emulsification and Interfacial Instability 

If the system contains only two components, such as ethyl acetate 
and water, the rates of mutual saturation are generally uncomplicated. 
If, however, a third component is diffusing across the oil-water interface, 
two complicating effects may occur. The first, spontaneous emulsification 
( 1 ), is seen when, for example, 1.9 N acetic acid, initially dissolved in 
water, is allowed to diffuse into benzene: fine droplets of benzene appear 
on the aqueous side of the interface. The mechanism of this spontaneous 
emulsification is that of “diffusion and stranding”; some benzene initially 
crosses the interface to dissolve in the water, in which it is slightly solu¬ 
ble due to the presence of the acetic acid. But, as more acetic acid leaves 
the water to enter the benzene phase, this benzene dissolved in the water 
phase can no longer remain in solution: it is precipitated as a fine emul¬ 
sion. No system has yet been found where, under close observation, spon¬ 
taneous emulsion did not form during the transfer of the third compo¬ 
nent (1). Although surface-active agents, including protein monolayers, 
may reduce the amount of emulsion by reducing the interfacial turbu¬ 
lence, as discussed below, they never eliminate it completely. 

The second complicating factor is interfacial turbulence (1, 12 ), very 
similar to the surface turbulence discussed above. It is readily seen when 
a solution of 4% acetone dissolved in toluene is quietly placed in contact 
with water: talc particles sprinkled on to the plane oil surface fall to the 
interface, where they undergo rapid, jerky movements. This effect is re¬ 
lated to changes in interfacial tension during mass transfer, and depends 
quantitatively on the distribution coefficient of the solute (here acetone) 
between the oil and the water, on the concentration of the solute, and on 
the variation of the interfacial tension with this concentration. Such spon¬ 
taneous interfacial turbulence can increase the mass-transfer rate by 10 
times (38). 


B. Theoretical Values of R± and R 2 in Liquids 

For plane, unstirred cells, the theoretical equations are (21) and (25); 
and for plane stirred cells there are the theories of Lewis and Whitman, 
Kishinevskii, Danckwerts, and Levich, and Eqs. (14) and (16) of the 
present writer. In particular, if Eqs. (7) and (11) represent processes 
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occurring in parallel, q should depend on some power of D between 0.5 
and 0 [Eq. (14)], whereas if they apply in series, Eqs. (2) and (13) 
should apply. 

C. Experiments on Liquid-Liquid Systems 

with a Plane Interface 

L Static Systems 

For completely unstirred systems, one may test whether results agree 
with theory (assuming no interfacial resistance) in one of two ways. 
Firstly, one may find experimentally c u and c 2 j and test whether their 
ratio is B. Secondly, one may find q at different times and compare the 
result with Eq. (20). If equilibrium does not prevail across the interface 
(i.e., if interfacial concentrations are not in the ratio of B), or if the 
experimental q is less than calculated, then an interfacial resistance must 
be operative. In systems which are completely unstirred, the amount of 
material diffusing across the interface may be followed optically, either 
using the Lamm scale method {86, 37, 39, 40) or following the absorp¬ 
tion bands {41 ). The meniscus at the sides of the cell can be eliminated 
by using a silane derivative to make the contact angle very close to 90°. 
Measurements can then be made to within 0.1 mm. of the interface. 
Radioactive tracers can also be used { 42 , 48)- To minimize convection 
currents, accurate control of the temperature to ±0.001 °C. is required; 
one is also limited to studying systems which maintain at all times an 
increasing density towards the bottom of the cell. While unstirred cells 
have the advantage of giving results easily comparable with diffusion 
theory, they suffer from the disadvantage that the liquid resistances on 
each side of the interface are so high that an interfacial resistance Ri is 
experimentally detectable with the most accurate apparatus {36, 37) 
only if it exceeds 1000 sec. cmr 1 (about 3000 cal. mole -1 ). Barriers of 
this magnitude at the interface might arise either from changes in solva¬ 
tion of the diffusing species in passing between the phases, or from a 
polymolecular adsorbed film. 

When acetic acid is diffusing from a 1.9 N solution in water into ben¬ 
zene, spontaneous emulsion forms on the aqueous side of the interface, 
accompanied by a little interfacial turbulence. Results can be obtained 
with this system, however, if in analysing the refractive index gradient 
near the surface a correction is made for the spontaneous emulsion: the 
rate of transfer is then in excellent agreement {37) with Eq. (20) (Fig. 
6). Consequently there is no appreciable energy barrier due to re-solva¬ 
tion of the acetic acid molecules at the interface, nor does the spontane¬ 
ous emulsion affect the transfer. With a monolayer of sodium lauryl 
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sulfate or protein at the interface, spontaneous emulsification is virtually 
eliminated, but the monolayer has no effect on the rate of transfer of the 
acetic acid (Fig. 6). If, however, a polymolecular “skin” of sorbitan 
tetrastearate is allowed to form in the interface by dissolving this agent 
in the benzene, the rate of transfer is considerably reduced (37 ), the 
value of Rj being 3000-6000 sec. cm.” 1 . If acetic acid transfers from 
water to toluene, spontaneous emulsion and turbulence are again visible 
(37), and the amount transferred is slightly faster than calculated, pre¬ 
sumably on account of the latter factor. Propionic acid transfers from 



Fig. 6. Experimental data for system of Fig. 5(a), plotted and compared with 
calculation [Eq. (20)] on the basis of no interfacial resistance to the diffusion of 
acetic acid from water to benzene (37). Points are: clean interface; o, 0.00125 M 

pure sodium dodecylsulfate; A, 0.00250 M pure sodium dodecylsulfate; □, 0.00250 M 
pure sodium dodecylsulfate -f- 2.4% lauryl alcohol; +, spread protein; •, 5000 p.p.m. 
of sorbitan tetrastearate in the benzene. Units are: q in moles; c in moles liter -1 
and (Dt) 1/2 in cm. 

water to toluene in accord with diffusion theory ( 40 , 44) > as determined 
both by comparing the concentrations on each side of the interface with 
the partition coefficient and by considering the total amount transferred. 
Butyric and valeric acids, too, give concentration ratios close to the in¬ 
terface in accord with the normal bulk partition coefficients, showing that 
there is no measurable interfacial barrier; the amounts transferring can¬ 
not be determined because of the interfacial turbulence ( 40 ). 

Diethylamine, transferring from 0.16 M solution in toluene to water, 
shows such strong spontaneous emulsification and turbulence that quan¬ 
titative results are precluded (36). If, however, 1.25 mM sodium lauryl 
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sulfate is present in the water, the interfacial turbulence is completely 
eliminated, and transfer then is calculable, if allowance is made for some 
spontaneous emulsion which is still formed, though less heavily than be¬ 
fore. This transfer is in accord with diffusion theory. 

The amount of sulfuric acid transferring between water and phenol 
shows no interfacial resistance for the first 100 min. ( 42 , 43), though 
subsequently the amount transferring is lower than calculated, suggest¬ 
ing an interfacial resistance of about 4 X 10 5 sec. cm. -1 . Sulfur trans¬ 
ferring between certain organic liquids also seems abnormally slow. In 
view of the long times involved and the possible impurities forming in 
the system, further experiments would be desirable. In the binary system 
of n-heptane and liquid SO 2 , interfacial resistances of 25,000-100,000 
sec. cm.” 1 are reported ( 42 , 43), though the difficulty of keeping the in¬ 
terface clean in the cells containing rubber gaskets may have been re¬ 
sponsible for these extraordinarily high figures. 

The extraction of uranyl nitrate from 1 M aqueous solution into 30% 
tributylphosphate in oil is accompanied by an initial interfacial turbu¬ 
lence ( 41 ), with more transfer than calculated, even though re-solvation 
of each uranyl ion at the interface must be a relatively complex process. 
If the turbulence is suppressed with sorbitan mono-oleate, transfer pro¬ 
ceeds at a rate in excellent agreement with theory. 

The conclusions we may draw from these results are that, in general, 
interfacial turbulence will occur, and that it will increase the rate of 
mass transfer in these otherwise unstirred systems. Monolayers will pre¬ 
vent this turbulence, and theory and experiment are then in good agree¬ 
ment, in spite of spontaneously formed emulsion. There are no interfa¬ 
cial barriers greater than 1000 sec. cm. -1 due to the presence of a mono- 
layer, though polymolecular films can set up quite considerable barriers. 
"Usually there are no appreciable barriers due to re-solvation: however, in 
the passage of Hg from the liquid metal into water, the change between 
the metallic state and the Hg 2 ++ (aq) ion reduces the transfer rate by 
a factor of the order 1000. 

Completely unstirred oil-water systems have been only occasionally 
studied, however, on account of the high experimental accuracy required 
to obtain reliable results. Much early work concerned slightly stirred 
systems, studied by direct analysis of samples; again, however, mono- 
layers of protein and other material at the interface do not affect the 
diffusion rates of solutes which are inappreciably absorbed. These include 
various inorganic electrolytes and benzoic acid (45). If the solute is 
surface-active, however, the strong spontaneous interfacial turbulence 
accompanying transfer greatly increases the rate of transfer relative to 
that calculated from diffusion coefficients, especially in the early stages 
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of the diffusion. Since this turbulence can be completely eliminated by 
surface films, it is not surprising that these reduce the observed high rate 
of transfer by as much as four times; typical examples of this are found 
in the transfer of propanol or butanol from water to benezene {46) , of 
phenol from sulfuric acid to water (44)? and of acetic acid from CCU to 
water (47). 

2. Dynamic Systems 

Vigorously stirred cells have liquid-phase resistances much lower than 
for unstirred cells, and are therefore useful in investigating interfacial 
resistances. In practice, R x and R 2 can be made quite small; typical 
values are 10,000 sec. cm.* 1 to 100 sec. cm.” 1 , depending on the rate of 
stirring. Against this advantage must be set the complications of the 
turbulent flow: the eddies near the interface are likely to be affected by 
the proximity of a monolayer. 

As an empirical correlation for clean surfaces , J. B. Lewis {48) found 
that his results on systems of the type shown in Fig. 5b obeyed the re¬ 
lation 

k 2 = 1.13 X l0~ 7 v 2 (Re 2 + fleWife) 1 - 68 + 0.0167* (26) 

where subscripts 1 and 2 refer to the two liquid phases, where r? refers 
to viscosity, v to kinematic viscosity (= r)/p, in cm. 2 sec.” 1 ), and where 
Re is the Reynolds number of either phase (defined by L 2 N/v , L being 
the tip-to-tip length of the stirrer blades and N the number of revolutions 
of the stirrer per second). A similar equation applies to fci by interchang¬ 
ing the subscripts. Various objections have been raised to Eq. (26): 
though numerically satisfactory to ±40% as written, it requires a further 
length term on the left side for dimensional uniformity. This could easily 
be effected using the constant term L. A more piquant criticism (49) is 
that, since there are no terms in D 2) this is a form of Eq. (11). It is, 
however, difficult to see how the eddy diffusion could be completely 
dominant at the moderate stirring speeds used in the experimental work. 
Further, the implied proportionality of k 2 and rj 2 at low stirring speeds 
is physically unrealistic, as is the complete cancellation of the term in 
r)i in Eq. (26). The dependence of k 2 on Re 2 65 (if pi is low) is in accord 
with Eq. (15), which predicts a 1.5 power. 

A different empirical correlation of the transfer across a clean inter¬ 
face in a stirred cell comes from the author's laboratory (Mayers (SO)): 

k 2 = 0.00316(D 2 / L) (Re 2 Rei) 0 • 6 (rji/tj 2 ) 1 * 9 (0.6 + mM^'KSc*) 6 '* (27) 

where D 2 is the diffusion coefficient of the diffusing species in phase 2 
and Sc is the Schmidt number, defined as v/D . Consequently k 2 varies 
with D 2 1/e , this dependence lying between that of the Danckwerts equa- 
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tion (13) and that of Eq. (26) of J. B. Lewis. This correlation, which is 
accurate in predicting k 2 to ±40% for different systems, suggests that, 
when the interface is uncontaminated, the replacement by turbulent flow 
of elements of liquid in the surface is indeed very important, and that 
molecular diffusion from these elements has then to occur over a very 
short distance. Equation (14) can evidently explain the one-sixth power 
of D 2 . 

This continual replacement of liquid is readily visible with talc par¬ 
ticles sprinkled on to the interface: though stationary on the average (if 
the stirrers in phases 1 and 2 are contra-rotated at appropriate relative 
speeds), they make occasional sudden, apparently random, local move¬ 
ments, which indicate that considerable replacement of the interface is 
occurring by liquid impelled into the interface from the bulk. Spontaneous 
interfacial turbulence, associated with such processes as the transfer of 
acetone from solvent to water, may further increase the rate of transfer 
by a factor of two or three times (44, 4$, SI). Other systems (48), such 
as benzoic acid transferring (in either direction) between water and 
toluene, give transfer rates only about 50% of those calculated by Eq. 
(26), suggesting either that this equation is not valid or that there is an 
interfacial resistance. This point is discussed in detail below. 

Another empirical correlation for clean interfaces is that proposed by 
McManamey (52 ): 

h = 6.4 X 10-S(£c 2 )-°' 3 (.Re 2 ) 0 ' 9 [l + (28) 

where the numerical factor has the dimensions of cm. -1 , This equation 
correlates k 2 with D 0,3 , and the fit to the data of Lewis is somewhat better 
than that of Eq. (26). The correlation (28) has the advantage that 
it holds down to low turbulence, when, for example, Re x = 0. Fig. 7 shows 



Fig. 7. Experimental data (50) for the solution of ethylacetate into water are 
platted according to the correlation of Eq. (28). The correlation holds to zero me¬ 
chanical stirring rate in the oil phase. 
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that the data of Davies and Mayers (50) are successfully interpreted by 
Eq. (28): the system is stirred ethylacetate (1) overlying stirred water 
(2), the latter dissolving some of the ethylacetate at a rate determined 
by k 2 . In the plot the range of Re 2 is from 1120 to 4480. 

Figure 8 shows that for the same system over a range of Re 1 from 0 
to 6570, the correlation of k 2 with Re 2 is in accord with Eq. (28). 

Study in a stirred cell of the transfer of uranyl ions from water to 
organic solvents confirms the result for unstirred cells that transfer is 
faster than theoretical when interfacial turbulence is visible (53). After 
long times, in systems showing no visible turbulence, the transfer coeffi¬ 
cients decrease, becoming less than those calculated from Eqs. (25) and 



Fig. 8. As for Fig. 7 showing that Eq. (28) is valid down to low rates of mechani¬ 
cal stirring in the water phase. 

(26); this retardation is a function of time only and is not due to con¬ 
tamination of the interface. The explanation may lie either in there 
being some slight spontaneous interfacial turbulence which initially off¬ 
sets a small error in Eq. (26), or in the slow re-solvation of the uranyl 
ions at the interface. For the extraction of various metal nitrates from 
water into n-butanol in a stirred cell, there is an interfacial resistance of 
the order 400 sec. cm. -1 , independent of time (54), but dependent on the 
concentration of the metal nitrate. Such a resistance, which may amount 
to 50% of the total resistance, is in accord with the kinetic requirements 
of the complexing equation: 

M++ + 2N0 3 " + S -* [M(N0 3 ) 2 -S] 

The interfacial resistance is thus due to the metal ion forming a chemical 
complex with the solvent S (here n-butanol) at the interface, before it 
passes completely into the solvent phase. A similar slow step was pos¬ 
tulated earlier by Pratt, as discussed below, in connection with practical 
extraction columns. 
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For the reverse process of the extraction of the metal salts from 
n-butanol to water, there is spontaneous interfacial turbulence which 
raises the mass-transfer coefficient to about twice the value expected 
from the correlation {54)- 

A technique for studying extraction after times of 10 -3 -l sec. has 
been developed {55 ), though the hydrodynamic conditions are not exactly 
known. The laminar jet also constitutes a means of obtaining low values 
of the liquid phase resistances, permitting relatively low values of Rj to 
be detected. The rate of solution of isobutanol into a water jet (over 
contact times of 0.05-0.5 sec.) indicates a resistance 22/ of the order 80 
sec. cm. -1 , whether or not surface-active agents are present {56), 

For surfaces covered with a monolayer (e.g., a protein), the value of 
fc 2 is reduced by as much as 80%; the effect of a compressed protein 
monolayer at different stirring speeds can be expressed {48) by: 

k% = 1.13 X 10“ 7 * 2 22<£ 65 + 0.0167*2 (29) 

This is Eq. (26) with the term in Re 1 omitted; physically this means 
that the momentum of the turbulent eddies of oil near the interface is 
damped out by the monolayer, so that the stirring in the oil (phase 1) 
can no longer contribute to increasing k 2 . It is surprising, however, that 
making the interface immobile (and thus damping out the eddies ap¬ 
proaching the interface from the stirrer in phase 2) does not reduce k 2 
below the value given by Eq. (29). Possibly this indicates an inherent 
difficulty in the Lewis correlation. 

For film-covered interfaces, the mass-transfer rate of ethylacetate 
(phase 1) into the water (phase 2) is decreased by a factor of 4.3 to a 
limit of 23.4% of the rate, at equal Reynolds numbers, for transfer across 
a clean interface (see Fig. 9). The data reported here are those of Davies 



Fig. 9. Reduction in k 2 by spread monolayer of protein, due to prevention of 
transfer of momentum from ethylacetate, and to reduction in turbulence in the 
aqueous phase near the interface. Experimental data used here are taken from 
reference (60). 
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and Mayers; Re i lies between 0 and 6570, and Re 2 lies between 1680 and 
4480. The fall in k 2 with increasing amounts of adsorbed material at the 
interface may be caused by either or both of the effects on k 2 : (i) the 
interfacial film damps out in phase 2 the turbulent eddies coming from 
the stirrer in phase 2 (water), and (ii) the interfacial film damps out the 
momentum transfer across the interface: some of the momentum from 
the eddies in phase 1 would, for a clean interface, be transferred across 
into phase 2, stirring the latter near the interface. The second effect can 
be allowed for by multiplying i?ei in Eq. (28) by a transfer coefficient a, 
relating to the transfer of momentum across the interface. For a clean 
interface « = 1, and Re i enters the correlation as in Eq. (28), while for 
an interface apprecially covered with a film, a will tend to zero. Figure 
10 shows the effect of a tending to zero: only effect (ii) is then allowed 



Fig. 10. Quantitative interpretation (24) of plot in Fig. 9. 


for, but this reduces fc 2 by a factor of 1.9 (i.e., 4.2/2.2). By difference, 
factor (i) has reduced k 2 from 9.4 to 4.2, i.e., by a factor of 2.2. These 
comparisons of k 2 imply fixed values of the Reynolds numbers. The form 
of the curve for factor (i) is in accord with Eq. (16), though the de- 
pend^nne on Re 0 2 ' 9 is less than according to theory. 

Gas-absorption rates furnish another test of the magnitude of effect 
(i). If the gas is pure (e.g,, C0 2 at a partial pressure of 1 atm.), and is 
absorbing into stirred liquid, then the momentum-transfer term rjiRei is 
always negligible; thus an interfacial film can reduce k 2 only through 
effect (i) above. The results of Davies and Kilner ( 1, 28) show that for 
the absorption of C0 2 into water, the limiting value of factor (i), by 
which the film reduces k 2t is 1.9 (i.e., 1.96/1.04). This may be compared 
with the figure of 2.2 quoted above for the ethylacetate-water system. 

For a three component system, such as the extraction of isopropanol 
from benzene to water or vice-versa, one finds the same effects of inter¬ 
facial films. Fig. 11 shows that in the limit, when the interface becomes 
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so resistant to local compression as to be immobile, the mass-transfer 
rate is reduced by a factor of 4.3 (i.e., 15.2/3.5). This factor is the same 
within experimental limits as that for the two-component systems of 
ethylacetate and water described above. That a limit is reached supports 
the conclusion that the effect of the surface film is purely hydrodynamic, 
i.e., that it increases R 2 (and, in general, Ei), while any true interfacial 
resistance Ri is negligibly small (e.g., 30 sec. cm. -1 at most for a protein 
monolayer). Also consistent with this view is the fact that the reduction 
in the role of mass-transfer (Fig. 11) is a simple function of Re, 



Fig. II. Plot of K (ReiRe 2 )~ 1/2 (in cm. sec. ~ 1 ) against C ,“ l (dynes cm." 1 ) for spread 
monolayers of bovine plasma albumin. K refers to the over-all mass-transfer co¬ 
efficient for isopropanol transferring from water to benzene, and various stirring 
speeds are employed in the apparatus of Fig. 5(b). R refers to the runs using re¬ 
distilled water, H to those using 0.01 N HC1, N to those using 0.01 NaOH, and T 
to those using tap water (60). 

The observed rates of transfer are lower than those calculated by the 
correlation of Eq. 26 for organic molecules which themselves are surface- 
active, without specifically added long-chain molecules: thus in the 
transference of (C 4 H 9 ) 4 NI from water to nitrobenzene, of benzoic acid 
from toluene to water and the reverse, of diethylamine between butyl 
acetate and water, of n-butanol from water to benzene, and of propionic 
acid between toluene and water, the rates (44, 4$) are of the order one- 
quarter to one-half those calculated by Eqs. (25) and (26). Since with 
these systems the solute itself is interfacially active, and therefore its 
monolayers should reduce the transfer of momentum, we interpret these 
findings as indicative that Ri and R 2 are increased in this way. This is 
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confirmed by the experimental rate of transfer of propionic acid from 
water to toluene in the stirred cell being lower than calculated, while in 
the unstirred cell there is no interfacial resistance i2 7 which would explain 
this. Conversely, sulfuric acid, which is not surface-active, transfers from 
water to phenol even faster than calculated (although in the unstirred 
cell a resistance, presumably due to an interfacial skin of impurities, is 
reported) (4®>44)- 

The effect of protein and other monolayers on mass-transfer rates de¬ 
pends quantitatively (50) on the surface compressional modulus, CT 1 : this 
is defined as the reciprocal of the compressibility of the “contaminating” 
surface film, i.e., Cr 1 = — A dH/dA. For films at the oil-water interface 
Ct 1 is often close to n, the surface pressure, which is equal to the lowering 
of the interfacial tension by the film. 

The quantity Cs 1 correlates the effects of monolayers, both spread and 
adsorbed, on K , as in Fig. 11. As one may show quantitatively with talc 
particles, the eddy velocity at the interface is greatly reduced by the mono- 
layer. The latter restrains fresh liquid from being swept along the surface, 
i.e., there is less “clearing” of the old surface. If now All is the surface 
pressure resisting the eddy due to its partly clearing an area (Fig. 12) in 
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Fig. 12. Eddy brings fresh liquid surface into the interface, but this is opposed by 
the back pressure All of the spread film. 


the interface (and consequently changing the available area per molecule 
from A i to A 2 ), then 

An - (5l)^ " 

whence, if A 2 /Ai is defined as j, 

An = C s ~ l (j - 1) (30) 

Since the differential spreading pressure An will oppose the movement 
of the eddy at the interface, it will also oppose surface renewal and hence 
mass transfer. Equation (16) explains the form of the plot of Fig. 11. 

Solubility of the film will “short-circuit” the compressional modulus: 
a minimum in the transfer coefficient is often observed ( 50 } 57 , 58) 
(Fig. 13). From this figure it is also clear that, whereas monolayers affect 
greatly the stirring near the surface (and so reduce k 2 and the transfer 
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Sodium lauryl sulfate concentration (millimolar) 


Fig. 13. Comparison of effect of sodium lauryl sulfate on the transfer of acetic 
acid from water to benzene at 25°C. in an unstirred (36, 37), and in a stirred 
cell (50). 

rates in stirred cells) they have no measurable effect in unstirred liquid- 
liquid systems. 


IV. Drops and Bubbles 

The value of R L * within a falling drop of liquid is of interest in view 
of the applications of spray absorbers. A wind-tunnel {59) for the study 
of individual liquid drops, balanced in a stream of gas, has shown ( 60) 
that R l for a drop depends on its shape, velocity, oscillations, and in¬ 
ternal circulation. The drop will remain roughly spherical only if 


7 

where A p is the density difference between the drop and the continuous 
phase, y is the surface tension, and a is the radius of the drop. In general, 
if this inequality is not satisfied, the shape of the drop is a complicated 
function of the variables. Because of such distortion, liquid drops over 
about 2 mm. diameter fall more slowly than would the equivalent solid 
sphere. Oscillations of the drop are usually about the equilibrium spheri¬ 
cal shape, which becomes alternately prolate and oblate with a frequency 
in accord with the theoretical value of (8y/37rtt>) 1/2 , where w is the weight 
of the drop. Though oscillation of the drop appears to increase k L , there 
is no simple relation between these quantities. 

During the first few seconds after the formation of a drop, k L for gas 
absorption may be as much as sixty times greater than predicted by diffu- 
* Subscript L refers to the liquid phase. 
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sion into a static sphere (60, 61): this is related to the high initial rate 
of circulation in the drop, caused by the breakaway of the drop from the 
nozzle. As this initial rapid circulation dies away, k L falls to about 2.5 
times that predicted for a static sphere: this factor of 2.5 is in accord with 
calculation (62), assuming that the natural circulation inside the falling 
drop is in streamline flow (Fig. 14a). 



n+Air 



(b) 


Fig. 14. Circulation within a falling liquid drop, and opposing effect of surface 
pressure gradient. 

This natural circulation occurs by a direct transfer of momentum 
across the interface, and the presence of a monolayer at the interface will 
affect it in two ways. Firstly, the surface viscosity of the monolayer may 
cause a dissipation of energy and momentum at the surface, so that the 
drop behaves rather more as a solid than as a liquid, i.e., the internal 
circulation is reduced. Secondly, momentum transfer across the surface 
is reduced by the incompressibility of the film, which the moving stream 
of gas will tend to sweep to the rear of the drop (Fig. 14b) whence, by 
its back-spreading pressure n, it resists further compression and so damps 
the movement of the surface and hence the transfer of momentum into 
the drop. This is discussed quantitatively below, where Eq. (32) should 
apply equally well to drops of liquid in a gas. 

If this natural circulation within the drop is thus reduced by adsorp¬ 
tion at the surface, k L and the rate of gas absorption fall to the values 
calculated for molecular diffusion into a stagnant sphere (60 ). 

Any surface turbulence will greatly increase k L : this is found in the 
absorption of S0 2 into drops of n-heptane, which is ten times faster than 
expected, according to Groothuis and Kramers (11). 

Transfer of gas from a rising bubble into a liquid is becoming increas¬ 
ingly important: bubble and foam columns are often more efficient than 
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are packed towers for gas absorption. Small bubbles (<0.2 cm. diameter) 
behave as rigid spheres, possibly because they are very sensitive to sur¬ 
face films [see Eq. (36) below]: k L is independent both of the mechanical 
agitation and of bubble size. However, k L does vary linearly with D 2/3 : 
this is all as required by theory (63-65), Surface films reduce the mo¬ 
mentum transfer at the bubble surface and hence the rate of rise (6^-66). 
Large bubbles no longer behave as rigid spheres, though k L is still inde¬ 
pendent of the bubble size and of the liquid agitation; the values of k L , 
however, are considerably higher than for small bubbles (63-65, 67), and 
k L varies with Z) 0 84 . The movements of the surface of a large rising bub¬ 
ble are very complex and defy exact hydrodynamic analysis. The rate of 
absorption of C0 2 into pure water from large (>1.5 cm 3 .) spherical cap 
bubbles (67a) is about 50% higher than the rate calculated from the 
surface renewal theory: this high mass-transfer rate occurs when the rear 
of the bubble is rippling turbulently. Addition of 0.1% n-hexanol to the 
water, however, eliminates this turbulent rippling, and k L is reduced to 
a value close to that calculated. If, instead of the n-hexanol, one adds 
0.01% “Lissapol” to the water, the mass-transfer rate is lowered to only 
about 50% of the theoretical: not only are the turbulent ripples at the 
rear of the bubble suppressed, but the surface-active agent is so strongly 
adsorbed that the surface renewal over the spherical part of the surface is 
now eliminated (67a ). 

Diffusion from single drops is easily measured: the process of forma¬ 
tion of a drop of organic liquid, containing a solvent to be extracted into 
water, induces internal circulation which in turn so promotes transfer 
that up to 50% of the extraction may occur during the period of forma¬ 
tion of the drop (68). Even after release of the drop, as it rises freely 
through the water, the rate of extraction is often as much as twenty or 
forty times higher than that calculated from diffusion alone, suggesting 
that the liquid in the drop must still be circulating rapidly (68, 69). In¬ 
deed, this internal circulation, often accompanied by oscillation, may 
cause removal of each element of liquid at the interface after a residence 
only 10% of the period required for the drop to rise through one diameter: 
empirically (57, 58) one finds that K varies as D 0>38 . The reason for this 
circulation of liquid within the drop lies in the drag exerted along the 
surface by the relative motion of the continuous phase: the circulation 
patterns (69-71) are shown in Fig. 14. 

The effects of interfacial monolayers on the extraction from drops are 
particularly striking. Early work showed that traces of either impurity 
or surface-active additives can drastically reduce extraction rates: even 
plasticiser, in subanalytical quantities dissolved from plastic tubing by 
benzene, reduces the mass-transfer rate by about ten times by retarding 
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the hydrodynamic renewal of elements of liquid at the interface (72). 
Further, more polar solvents are particularly liable to give the high mass- 
transfer coefficients associated with circulation (75), presumably because 
at their surfaces the energy of adsorption of surface-active impurities is 
relatively low. Thus, while oils such as benzene and hexane are very 
easily contaminated, drops of butylacetate and isopropylether in water 
are much less readily affected by surface-active impurities (74). 

When an interfacial film has reduced the circulation within a drop, the 
wake vortex becomes more marked, while the extraction rate falls to that 
for a stagnant sphere (74). More detailed studies of the hydrodynamics 
of naturally moving drops have recently been carried out (75). The mass- 
transfer rate in 2-component systems should correlate (76) with Re 1/2 
Sc l/2 if the drops are circulating, but with Re 1/2 Sc 1/3 if the drops are stag¬ 
nant. One practical study (76) gave a dependence on Re l/2 Sc 0A2 , indicat¬ 
ing partial circulation. 

The mechanism by which the surface film inhibits internal circulation 
is that the fluid flow will drive the adsorbed material towards the rear of 
the drop: consequently the surface concentration and surface pressure will 
be higher here, and the monolayer will tend to resist further local compres¬ 
sion (Fig. 14b). This resistance to flow in the surface damps down circula¬ 
tion inside the drop by reducing the movement of the interface, and hence 
reduces the transfer of momentum across it (and also the rate of rise or 
fall of the drop (72), by perhaps 12%). Again, as for stirred liquids separ¬ 
ated by a plane interface, the surface compressional modulus Cf 1 of the 
interfacial film is often the determining quantity, though with a highly 
viscous monolayer the interfacial viscosity must also play a part. The 
resistance to the circulation of a drop will depend on the drop radius a, 
since the smaller the drop the larger will be the surface pressure gradient 
between the front and the rear, and the smaller will be the tangential 
frictional stress. In terms of a dimensionless group (1 ), the circulation will be 
reduced by some function of (CT l /a 2 -g- |Ap|) where \Ap\ is the difference 
in density of the liquids in the drop and in the continuous phase, and g is 
the gravitational acceleration. The ratio of the bulk viscosities of the outer 
and inner liquids, (i 7 outer/? 7 inner) must also have an effect on the circulation. 
Hence, in general 

Degree of circulation = fa (”^^1 X fa F~ Y^ 'u h 1 (31) 

L pinner J 

where fa and fa are functions to be determined. There is an additional 
proviso that the surface film must not be too highly soluble—formic acid 
is ineffective, while octyl alcohol reduces circulation greatly. Let us define 
the “percentage circulation” in a drop by: 
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% circulation = [% velocity of circulation] [fraction of liquid circulating] 
where the first bracket refers to the viscous drag effect, and is given by 
100/[1 + 1.Skinner/Pouter]• The second term corrects for the fact that the 
interfacial film, compressed to the rear of the drop, prevents circulation 
there. With slight contamination, only the fluid in the rear of the drop will 
stop circulating, but with appreciable contamination all the fluid within 
the drop will be immobilized. The second bracketed term will thus depend 
on the dimensionless group Cr 1 /a 2 g\Ap\ , and will involve a numerical con¬ 
stant. The expression for drop circulation thus becomes: 

<* 

where / is a numerical coefficient. The value of / has been evaluated (24) 
by comparison with the experiments on rates of rise and fall of Linton 
and Sutherland (69 ): for their systems it is about 0.6, i.e., the group 
Ci'/a 2 'g\Ap\ must read 1.5. 

This semi-empirical approach may be compared with a calculation 
based on the hydrodynamic stress gradient at the equator of a steadily 
moving drop with a rigid surface, and for Re < 1. The latter condition is 
easily satisfied for small drops. The tangential stress gradient is given 
(70, 77) by: 

P t = 0.33ga\Ap\ sin 6 

where 0 is measured from the forward direction of drop movement. If this 
stress gradient is just balanced by the surface pressure gradient of an 
insoluble film (so that the interface is, in the practical case, immobile), 
then 


% circulation = 


100 


1 + 1.5 

V^outer/ 


= P, = 0.33</a|Ap| sin d (33) 

Integration gives 

n = — 0.33ga 2 |Ap| cos 6 + U e (34) 

where n e is the surface pressure at the equator. The maximum value of n 
will occur at 6 = 180°, when [by Eq. (34) ], 

Umax ~ II e -J- 0.33ga 2 \Ap\ 

and the minimum value of II (at 8 — 0) is given by: 

n min = n c - 0.33ga 2 \Ap\ 

When circulation is just prevented all over the drop, n will be zero at 
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0 = 0, with the surface pressure over the surface increasing with 6, At 
this minimum surface coverage, therefore, 

IL - O.33a 2 0|Ap| (35) 

and so all circulation will be just stopped when: 


3lle = 
a?g-\Ap\ 

In practice one cannot measure lie on the moving drop, and it is prefer¬ 
able to use the “mean compressional modulus” of the surface film, defined 
by Cr 1 = —A dU/dA . Tor the drop as a whole this becomes 

C s -1 (mean) — —47ra 2 -dll/2ira sin 6 d(a6) 


Elimination of dll between this equation and Eq. (33) above gives the 
“damping group” requirement for the condition of a totally immobile 
interface: 


Crimean) . n7 
oVIApI 


(36) 


At Reynolds numbers in the range 10-100, often found in practice, the 
symmetrical equation (33) will no longer hold strictly: the stress then 
reaches a maximum at a value of 9 which tends towards 57° at high 
Reynolds numbers (e.g., Re > 500), Under such conditions P t will be 
given by a more complicated expression (69 ). 

If the interface is completely clean (Cr 1 = 0), fluid drops will always 
circulate, according to Eq. (32); but it predicts that if the drop is very 
small, the circulation should become highly sensitive to small values of Cr l . 
Thus, for a drop of benzene of a — 0.1 cm., a film of Cr 1 =1.9 dynes cm. -1 
will completely stop circulation; but a drop of a — 0.01 cm. should cease 
to circulate when Cr 1 = 2 X 10 -2 dynes cm," 1 , corresponding to a surface 
coverage of about 1 molecule per 10 6 A 2 (about 0.02% coverage). Formic 
acid is not effective in reducing circulation because, even though Cr 1 may 
be of the order 1 dyne cm." 1 , the fractional desorption rate is too high: 
calculation ( 24 ) of (l/n)( — dn/dt) suggests that this is as high as 10 4 sec. -1 
for the weakly adsorbed film of formic acid. If this rate is very much 
greater than the rate of movement of the bubble or drop through one 
diameter, one may expect ( 24 ) that an effective build-up of surface-active 
material at the rear of the drop or bubble will not be possible. Often this 
rate of movement will be of the order 50 sec -1 . 

The rates at which drops and bubbles rise and fall are rather more 
sensitive to traces of surface-active materials than are the mass-transfer 
coefficients (77a, 77b). Whereas, for example, the rate of fall of CC1 4 drops 
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reaches a lower limit when 10 ~ 5 M C 11 H 23 SO 4 - is present in the water, the 
mass-transfer rate does not reach its lower limit until the concentration of 
this surface-active agent reaches about 10 ~ 4 M (77a). The present author 
interprets these results as follows. Under the conditions of the experiments 
just mentioned (when the aqueous phase contained 2 X 10 ~ 3 M citric acid), 
one may calculate that a 10 -fold increase in concentration of the surface- 
active agent will increase the amount of the adsorbed CnH^SOr by a 
factor of only 10 1/3 , i.e., by a factor of 2.16. The method of calculation is 
that given on pp. 191 and 195 of reference 1. The surface pressure and C 8 ~ l 
will be affected by the same factor. Now the rate of fall of the CC1 4 drops 
at moderate Re depends principally on the characteristics of the turbulent 
wake. In the absence of surface-active material, the mobile surface of the 
drop or bubble can behave in such a way that the rear offers somewhat 
less resistance to motion than does that of a solid sphere; but if the rear 
of the drop or bubble is covered beyond 6 > 135°, the velocity of rise or 
fall becomes close to that of a solid sphere (77c). Levich (77d) claims that, 
at Re = 300, the turbulent wake of an uncontaminated bubble (mobile 
interface) occupies the small solid angle of 6 > 178°, whereas for a body 
whose interface is immobile, the turbulent wake occurs at 6 greater than 
about 90°. 

Using the value of 8 — 135°, one calculates from Eq. (34) that n ma x 
will be only 15% of the value required for complete coverage. Similarly, 
by Eq. (36), the value of the group C 6 ~ l /a 2 g\Ap\ is reduced to only 0.1 for 
the limiting retardation of velocity. If, on the other hand, the entire rear 
hemisphere of the drop or bubble must be covered for the limiting velocity 
to be reached (77e), the group C s ~ l /a 2 g\Ap\ would have to reach the value 
0.33, one-half that given in Eq. (36). This could explain the factor of 2.16 
calculated above from the experimental finding of Boye-Christansen and 
Terjesen (77a). 

It is interesting to note that n ma x> when calculated by the above equa¬ 
tions, may exceed the maximum surface or interfacial pressure to which 
the film can, in practice, be subjected. The absorbed film will then desorb 
or crumple, or it may rather suddenly be shed to the rear of the drop as a 
filament or, if the interfacial' tension is very close to zero, as emulsion. 
The drop may thus, on suddenly losing its surface film, accelerate again, 
as has indeed been noted (without explanation) by Terjesen. For the 
same reason, drops larger than given by some critical radius, may have a 
calculated n max greater than the adsorbed film can maintain, and hence 
will rise or fall with virtually no retardation, though drops below this 
critical size will be retarded to the velocity expected for solid spheres (70). 

A detailed analysis by Griffith (77f) of the velocity of fall of a clean 
fluid drop gives the following equation for the terminal velocity v t : 
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v t = {2a 2 g\Ap\/9ij 0Uter } {(ri inner T“ pouter)/(pinner + 0.67??outer)} (37) 

For a solid particle, Stokes’ Law gives the terminal volocity ( v ls ) as 

v ts = 2a 2 g|Ap|/9i) outer (38) 

In the presence of surface-active material, however, the measured 
terminal velocity v t for a fluid drop approaches t>t 8 : the ratio v t /v ts de¬ 
pends again on the group U/a 2 g\Ap\. Calculation gives a value of 0.08 for 
this group if the surface-active material is to cause v t to be halfway 
between the values in Eqs. (37) and (38) above. For v t to approach 
closely to v ts , the group must be 0.25, though v t should become appre¬ 
ciably different from that given by Eq. (37) when the group is as low 
as 0.02. Experiments (77f) show that this theory works quite well in 
practice: v t is found to be halfway between the values in Eqs. (37) 
and (38) when U/a 2 g\Ap\ is between 0.05 and 0.10 (cf. 0.08 by theory), 
for CCU drops in glycerol, in the presence of various surface-active 
additives. With “Aerosol (XT.,” however, the corresponding experimental 
value of the group is 0.25, i.e., 3 times too high, suggesting that an 
anomalously high value of n is required because of the ready solubility 
of this material in oils. 

Small gas bubbles (a ~ 0.08 cm.) rising in water are found to circu¬ 
late less when 4.5 X 10“ W caproic acid is present {65). Here since the 
desorption rate (1/n) (— dn/dt ) is much lower (^70 sec. -1 , i.e., of the 
order of the usual reciprocal time for the bubble to rise through one 
diameter), the caproic acid film adsorbed from the 4.5 X 10“ 4 M solution 
should be able to reduce circulation within the bubble provided that the 
damping group Cr l /a 2 .g,\Ap\ is large enough. Substitution of the calculated 
C 7 1 for the adsorbed film gives a value of about 0.07 for this ratio, in 
rough accord with the experimental finding that circulation is inhibited 
under these conditions. A few parts per million of octanol will also prevent 
bubble circulation: this is consistent with the estimated fractional desorp¬ 
tion rate of only 6 sec. -1 , and the value of about 0.4 dynes cm. -1 for CT l . 
The group C s _ 1 /a 2 g|Ap| then becomes about 0.07. For small bubbles rising 
in water, trace contamination always prevents circulation if a < 0.03 cm., 
while if a — 0.07 cm., 10 ~ 6 M sodium lauryl sulfate slightly reduces circu¬ 
lation (78) (and hence the rate of rise). More appreciable reduction in 
circulation occurs in solutions of 10 -5 M sodium lauryl sulfate: here one 
may calculate (24) from the properties of ionized monolayers (1) that II 
and Cr l are about 0.2 dyne cm. -1 . Though such a small value of II would 
be extremely difficult to measure, the group C s -1 /a 2 g|Ap| has a value of 
about 0.03, wffiich is sufficiently high, we believe, to explain the observed 
reduction in circulation. Raising the concentration of sodium lauryl sulfate 
to 10~ 4 M reduces still further the rate of rise of the bubbles, the ratio then 
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being calculated (24) to approach unity. Further addition of sodium 
lauryl sulfate is found to have little effect. Similar effects are found with 
iso-amylalcohol as the surface-active agent: a concentration of 2 X 10 ~ Z M 
greatly reduces circulation (78), and the damping group is calculated (24) 
to be about 0.3. 

The rate of mass-transfer, unlike the terminal velocity, may reach 
its lower limit only when the whole surface of the drop or bubble is 
covered by the adsorbed film. In the absence of surface-active material, 
the freshly exposed interface at the front of the moving drop (due to 
circulation here) could well be responsible for as much mass transfer 
as occurs in the turbulent wake of the drop. The results of Baird and 
Davidson (67a) on mass transfer from spherical-cap bubbles are not 
inconsistent with this idea, and further experiments on smaller drops 
are in progress in the author’s laboratory. In general, if these ideas are 
correct, while the rear half of the drop is noncirculating (and the 
terminal velocity has reached the limit of that for a solid sphere), the 
mass transfer at the front half of the drop may still be much higher, 
due to the circulation, than for a stagnant drop. Only when sufficient 
surface-active material is present to cover the whole of the surface and 
eliminate all circulation will the rate of mass-transfer approach its lower 
limit. 

If the concentration of added surface-active agent is varied, one often 
finds that the extraction rate passes through a shallow minimum (between 
30% and 40% of the value with no additive) (72 ). Where this occurs, the 
concentration of surface-active agent is usually of the order 10" 3 mM to 
ImM. This may be related to the similar maximum found for wave-damp¬ 
ing at a certain concentration of surface-active agent (1, 30 ). 

Many commercial solvents, particularly those which are nonpolar, are 
very liable to have poor circulation, due to traces of strongly adsorbed 
impurities: the commercial polar oils form circulating drops because the 
impurities are less strongly adsorbed, and so C*" 1 is low. Further, ac¬ 
cording to the theory above, the smaller the drop the more sensitive it 
should become to traces of surface-active impurity, as is confirmed by 
Linton and Sutherland’s experiments (69). These show that 1 mm. ben¬ 
zene drops can be made to circulate only by rigorous attention to the 
removal of adventitious impurities; even large drops of commercial ben¬ 
zene are always stagnant. Protein in concentrations as low as 0.0005% 
will reduce the circulation of drops (5 mm. in diameter) of oils of inter¬ 
facial tension greater than 30 dynes cmr 1 . 

One can displace the film of impurity from the interface by adding a 
sufficient amount of a short-chain alcohol. The films of short-chain 
alcohols, are, however, so readily desorbed that they do not greatly in- 
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hibit the circulation of the liquid, though they may produce other circular 
tion patterns due to the spontaneous interfacial turbulence associated 
with their redistribution. In this way the reduction (by a surface film) of 
k L for any component being extracted can be offset by the addition of a 
few per cent of short-chain alcohol or acetic acid to the oil drop (71, 72 ): 
this increases the extraction efficiency as much as ten times, bringing it 
back to the value for a circulating drop (71). In the absence of a surface 
film the spontaneous interfacial turbulence, on the addition of a little 
alcohol or otherwise, increases k L still further (51). Since interfacial 
turbulence is reduced or nullified by strongly adsorbed monolayers, it is 
likely that only the effects of rather weakly adsorbed surface films can be 
offset by the addition of a short-chain alcohol. 

Mechanically imposed oscillations at frequencies of 5-50 cycles sec. -1 
cause increases of up to 4 times in the rates of extraction of acetic acid 
from drops of CC1 4 into water (79). The increase is due to the periodic 
deformation of the drops causing fluid circulation inside and outside, 
particularly at certain “resonant” frequencies. 


V. Practical Extraction 

In liquid-liquid extraction using wetted-wall columns, analysis is pos¬ 
sible only by dimensionless groups (75): for the core fluid, flowing up inside 
the tube, k c varies as approximately D? 67 and for the fluid falling down the 
inner walls, k w varies as D°- 38 . Systems studied include phenol-kerosene- 
water, acetic acid-methylisobutylketone-water, and uranyl nitrate between 
water and organic solvents (78, 80-82 ); interfacial resistances of the order 
100 sec.cm. -1 are observed in the last system. These resistances are inter¬ 
preted as being caused by a rather slow third-order interfacial exchange of 
of solvent molecules (S) coordinated about each UO^ + ion: 

U0 2 (N0 3 ) 2 -6H 2 0 + 2^->U0 2 (N0 3 )2-2S'4H 2 0 + 2H 2 0 

The square of the uranyl nitrate concentration is required in the kinetic 
analysis. Mass transfer with chemical reaction (16, 88) is, however, too 
specialized a subject to be discussed fully here. 

Study of the efficiency of packed columns in liquid-liquid extraction 
has shown that spontaneous interfacial turbulence or emulsification can 
increase mass-transfer rates by as much as three times when, for example, 
acetone is extracted from water to an organic solvent (84, 85 ). Another 
factor which may be important for flow over packing has been studied by 
Ratcliff and Reid (86 ). In the transfer of benzene into water, studied with 
a laminar spherical film of water flowing over a single sphere immersed 
in benzene, they found that in experiments where the interface was clean 
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there was agreement with calculation, assuming that the stresses were 
freely transmitted across the interface. Under these circumstances, the 
calculated variation of the mass-transfer rate with the flow-rate u of the 
benzene and the diffusion coefficient D for benzene in water is as u l/z D 1/2 . 

If, however, trace impurities are present to an extent at which there is 
a stagnant film over the liquid-liquid interface, calculation shows that 
the mass-transfer rate should vary as u 1/9 D 2/3 , with a numerical reduc¬ 
tion (compared with mobile interfaces) of up to 64% in the rate. Experi¬ 
ments (86) showed reductions of the order of 50%. 

Fluctuations of interfacial tension may alter the coalescence rate: if 
between two adjacent drops of the phase into which extraction is oc¬ 
curring, there arrives an eddy of undepleted continuous phase, the drops 
must “kick” towards each other (for summary, see reference 1) this proc¬ 
ess assisting coalescence. This increase in the coalescence rate will occur 
if (as is usual) the fluid component being extracted causes an appreciable 
decrease in interfacial tension. An alternative explanation (85) of the 
more ready coalescence under certain conditions is that, when transfer is 
occurring from the drops to the continuous phase, the region between the 
drops is more concentrated in solute than is a region away from the line 
of approach of the drops, and adsorption of the solute is therefore en¬ 
hanced between the drops. This adsorption in turn leads to spreading of 
the surface film away from this region, some of the intervening bulk 
liquid also being carried away with the surface film: this is termed the 
Marangoni effect (1). The film of liquid separating the drops is thus 
thinned, and coalescence of the drops is consequently promoted. However, 
the “kicking” mechanism leads to the same conclusion, namely that the 
drops are brought into close proximity if the liquid between them is more 
concentrated in solute; and so far the two explanations have not been sub¬ 
jected to rigorous experimental tests. The important experimental differ¬ 
ence is that in the former explanation a local thinning of the liquid film 
between the drops is responsible (leading presumably to protuberances 
on the surfaces of the drops), whereas in the latter it is the excess pres¬ 
sure inside the drops, far from the point of approach, that deforms the 
whole drops, driving them together. Possibly high-speed cine-photog¬ 
raphy or variations in the viscosity of the phases might lead to a clarifica¬ 
tion of the mechanism. For “kicking” drops approaching a plane inter¬ 
face, the thinning appears to be dependent only on the Marangoni effect, 
though the “kicking” produces considerable lateral movements of the 
drop (87), 

If, in laminar flow, transfer is occurring into drops, the region between 
two of the latter becomes preferentially depleted in solute. The lowered 
adsorption in this region then causes spreading of the surface film and 
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associated liquid into this region (or possibly the drops “kick” away 
from each other), and coalescence becomes unlikely. As pointed out 
above, however, if an eddy of the undepleted solution happens to be swept 
between the drops, this will favor coalescence. 

In practical plants for liquid-liquid extraction the effect of surface- 
active agents is usually to increase the rate of extraction: presumably 
the smaller droplet sizes associated with the lower interfacial tension 
more than compensate for the reduction in the stirring by momentum 
transfer at the interface. Thus in a column packed with Raschig rings, the 
rate of extraction increases linearly (to about 50%) with the decrease in 
interfacial tension (88), though at higher concentrations of surface-active 
additive the rate passes through a maximum, due either to adsorption of 
rather impermeable multilayers or to the back-mixing associated with 
very small drop sizes. In a rotating-disc contractor, addition of 0.01% 
Teepol similarly increases the extraction efficiency (89). Further, if the 
column is operated with oil as the continuous phase, the dispersed drops 
of water coalesce on, and subsequently run down, the glass and metal 
surfaces. This reduces the efficiency of extraction by a “bypassing” effect, 
which can be avoided by rendering these surface hydrophobic with sili¬ 
cones. 


VI. Distillation 

When the diffusion of a component from a vapor bubble to the liquid 
is measured, one finds that the mass-transfer coefficient is larger when 
the surface tension is increased by the mass transfer (90-98 ): this is due 
to spontaneous interfacial turbulence. Further, when the surface tension 
of the liquid in a distillation column is higher towards the bottom of the 
column, the plate efficiencies are relatively high (70-80%) because thin 
sheets of liquid, such as stabilize slightly the bubbles of vapor, are fairly 
stable, leading to a longer time of contact of vapor and liquid on each 
plate. With a surface tension decreasing down the column, however, the 
bubbles are highly unstable, and the plate efficiency is lowered to perhaps 
60%. The appearance of Oldershaw perforated plates (94) with liquid 
chosen so that the surface tension increases down the column (as with the 
ethanol-water system) is shown in Fig. 15, in which V R denotes the vapor 
velocity relative to the velocity just sufficient to prevent seepage of liquid. 
For acetic acid-water mixtures, in which the surface tension decreases 
down the column, the appearance is as shown in Fig. 16. 

The foaming ability of a liquid mixture depends on the magnitude of 
the variation of surface-tension with concentration, but not on its sign 
(95). In practice, however, the effect of surface tension on plate efficiency 
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cm, 


V R <I.O Vr^I.I Vr- 1.3 V R > 1.4 

Fig. 15. Interfacial structure for systems in which the surface tension increases 
towards the bottom of the column ( 94 ). 

depends on the sign of the surface-tension gradient, but not on its magni¬ 
tude {96). One explanation {97) of the results is that drops of liquid 
formed as spray on the plate by the upward vapor flow can sometimes 
break a lamella by being blown on to its underside: if the surface tension 
is decreasing down the column, spray blown on to the lamella from below 
will cause spreading and consequent destabilization {98). But if the 
surface tension is increasing down the column, the drops would have a 
higher surface tension than the liquid in the lamella (which is assumed to 
have reached equilibrium with the vapor above the plate), and so would 
not destabilize the lamella by spreading across it if they impinge. Another 
explanation {99) involves the mass-transfer process directly: the thin 
region of any lamella will lose the M.V.C. fastest, so that if the M.Y.C. 
has a lower surface tension, the surface tension will rise locally on the 
lamella, and fresh liquid will spread in along the surface (Marangoni 
effect), so stabilizing the lamella. This system again corresponds to an 
increasing surface tension down the column. Conversely, if the M.Y.C. 
is of higher surface tension, the surface tension on the lamella will be 
lowered by the relatively rapid local evaporation, and liquid will spread 
away from the lamella, so destabilizing it. 

These effects may be less pronounced in industrial sieve-plate col¬ 
umns, because the higher vapor velocities shorten the life of any froth on 
the trays; the material on the tray is in the form of a spray of droplets 

|cm, 


Vr<I.O V r — 1.2 Vr - 1.5 Flooding 

Fig. 16. Interfacial structure for systems in which the surface tension decreases 
towards the bottom of the column (94). 
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(100) . Because of the operation of up to three factors (interfacial turbu¬ 
lence, impingement of drops on foam and the Marangoni effect on foam) 
the behavior of columns containing plate-contacting devices should be 
more sensitive to surface tension effects than packed columns, in which 
only interfacial turbulence should affect the rate of mass-transfer. Ex¬ 
periments on packed columns should therefore show the relative impor¬ 
tance of the effect of interfacial turbulence, but the results available (101, 
102 ) are unfortunately not decisive, and much further work remains to 
be carried out before the relative importance of the different factors is 
established. Recent experiments at Birmingham (103), however, support 
the contention that Vigreux and Kintmesh columns show surface-tension 
effects very similar to those found in small sieve-tray columns, suggesting 
that surface turbulence is the dominant factor. The present author be¬ 
lieves that some of the discrepancies in the literature arise from varying 
local vapor velocities, and that the relative importance of turbulence thus 
mechanically induced to the spontaneous surface turbulence should be 
investigated. 
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Nomenclature 


A area [cm 2 .] 

B distribution coefficient 
C," 1 surface compressional modulus, de-' 
fined by — AdXl/dA [dynes cm. _1 ] 
D diffusion coefficient [cm. 2 seer 1 ] 

K over-all transfer coefficient 
L length of stirrer blade [cm.] 

M molecular weight 
R gas constant 

Ri resistance to mass-transfer in phase 
1 [sec. cm.' 1 ] 

Ri resistance to mass-transfer in 
interface [sec. cm.' 1 ] 

Re Reynolds number 


Sc Schmidt number 
T temperature 
a radius of drop [cm.] 
c concentration [moles cm.' 3 ] 

/ numerical factor of Eq. (32) 
g gravitational acceleration 
[cm. sec.' 2 ] 
h height [cm.] 
k mass-transfer coefficient 
[cm. sec.' 1 ] 

I perimeter [cm.] 

l e projected eddy length along sur¬ 
face [cm.] 

n number of adsorbed molecules per 


cm/ 
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p saturation vapor pressure {dynes 
cm. -2 ] 

q moles of material transferring 
r resistance to eddy reaching free 
surface 

a fractional rate of turbulent replace¬ 
ment of elements of liquid in sur¬ 
face [seer 1 ] 
t time [sec.] 

u volume flow rate [cm.® sec.” 1 ] 
v linear velocity [cm. sec." 1 ] 
v 0 characteristic eddy velocity in bulk 
of liquid 

Vn mean velocity normal to the inter¬ 
face [cm. sec. -1 ] 
w weight [gm.] 


x distance normal to interface [cm.] 
X thickness of liquid at surface in 
which eddies are damped 
n surface pressure of film, i.e., lower¬ 
ing of surface or interfacial tension 
by film [dynes cm." 1 ] 

U 0 surface pressure at equator of drop 
7T = 3.14. 

7 surface or interfacial tension, 
[dynes cm." 1 ] 

5 thickness of sheet of liquid [cm.] 
v viscosity [gm. cm." 1 sec." 1 ] 

6 angle measured from forward di¬ 
rection of drop movement 

v kinematic viscosity [cm. 2 sec.' 1 ] 
p density [gm. cm."®] 
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I. Introduction 

The importance of moving fluid phenomena in liquid-liquid contact¬ 
ing operations has been recognized ever since the two-film mass transfer 
theory was first proposed. If a unidirectional rate of mass transfer through 
a fluid field from one location to a second one is visualized as being equal 
to the product of a transfer coefficient, an interfacial area and a con¬ 
centration gradient 



any hydrodynamic factor affecting any one of the four right-member 
variables will be reflected in the transfer rate. Thus K should be affected 
by temperature, since field viscosity, diffusivity, and density are involved. 
It is also dependent upon concentration level. The area may be constant 
and static or it may be in a state of dynamic renewal. As will be shown 
in a later paragraph, the concentration gradient (Ac/Az) may vary 
enormously over short time increments. It is with the fluid factors influ¬ 
encing these variables that this chapter is concerned. 

A. The Extraction Cycle 

A liquid-liquid mass-transfer operation proceeds in several distinguish¬ 
able steps, whatever may be the particular type of equipment chosen to 
carry it out. Dispersion of one phase into the other creates a large inter¬ 
facial area. It may be accomplished by mixing impellers, nozzles, orifices, 
perforated plates, drip points or edges, tower packings, eductors, cen¬ 
trifugal pumps, or by the turbulence created when the two phases are 
forced at high speed through a pipeline. Time for dispersion is of the 
order of fractions of a second. 

A holding time of several seconds must be maintained for mass trans¬ 
fer to proceed to a satisfactory stage. The dispersed droplets must then 
undergo a settling operation to attain separation and recovery. This usu¬ 
ally requires many minutes. The total area remains practically constant, 
but is being continuously renewed by local creation and destruction. The 
holding and settling zones are often the same and the time duration of 
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both may be identical. It is sometimes erroneously designated as the 
residence time or contact time. The settled droplets will collect in a floc¬ 
culation zone near the main phase interface. 

Under certain conditions drops of phase A, surrounded by a film of 
phase B, and the whole moving in a field of phase A, can come together 
to form a layer which can best be described as a liquid-liquid foam. 


d </'//,/ 

DISPERSION - 


HOLDING 

1 

SETTLING 

s 

FLOCCULATION 

COALESCENCE 


PHASE 
SEPARATION - 

l l 


Fig. 1. Extraction cycle. 


Drops combine in this flocculation zone, and then join the main drop 
phase pool by extremely fast coalescence. Drops may remain in the floc¬ 
culation zone for many seconds or minutes, but combine into the main 
pool phase in a small fraction of a second. 

The phases must be finally separated and recovered by mechanical 
devices. The entire cycle of operations is shown in Fig. 1. 

B. Single-Drop Analysis 

The complex situation involving untold billions of tiny droplets mov¬ 
ing in a highly mobile liquid field does not lend itself to fundamental in¬ 
vestigation. Simplifications necessary to set up a model upon which to base 
mathematical analyses are numerous and often unrealistic. To gain knowl¬ 
edge that will lead to better models, many investigators have invested a 
considerable effort in examining the phenomena pertinent to single moving 
drops. It is not immediately obvious that knowledge gained from observa¬ 
tions on the performance of individual large drops can be directly applied 
to complex extraction operations. However, if even a little progress can 
be made by way of this approach, the extensive research devoted to it 
will have been worth while. 

It is in this light that we shall examine the phenomena exhibited by 
large single moving drops. 
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II. Dispersion into Drop Form 

Two effects are of predominant importance during drop formation. 
The primary goal of dispersing one phase into the other is to create a 
large interfacial area available for mass transfer. Subdivision into micron- 
size droplets will create enormous interfacial area. But one must also be 
concerned with the recovery of pure phases, and there is therefore an 
optimum drop size below which dispersion becomes undesirable. 

The second important goal is to achieve a very high rate of mass 
transfer per unit of interfacial area, which has been observed by many 
experimenters for the drop-formation period. As new area is formed, the 
concentrations in the main streams are momentarily adjacent to each 
other. The distance (Ax) can have an extremely small value at the same 
instant of time. In terms of Eq. (1), the gradient (Ac/A#) over a small 
but macroscopic distance is momentarily of a very high order, perhaps 
approaching infinity. A similar situation arises from the stretching of a 
surface during oscillation of the drop about a spherical norm. The result¬ 
ing transfer rates are many times those for unrenewed interfacial area 
in the same system. Hence, it is quite possible that drop formation is the 
major feature affecting mass transfer in highly turbulent fields which 
break up the dispersed phase into very small droplets. 

Dispersions may be classified into two types, based upon size range 
of the droplets formed. Turbulence creators (mixing impellers, mixing 
valves, eductors, orifice plates) will produce fine emulsions of micron-size 
droplets. Nozzles, perforated plates, bubble caps, tower packings, etc., 
can form discrete drops of relatively large size which will quickly settle 
through the continuous phase. 

A. Slow Formation at Nozzles 

The slow formation of a drop at a submerged circular orifice or nozzle 
will result in a drop size, predicted by equations for determining inter¬ 
facial tension by the drop-weight method. At the instant a slowly forming 
drop breaks away from a nozzle, the force balance may be written 

tD n c = ^ (A P )(g/g c ) (2) 

A set of correction factors \fj{D N /D D ) is necessary for exact quantitative 
results. The model is of course a false one, in that the drop does not 
break from the nozzle. There is an elongation of a neck of drop fluid 
connecting the main portion of the drop with that part which is adhering 
to the nozzle (Nl). Rupture is across this neck, often with the formation 
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of one or more tiny satellite droplets which follow the large one. Called 
“Plateau's spherules/' they may be a source of contamination in many 
instances. With the correction factors, the method is accurate for drop- 
size prediction (H6), and is the starting point for analysis of the fast 
formation of drops at such nozzles (H8). 


B. Fast Formation at Nozzles 

For nozzle velocities above the slow-formation range but less than 
30 cm./sec., Hayworth and Treybal (H8) accounted for the kinetic energy 
due to nozzle velocity. Their force balance (written in the form of an 
equivalent-volume balance) stated that the total volume (7 r ) would be 
equal to the volume ( V a ) necessary to overcome interfacial tension, plus 
the volume (7*) necessary to produce a rising velocity at least equal to 
the nozzle velocity, plus a negative volume {V K ) equivalent of the kinetic 
energy supplied by the stream from the nozzle, thus 

7r = 7 ff + 7*> — Vr 

From the corrected form of Eq. (2), above 

T7 - tDn<t ( , Dx\ 

Bond's (B5) equation for terminal velocity yielded 
Fm = 0.5236 

in which v N replaces 17*, the terminal velocity of a freely rising (or fall¬ 
ing) drop of volume 7*. 

The volume due to the kinetic energy supplied to the drop was 


(3) 

(4) 

(5) 


y _ V tpoVn 1 

K 2gA P D D 

Substitution of these values into Eq. (3) yielded 


( 6 ) 




t/ 2/ 3 / 0.403pc% \ 
* \ ) 



+ 0.5236 ( *%» )“ (7) 


which reduced to Eq. (4) with the correction factor at v N = 0. 

This was further simplified by assuming an average value of 0.655 
for \f/(D N /D D ), with the following experimentally established expression 
for K 


K = 


4.05 DW* 7 

„ 0.635 

V N 


( 8 ) 


the result being 
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V T + 4.11(10- 4 ) y ?/ 3 = 21 ( 10 ~ 4 )(^) 

[ t \ 0 . 747 ,. 0.365 0.186 “13/2 

D « . -f p 1X0 ] (9) 

The equation was considered accurate to within seven per cent for de¬ 
termination of drop volume. 

Null and Johnson (Nl) suggested that a drop adhering to a nozzle, 
at the moment of breaking away as shown in Fig. 2, will be composed of 
a hemisphere A, surmounted by a truncated cone B, which in turn is 
surmounted by a second truncated cone C. The larger end of the last 


Fig. 2. Drop shape at formation; Null and Johnson 
model (Nl). 


section is visualized as adhering either to the edge of the nozzle tip or to 
the inner surface of the tube leading to the tip. Energy balances, includ¬ 
ing kinetic energy due to velocity of the liquid in the tube, permit the 
determination of drop size. A set of experimentally determined correla¬ 
tion factors is necessary. 

C. Rayleigh Jet 

If the nozzle velocity is quite high, or if (A p) is small enough that 
the forming drops do not move away from the nozzle sufficiently fast, 
coalescence of two or more successively formed drops will occur which 
is not accounted for in any available equation. At still higher nozzle 
velocities, a Rayleigh jet will form. A node will form in the flowing jet, 
pass along it and form a drop at the end. This may be several inches 
from the nozzle. Lamb (L2) derives an expression giving the wavelength 
for maximum instability, in a cylindrical thread of liquid issuing from a 
nozzle or orifice at velocities above that for formation of discrete drops. 
Its direct application to shower-head and multiple-nozzle drop formation 
in an extraction unit is tenuous. Such jets create turbulence in the sur- 
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rounding continuous phase, and a cloud of drops with a spectrum of drop 
diameters will result. A photograph of such action is given by Hayworth 
and Treybal (H8). 

D. Turbulent Dispersers 

As this chapter is primarily concerned with single-drop performance, 
it seems best to omit consideration of drop sizes in highly turbulent 
liquid fields. The work of Shinnar and Ghurch (S7), utilizing Kolmogo- 
roff’s hypothesis of local isotropy, seems to bear excellent promise from 
a fundamental viewpoint. Correlating equations for predicting drop size 
in stirred tanks and mixers have been given by Treybal (T3). 


111. Shape of Forming Drops 

Equations which predict the volume or equivalent spherical diameter 
of a formed drop are not sufficient for extraction calculations, in the 
light of the very high rate of mass transfer during drop formation. It is 
desirable that the equation also lend itself to mathematical manipula¬ 
tion for the calculation of instantaneous interfacial area. To do this, the 
shape of the drop throughout the formation period must be defined. 

A. True Shape 

The shape of a drop forming slowly at a submerged orifice is the 
basis for the hanging-drop (pendant-drop) method for determining inter- 



Fig. 3. True shape of hanging drop (Bl). 


facial tension. The correct equation for the shape, shown in Fig. 3, is 
(A2, Bl, Jl, PI) 

J + ^-f + g <“» 

in which p and x/sin <f> are the two principal radii of curvature at (x:z), 
b is the radius of curvature at 0, and 
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= b 2 g(Ap) 
<r 


( 11 ) 


This equation does not lend itself to easy mathematical manipulation. 

B. Other Models for the Shape 

Garner and Hale (Gl) assumed hanging drops to be spherical, to 
facilitate calculation of an average area during formation. The approxi¬ 
mate nature of this model was well known to them. During the early 
stages of formation, the portion of the sphere covered by the orifice is 
large. During the later stages, the combination of elongation, necking 
down and abandonment of a portion behind the neck cause deviations of 
some magnitude. In spite of these shortcomings, the model served rather 
well. 

Poutanen and Johnson (PI) show that the equation of a lituus 
(r 2 6 = 1) resembled the true shape of a gas bubble forming at a sub¬ 
merged nozzle. They varied this geometry by using r n 0 = 1, to describe 
such shapes quite accurately. Their method for calculating area involves 
a shape factor similar to that of Andreas et al (A2), with a series of 
auxiliary graphs. Area becomes 


f* sin 8 [. 

“ Jh ^ v 




The volume is 


[* sin 2 fl /. . 1 \ 

* Jh 0 2/n V tan 6/ 


dS 


( 12 ) 


(13) 


Using a digital computer, they established tables of A and V for vari¬ 
ous values of 6 and n. The method should be equally applicable to liquid 



Fig. 4. Shape of hanging drop; lituus model (PI). 


drops. With some modification and simplification, it should aid in the 
calculation of mass-transfer area during formation. The lituus model is 
illustrated in Fig. 4. 
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IV. Velocities of Moving Drops 

Three kinds of velocities are important for moving drops. True vec¬ 
torial velocities are necessary when considering point conditions in a field. 
They can not be measured directly, but may be obtained from streamline 
plots by a process of graphical differentiation. Semivectorial velocities 
can be estimated by trace-photography methods (K2). A very useful 
velocity for determining residence times for drops is called the gross 
terminal velocity. It is defined as a long vertical distance of travel di¬ 
vided by the corresponding elapsed time. The distance and time must be 
large enough that all cyclic phenomena such as helical paths or oscilla¬ 
tions will have been repeated many times. 


A. Navier-Stokes Equations 

Any hydrodynamic consideration of a drop moving in a liquid field 
starts with the Navier-Stokes equations of motion, as given in representa¬ 
tive books on fluid mechanics (L2, Sll). Using vector notation to con¬ 
serve space, these equations may be written (B3, B4) 

P ^ = -VP + pV(V-v) + pV*v + P g (14) 

One can apply these equations and the continuity equations only after 
some simplification. The divergence term can be dropped for our incom¬ 
pressible liquid-liquid systems, leaving 


P^ t = -Vp + i&v + M (15) 

The equations of continuity are 

V v = 0 (16) 

The velocity of the fluid at the surface of a rigid sphere, held in an 
infinite expanse of a fluid moving in laminar motion past it, must be zero. 
Using spherical coordinates, the solutions then become (B4, L2, Sll) 


»-!(?)’ 


cos 0 


(17) 

(18) 
(19) 


Utilization of Eq. (16) and the sum of the resistance forces over the sur¬ 
face of the sphere (B4) leads to an expression for the form drag 
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F v = 2irnRU (20) 

Addition of the shear forces over the surface of the sphere, with use of 
Eqs. (17) and (18), leads to an expression for the viscous drag 


Ft — 47r fiRU 

These two, when added, give the total drag, 

(21) 

Ft = Qtt}jlRU 

(22) 


which is Stokes’ law of settling, applicable at Reynolds numbers of 0.2 or 
less. Note that the total drag is composed of two-thirds skin friction and 
one-third form drag. 


B. Hadamard-Rybczinski Model 

For a spherical liquid drop moving in a liquid field, the boundary is 
not rigid. Instead, it moves over the surface of the sphere in axial sym¬ 
metry from a front stagnation point to a rear stagnation point. New area 
is being continuously created in the forward regions and an equivalent 
area is being destroyed in the rear portion of the drop. Utilizing this 
idealized internal-flow pattern and the resulting boundary conditions 
(H3), we find that 

( 1 ) vq- v 8 ; 

(2) stresses through the interface are continuous; 

(3) vo is continuous through interface; 

(4) there is no movement of fluid across the interface; 

(5) the interfacial tension is zero. 

Hadamard (H3), and independently Rybczinski (R5), carried out similar 
analyses. Carrying the solution only to the first approximation, one ar¬ 
rives at a Stokes-law correction factor 

f - 6 '" w (lr+t) (23) 

which simply states that 



For a liquid drop falling in air or for a very viscous drop in a low 
viscosity field liquid, the correction term reduces to unity, and Eq. (23) 
becomes equivalent to Stokes’ law. For a gas bubble rising through a 
liquid or a low viscosity drop moving in a very viscous liquid field, the 
limiting correction factor of 1.5 may be realized for a fully circulating 
drop. These two limiting values have been confirmed by many experi- 
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menters. If the viscosities of the two fluids are equal, the correction factor 
is 1.20. 

C. Boussinesq Model 

Surface-tension forces act in a direction tangent to the interface. 
Boussinesq (B6) assumed, for a surface undergoing “dilatation,” that 
there must also be another force acting normal to the interface. Utilizing 
the same assumptions as Hadamard, he arrived at a Stokes-law correc¬ 
tion factor of 


6 + TpjSflp + 3 fJL e ) jj 

.€ + Td($iid + 2 / x c ) J * 


(25) 


in which e is “the dynamic increment to the normal surface tension.” It 
is often labelled a “surface viscosity” and used to rationalize data for a 
partially circulating drop into effective data for an equivalent fully circu¬ 
lating drop. It can only be evaluated from experimental data, and is used 
to explain a drag curve intermediate between those of rigid and fully 
circulating fluid spheres. 

The derivations of Hadamard and of Boussinesq are based on a model 
involving laminar flow of both drop and field fluids. Inertial forces are 
deemed negligible, and viscous forces dominant. The upper limit for the 
application of such equations is generally thought of as Re ~ 1. We are 
here considering only the gross effect on the terminal velocity of a drop 
in a medium of infinite extent. The internal circulation will be discussed 
in a subsequent section. 


D. Drag 

Most drop situations in extraction are far above the upper limit of ap¬ 
plication of the preceding equations. A drop moving through a liquid at 
a velocity such that the viscous forces could be termed negligible can not 
exist. It will break up into two or more smaller droplets (H10, K5). Most 
real situations involve both viscous and inertial terms, and the Navier- 
Stokes equations can not then be solved. 

Consider the velocity vs. drop size curve shown in Fig. 5. Several 
modern papers (El, H7, H10, Jl, Kl, K3, K4, L3, L4, S8, S12, Wl) re¬ 
port carefully taken data upon a wide variety of liquid-liquid systems. 
Small drops in region A will be spherical in shape, will not circulate in¬ 
ternally, and act like rigid spheres. Their ultimate velocity will generally 
be that of a rigid sphere of equal size and density moving in the same 
continuous phase. In region B the drops will be increasingly distorted 
into a spheroidal (ellipsoidal) shape with the minor axis oriented along 
the direction of movement. As drop size is increased the ultimate velocity 
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passes through a maximum, or peak, velocity. Larger drops will travel at 
about the same speed, independent of size. Finally at some maximum size, 
drops can not exist as single entities but will break up into two or more 
smaller ones. 



Fig. 5. Generalized terminal-velocity curve. 

Correlations have been developed to relate terminal velocity, drop 
size, peak size, peak velocity, and maximum drop size to the physical 
properties of the system (El, H10, K5). Some of the accumulated in¬ 
formation in these areas is given below. 

1. Force Balance on a Falling Drop 

At steady-state terminal velocity, the acceleration term in the force 
balance (B9) on a moving submerged body is zero, and the balance may 
be written so that gravity forces are balanced by the sum of buoyancy 
and resistance forces. 


VgpD - Vgpe = C d A (26) 

In this equation the right-hand member is Newton’s resistance force, with 
A equal to the projected frontal area. The equation serves to define the 
drag coefficient ( C D ). 

For a sphere the equation becomes 


and 


7T D® 


8 


(27) 


_ 4 Ap gC 
Ld ~ 3 ' pc' IP 


(28) 


in which D is the diameter of the sphere. 

For an oblate ellipsoidal drop with the major axis Dh in a horizontal 
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plane and the minor axis D v in the vertical direction, the equations be¬ 
come 


and 


\ W-Dv)g(Ap) = fo.| (Dn^PcU 2 (29) 


_ 4 Ap gfl>v 

" 3 p c U 2 


(30) 


from which it may be noted that the minor axis of the ellipsoid is the 
more reasonable length term to be used in the drag coefficient (G2). A 
similar treatment for a prolate ellipsoidal drop yields the major axis as 
the proper length. In either case it is the axis parallel to the line of 
motion which would be involved in C D • 

The utilization of such a length term requires a knowledge of the 
eccentricity of the droplet as a function of drop size. This item is re¬ 
viewed below. The length term usually used is the very convenient 
equivalent spherical diameter (D e ), defined as the diameter of a sphere 
having the same volume as that possessed by the drop, regardless of the 
actual shape of the latter. 

Cornish (C4) has discussed seven length terms which may be useful 
in mass- and heat-transfer correlations. 


2. Low-Viscosity Liquid Fields 

A plot of the terminal velocity of a drop moving in an infinite medium 
vs. drop size will show the features shown in Fig. 5. To exhibit all of 
these features, both drop and field liquids must be of very high purity. 
Using the pertinent fluid properties, a plot of C D vs. Re will appear as in 
Fig. 6. In this plot the length term used is the very convenient D ey in 
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both Cd and Re . Many such curves are available in the current litera¬ 
ture (K5), but they must be carefully evaluated as to purity of materials 
and the size of the container in which the work was carried out. 

The prediction of such a curve for a specific system has defied mathe¬ 
matical analysis, except in the region of low inertial effects. Recourse 
must be made to the time-honored method of graphical empirical correla¬ 
tion. Klee and Treybal (K3) arrived at two equations, one for the region 
below the peak diameter and one for that above the peak. They warn 
that these are simply good approximations, and that their dimensionless- 
group equations describe their data and those of other authors fairly ac¬ 
curately. The field liquid in all systems used was one of low viscosity. 

Hu and Kintner (H10) observed that a plot of C^'We as ordinate 
against Re as abscissa resulted in a uniquely parallel set of curves with 
a characteristic break point corresponding to peak values of D e and £/«. 
The use of dimensionless physical-property group 



permitted the establishment of the curve shown in Fig. 7, from which the 



Fig. 7. Generalized correlation for drops falling through low-viscosity liquids 
(H10) (Courtesy A.I.Ch.E. Journal). 
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entire relationship could be predicted for a liquid drop falling (or rising) 
through a field liquid of ordinary viscosity (up to 5 cp.). The physical- 
property group is the cube of the reciprocal of the Sd group of Hughes 
and Gilliland (Hll) and is a more general case of the group (g^/p C i r 3 ) 
used by Schmidt (S4), Grimley (G9), Rosenberg (R4) and Haberman 
and Morton (HI) for gas-bubble correlations. In a more recent paper 
(K5) containing a very large storehouse of data, a similar correlation 
but with slightly differing exponents was presented. 

3. High-Viscosity Fields 

Calderbank and Korchinski (Cl) showed that the correlations de¬ 
scribed above are limited in applicability to systems in which the viscos¬ 
ity of the continuous phase is lower than 5 cp. Johnson and Braida (Jl) 
used an additional parameter in the ordinate of Fig. 7 to extend its range 
to continuous-phase viscosities of 20 cp. The parameter was (/x c / 
^water) -0,15 - Data on systems involving field viscosities up to 400 cp. 
(Wl) showed that the best correlation would be that of Boussinesq, using 
an experimental value of e. 

Two papers (FI, M3) described the shapes of very large drops mov¬ 
ing in non-Newtonian liquid fields of the pseudoplastic variety. The em¬ 
ployment of a Reynolds number based on the power-function relationship 
permitted a good description of the variation of terminal velocity vs. drop 
size. 

Weaver et al. (W2) determined the velocities of multidrop systems in 
a spray tower. By plotting volumetric holdup against slip-velocity ratio, 
they found that drop size could be used as a third parameter. The aver¬ 
age field-phase velocity was obtained by dividing volumetric flow rate 
by column cross-section (first corrected for dispersed-phase holdup). 
Average drop velocity was determined from dispersed-phase volumetric 
flow rate divided by volumetric holdup to get the mean residence time; 
this was then divided into the fall height to give the velocity. These two 
were then combined into a slip velocity. The resulting correlations appear 
excellent. 

Such average velocities are useful in estimating residence times. But 
a knowledge of the velocity distribution of both drop and continuous 
phases seems desirable in order to obtain their relative velocities. Am- 
berkar (Al) obtained data on large drops falling through stationary 
water in a 4-in. tower. Although the data points exhibited a very high 
degree of scatter, the total indicated a parabolic distribution of drop 
velocities across the tower. Bendre (B2), using a better technique, also 
found such a distribution. McAvoy (Ml), working with small droplets of 
about 1 mm. diameter falling in a 2-in. tower, found the velocity distribu- 
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tion to be uniform. This would indicate that an additional parameter 
( Dd/D t ) is needed to describe the system better. At present, however, 
the correlations of Weaver et al, are the best available. 


E. Wall Effects 

Many of the data on the gross terminal velocity of drops have been 
taken in vertical cylindrical glass tubes of limited size. To interpret such 
data in terms of a drop moving in an infinite medium, a wall correction 
factor is necessary. 

A number of authors from Ladenburg (LI) to Happel and Byrne 
(H4) have derived such correction factors for the movement of a fluid 
past a rigid sphere held on the axis of symmetry of the cylindrical con¬ 
tainer. In a recent article, Brenner (B8) has generalized the usual method 
of reflections. The Navier-Stokes equations of motion around a rigid 
sphere, with use of an added reflection flow, gives an approximate solu¬ 
tion for the ratio of sphere velocity in an infinite space to that in a tower 
of diameter D T : 


l/ao _ _ 1 - 0.759(Dp/Dr) 5 _ 

U 1 - 2.105(ZVAO + 2.0S7(Dd/DtY 


(32) 


The stream function satisfying the fourth-order differential equation, 
used by Haberman and Sayre (H2) is 


i - cos 2 e 9 a 2 1 0 

_dr 2 r 2 d(cos 0) 2 _ ^ 


(33) 


Their solution, involving Gegenbauer functions, resulted in a wall cor¬ 
rection factor for rigid spheres which is the same as the full expression 
corresponding to Eq. (32). 

Using a similar attack for a fully circulating fluid sphere in a sta¬ 
tionary field but using only n = 2 due to inconsistency of the equations 
for higher order functions, their wall correction factor was 


in which 



(34) 


* = 1 - 2.105 1 


(i_ir) x + 2,807 


- '- 707 (V+r) X ‘ + 0 726 (r+f) X ‘ 

r = vc/hd 
X = Dd/Dt 
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Haberman and Sayre also derived correction factors for a fluid sphere 
moving along the axis of a cylinder in which the field fluid was also in 
axial motion; 



These factors were to be used in the equation 

F = 6*nR - v m K wl ) (36) 

in which v rn is the maximum velocity in the parabolic velocity distribu¬ 
tion of the moving field phase. The correction was found applicable for A 
values of 0.5 or less. 

The above equations are limited to the creeping-flow range. For large 
drops moving under conditions such that inertial terms are not negligible, 
an empirical equation equation based on experimental data (S12) is 



This relation has proved useful for systems in which the field fluid was 
stationary. 

V. Internal Circulation 

A. Rigid vs. Fluid Spheres 

The essential differences between a rigid and a fluid sphere are the 
internal circulation and mobile interface of the latter. Total interfacial 
area for mass transfer from a rigid sphere to the surrounding fluid phase 
remains constant except for slight changes due to sublimation or dissolu¬ 
tion. But interfacial area is being continuously created on the upstream 
half of a circulating fluid sphere and continuously destroyed on the down¬ 
stream hemisphere. It is commonly stated that the area is created at the 
front stagnation point and destroyed at the rear stagnation point. In ultra 
pure systems it should be stated that these things occur near the stagna¬ 
tion points. In systems of lesser purity the destruction of area must occur 
at some distance from the axis of symmetry. It is therefore a stagnation 
ring. This means that lines of motion must leave the interface and enter 
the drop at the point of area reduction. Some of them must also come 
from the drop interior to the interface at a location near the forward cen¬ 
ter of symmetry. 
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B. Indirect Evidence 

Most of the evidence for the existence of internal circulation within 
drops was, until recent years, circumstantial in character. Hadamard’s 
development for conditions at low Reynolds numbers became the basis 
for comparison of fluid vs. rigid sphere performance. It predicted, for the 
limiting case of a low viscosity drop moving in a highly viscous field, an 
increase of 50% in the terminal velocity as compared to that of an 
equivalent rigid sphere. Much experimental evidence has confirmed the 
theory. The resulting calculated drag coefficients, dependent only on 
velocity for a specific drop size and chemical system, were observed to 
be low by the proper magnitude. Most observers were able to observe 
visually that internal circulation existed, and the observed patterns were 
very much like those predicted for the creeping-flow range even though 
the observed drop Reynolds numbers were too large for Hadamard’s 
model to be strictly satisfied. 

If the equations of motion, the continuity relationship, and the proper 
stream function are properly combined, equations result which enable 
one to plot the flow lines for both internal and external motion. The 
stream function for an infinite extent of continuous phase around a single 
drop is (B7, H2) 


ypc = 2 s i n2 < 


“ UR 3 a tip 

_ 2 MD + MC 


-~\urR 

r 2 


/ 3mz> + 2^c \~| ,oo\ 

\3«> + 3mc/J (38) 


and for the drop phase (H2) 


to - i rirf » [ - W + 2( „^; c) (g, - l)] (39) 


There is, of course, symmetry about the axis of flight of the sphere. 

The streamlines are plotted in the left half of the circle in Fig. 8. It 
has been noted (Hll) that a ring of zero velocity occurs inside the drop 
on the equatorial plane of symmetry at the distance of 0.7075! from the 
center of the sphere. Several articles in the literature erroneously show 
the stagnation ring to be at some other location. Hughes and Gilliland 
also defined the amount of circulation as the flow through this ring (and 
through the annulus between the ring and the surface) 


TrP 2 _ V _ tD 2 HdV 

32 (1 + mc/md) 32 (fin + fie) 


(40) 


C. Direct Evidence 

Equations are based upon simplifying assumptions. Observations re¬ 
ported in words do not always accurately describe a scientific situation. 
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Fig. 8. Equatorial plane velocities and Hadamard streamlines for fluid sphere (H2). 


Measurable items should be measured and visual items should be pho¬ 
tographed for a convincing report. 

1. Qualitative Reports 

Photographs of the internal circulation pattern were made by Spells 
(S 9 ) who took advantage of the photoviscosity effect exhibited by high- 
concentration glycerine. Savic (S2, K 2 ), using powdered aluminum in 
water drops falling through castor oil, and employing a flat beam of light, 
obtained excellent photographs of the internal circulation pattern. Figure 
9 shows such a pattern. All such photographs provide a somewhat errone¬ 
ous impression due to the bending of the light beam as it leaves the drop 
and enters the surrounding liquid (G 6 ). Only if both drop and continuous 
phases have the same refractive index (G 2 ) is there no distortion. 

In order to cope with this light-distortion problem, the above-men¬ 
tioned traces must be transposed from their apparent position to a true 
one. A method (K 2 ) which lends itself to the processing of large amounts 
of data combines six equations expressing the geometry of the drop, 
Snell’s Law of refractive light bending, and the angles involved, into 
a single pair of equations. The two equations, though voluminous, can 
be easily and rapidly processed on a digital computer. They express the 
true coordinates (a/, y ') of a point in terms of the apparent ones ( x , y) y 
the vertical half-axis of the assumed ellipse, the index of refraction of the 
field fluid ( 71 ), and the index of refraction of the drop fluid ( 772 ). The 
horizontal half-axis is assumed to be unity for convenience. The equa¬ 
tions are: 
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in which 



k = vc/vd = m/m 


Although the greatest displacement will be in the outermost regions of 
the drop due to the high interfacial surface angles, there will be no 
change in the drop outline since the light beams from the extreme edges 
do not pass through a bending surface. 

2. Work of Gamer and Haycock 

Garner and Haycock (G2) made quantitative measurements of the 
velocity pattern in drops falling through glycerine solutions, using a 
motion picture technique in which the camera fell with the drop. The re¬ 
fractive indices of their drop and field fluids were identical. There is no 
distortion due to bending of light beams in such cases. They found that 
no circulation was possible until the fall velocity exceeded 0.5 cm./sec. 

3. Tapered-Tube Method 

Horton (H9, K2), using a tapered tube, was able to match the veloc¬ 
ity of fall of the drop with the velocity of the rising field and thereby 
observe the behavior of the system for an hour or more. Using a dark 
field trace photography technique, the semi-vectorial velocities were 
recorded. In every case the internal circulation was slowly damped out 
as the interface changed its character and became more contaminated. 


VI. Shapes of Moving Drops 

The shape of a liquid drop moving in a liquid field is dependent upon 
the balance between the hydrodynamic pressure exerted because of the 
relative velocities of drop and field and the surface forces which tend to 
make the drop a sphere (H7). 

A. Low Reynolds Numbers 

In region A of Fig. 5, the drops are either perfect spheres or are dis¬ 
torted to such a small degree that their eccentricity is not observable. 
They travel at such a speed that the Reynolds number ( D D Up c /fi c ) is 
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quite small. Small Reynolds numbers can be attained in either of two 
ways. For field liquids of ordinary viscosity (p ~ 1 cp) the drop must be 
very small. But if the viscosity of the field liquid is 300 to 2000 cp., the 
drop can be quite large. In either case the drop shape will be a sphere 
(FI). 

B. High Reynolds Numbers 

At higher Reynolds numbers, the inertial forces become increasingly 
predominant and the drop will be distorted from the spherical shape. 

1. Low-Viscosity Fields 

Most of the data in the literature deals with drops of organic chemi¬ 
cals rising or falling in a field of water at room temperature. Economic 
aspects of filling large tanks with other liquids, as well as health and fire 
hazards if large glass vessels are filled with organic liquids, have con¬ 
tributed to this situation. As shown in Fig. 10a, drops moving in water 
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Fig. 10. Shapes of moving drops. 


NEWTONIAN 


will first be distorted to a generally oblate ellipsoidal shape. This corre¬ 
sponds to region B of Fig. 5. The eccentricity of the nonoscillating ellip¬ 
soidal drop will increase with drop size. The area of such nonoscillating 
drops can be closely estimated from (G7) 

A = |[iV + In (E + VF^T)] (43) 

The ratio of the area of an ellipsoid to that of a sphere of equal volume 
is (G7) 
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;H[ ga+ g .v^-i ln(g + Vg - 1) ] {44) 

The horizontal planar symmetry will be lost as the peak drop diameter 
is approached. Oscillation will set in and become more and more violent 
as the drop size is increased (H10, L3). Finally at some large size the 
drop will rupture (H10, K5). 

In order to allow for a variation of interfacial area from that of an 
equivalent sphere, the eccentricity of the ellipsoidal drop must be taken 
into account. The area ratio of Eq. (44) does not exceed unity by a seri¬ 
ous amount until an eccentricity of 1.5 is attained. An experimental plot 
of eccentricity as ordinate vs. equivalent spherical drop diameter as 
abscissa may result in a straight line (G7, Kl, K3, S12). A parameter is 
yet to be developed by which the lines can be predicted without recourse 
to experiment. Eccentricity is not an accurate shape description of vio¬ 
lently oscillating drops and should therefore be used only for drop size 
below the peak diameter (region B of Fig. 5). 

2. High-Viscosity Field 

If a drop of low viscosity moves through a field of corn syrup of 
viscosity of about 300 c.p., the series of shape changes shown in Fig. 10b 
will occur. The succession is spherical, ovate, spherical, symmetrical 
oblate ellipsoidal, nonsymmetrical ellipsoidal and, finally, inverted mush¬ 
room-like shapes with an indented rear surface (FI). 

3. Non-Newtonian Fields 

Large drops moving through non-Newtonian liquid fields exhibit the 
same shape changes as those moving in high viscosity Newtonian liquids 
(FI, M3). A trailing filament will accompany all shapes except the 
sphere. The classical teardrop shape has only been reported for drops 
moving in such liquids. 


4. Prolate Shape 

Saito (SI) showed that the prolate form is possible if the drop density 
is very large and the ratio of drop viscosity to field viscosity is so small 
as to become negligible. His criterion, obtained by considering the second- 
order velocity terms in Hadamard’s model, is 


W = 



319 , 37 /md\* . 1 

30 W 5 W "*“20 WJ 


(45) 


If E' > 0, the distortion is prolate. If E f < 0, the distortion is oblate. 
It is obvious that, for the first term to be dominant, the drop density 



74 


R. C. KINTNER 


must be at least 3.33, a condition satisfied by liquid metal drops such as 
mercury. Hughes and Gilliland (Hll) relate such an observation by Wil¬ 
liams (W4) for mercury drops in air. If the field viscosity is very high, 
Saito's equation will also predict the prolate shape for mercury drops. 
This has been confirmed for mercury drops falling through corn syrup 
ip ~ 2000 cp), the eccentricity, E = D H /Dv, being 12/13. The equation 
predicts oblate distortion for all other conditions, but such shapes can 
occur for the conditions reported above (FI, M3). 

Haberman and Sayre (H2) report the prolate shape for drops of a 
glycerine-water mixture and of Dow-Corning “200” Silicone falling 
through castor oil in tubes of 1.24-in. and 2.74-in. I.D. Their ratio of 
Dy/Dn was shown to be dependent on the ratio of drop diameter to tube 
diameter and the viscosity ratio y. Values of Dy/Du as high as 1.6 were 
observed when drop diameter reached 0.70 tube diameter. It is be¬ 
lieved that these prolate shapes were largely due to the effect of a nearby 
cylindrical boundary, and that some of their drops would have exhibited 
a spherical or oblate spheroidal shape if falling in larger vessels. 

VII. Oscillations of Drops 

A, Axially Symmetric Type 

As the drop size in a given system is increased above the laminar-flow 
region, a size is reached at which the drop flattens and assumes a gen¬ 
erally oblate ellipsoidal shape. Such a shape is unstable in fields of low 
viscosity, and the drop begins to oscillate. The oscillatory action may be 
triggered by the shedding of vortices into the wake (El, Hll). The term 
“oscillation” is used here to denote the axially symmetric periodic change 
from an oblate ellipsoid to a prolate form and back to oblate again. As 
may be observed in Fig. 11, the shape descriptions are only approximate 
and become progressively less accurate as the amplitude of the oscilla¬ 
tions approaches the rupture value. 

B. Random Wobbling 

Large drops ( D e — 1 cm) of chlorobenzene will fall through water 
with a somewhat erratic oscillatory motion (L3). The drop pitches and 
rolls. The flight is not vertical but is erratically helical in nature. A series 
of oscillations, accompanied by waves moving over the interface, can 
cause the drop to drift several inches in a horizontal direction in a range 
of a foot or two of fall. Such drops can not oscillate violently as described 
above, due to the damping action of such movement by the sliding side- 
wise motion of the wobble. Motion pictures indicate that internal circula¬ 
tion is also considerably damped out by this type of oscillation. Rate of 
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mass transfer is, however, increased over that of a noncirculating drop 
due to surface deformation. This type of oscillation is indicated in Fig. 12. 

C. Surface Indentations 

A third type of surface disturbance is like that envisioned by Bous- 
sinesq (B6). Fluttering surface instabilities of a very local nature may 
be observed. A small area of the drop surface can dilate and recede in a 
periodic fashion much like that observed on the front of large air bubbles 
rising through liquids. Interference from other types of oscillations 
quickly compel a change in frequency and location of these surface in¬ 
stabilities. 

With all three types of oscillations superimposed, the final result has 
a random appearance. Since a sphere has the smallest area per unit 
volume, all oscillatory movements cause an alternate creation and de¬ 
struction of interfacial area. The rate of mass transfer is thereby en¬ 
hanced for oscillating drops. Since surface stretch due to oscillations is 
not uniformly distributed, all such oscillations produce interfacial turbu¬ 
lence (see Section VII, E). 

D. Amplitude and Rupture 

Little quantitative work has been published on drop oscillations in 
liquid-liquid systems. Lamb (L2) reviews two methods for the analysis 
of a spherical mass of liquid. Elzinga and Banchero (El) use the primary 
mode of oscillation 


f = ( __Y /2 

7 \(3 px> + 2 Pe )D*J 


(46) 


in which / is in radians per second. If the natural frequency of the drop 
matches the frequency of vortex discharge to the wake, it is deemed pos¬ 
sible that the amplitude of oscillation could be sufficient to cause drop 
rupture. 

Violent oscillations of the axially symmetric type can be induced in 
single drops formed at a nozzle. Drops of chlorobenzene ( D e = 0.985 cm) 
were so formed, and allowed to fall in water. At about five inches below 
the nozzle two types of rupture were observed, A small droplet was formed 
at the front and hurled ahead of the drop by the next oscillation. A 
second mode of formation caused a droplet to be formed by inertial pinch 
at the rear of the oscillating drop. This rear-formed droplet was always 
larger than the very small one formed in front. There were, on occasion, 
two successive pinch-formed droplets from the rear. In a few instances 
both front and rear formation occurred, as shown in Fig. 13 in selected 
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frames from motion pictures. It must be borne in mind that these rup¬ 
tures are not the same as those treated by Elzinga and Banchero. 

E. Interfacial Turbulence 

The various kinds of small flows generated at the interface and in the 
immediately adjacent layers are usually grouped together as interfacial 
turbulence. A description of the various kinds of such disturbances and 
their amazing effects have been summarized in several recent publica¬ 
tions (D2, 01, S6, S10). Spontaneous emulsification, localized stirring 
with rippling and twitching of the interface, slowly moving streamers of 
one phase moving into the other, drop formation from the tips of such 
slowly moving streams, local eruptions at the interface, violent and 
erratic pulsations in drops and unsteady flow along the interface have all 
been observed and recorded. The action is three-dimensional and the 
interface must be regarded as including the immediately adjacent sub¬ 
layers on either side of the bulk phase separation plane. 

All of these disturbances cause a many-fold increase in the rate of 
transfer of solute across the interface. If a chemical or thermal difference 
along an interface causes an interfacial tension gradient, violent flow in 
the direction of low a will result. This action is usually termed the 
Marangoni effect. 

Sternling and Scriven (S10) analyzed the hydrodynamic aspects of 
interfacial turbulence by means of a greatly simplified two-dimensional 
roll cell model. Their analysis suggests that interfacial tension is usually 
promoted by solute transfer into the phase of lower viscosity, solute 
transfer toward the phase of higher diffusivity, large viscosity and 
diffusivity differences between the phases, large concentration gradients 
near the interface and low order of viscosities and diffusivities. It is in¬ 
hibited and damped by the presence of surfactants and by nearly rigid 
boundaries. 

While the model of Sternling and Scriven is a radically simplified one, 
it serves remarkably well to predict the creation, propagation, and damp¬ 
ing of turbulence. Orell and Westwater (01) used Schlieren photographic 
methods to produce excellent pictures of three dimensional convection 
cells, including polygonal cell clusters, stripes, and ripples. Their poly¬ 
gonal cell clusters exhibited a size one order of magnitude larger than 
the dominant wave length for roll cells as predicted by the Sternling and 
Scriven development. 

An excellent discussion of the phenomenon of spontaneous emulsion 
has been included in a recent book by Davies and Rideal (D2). Inter¬ 
facial turbulence has been advanced (D2, 01) as a possible cause but has 
been eliminated in at least one case (D2). Diffusion and stranding seems 
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to be a much more plausible mechanism for the ethanol-toluene-water 
system. Alcohol, diffusing into the water phase, carries some toluene with 
it. Upon dilution in the aqueous phase, the toluene is left stranded as tiny 
droplets to form an emulsion. A third mechanism (D2) postulates a 
locally negative interfacial tension which causes the area to increase 
spontaneously. More than one of these mechanisms may be operating 
simultaneously. 


VIII. Boundary Layers 

Any consideration of mass transfer to or from drops must eventually 
refer to conditions in the layers (usually thin) of each phase adjacent to 
the interface. These boundary layers are envisioned as extending away 
from the interface to a location such that the velocity gradient normal to 
the general flow direction is substantially zero. In the model shown in 
Fig. 8, the continuous-phase equatorial boundary layer extends to infin¬ 
ity, but the drop-phase layer stops at the stagnation ring. At drop veloci¬ 
ties well above the creeping flow region there is a thin laminar sublayer 
adjacent to the interface and a thicker turbulent boundary layer between 
this and the main body of the continuous phase. 

A. Flow Around a Sphere 

Many authors (B4, G3, H2, L2, Sll) have considered the flow pattern 
and wakes involved in the flow of a fluid past a rigid sphere. Nearly every 
book on fluid mechanics contains a chapter on flow around submerged 
shapes. Flow around fluid shapes is only touched upon by a few advanced 
treatises such as that by Lamb (L2). 

B. Nonoscillating Drops 

Very small drops travelling at low speeds in low viscosity liquid fields 
will exhibit a flow pattern similar to that shown in Fig. 8. Large spherical 
drops moving in fields of higher viscosity will show the same type of 
flow pattern. The field fluid will separate on the front portion of the drop, 
move over the forward surface in accelerating fashion, then over the rear 
surface under deceleration and finally converge near the down stream line 
of symmetry. There is a laminar sublayer and a very thick laminar 
transition layer. The sublayer is created near the front stagnation point 
and vanishes near the rear one. The laminar sublayer on the drop side 
will also be created and destroyed in like fashion. If a dye is placed in the 
drop liquid and allowed to be transferred to the continuous phase, it will 
stream from the rear of the drop as a thin thread along the axis of sym- 
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metry. It must be dispersed throughout the main continuous phase by 
diffusion or slow convection. There is no wake except the thin thread. 

As the range of Reynolds numbers (D D Up c /fic) is increased well above 
the creeping-flow range, a pattern like that shown in Fig. 14 will be seen 
(G7). A boundary separation will be observed as a ring on the rear sur¬ 
face of the drop. There is a wake enclosed within the boundary layer and 
this wake travels with the drop. The boundary-layer material converges 
behind the wake into a thin thread w T hich trails behind the whole. Within 
the wake there is a ring of rotating liquid which gradually shears off into 



Fig. 14. Wake behind nonoscillating drop. 

the threadlike trail. Most of the mass transfer from drop to field occurs 
into the boundary layer forward of the separation ring and travels in 
this layer around the wake to the trailing filament. There is some transfer 
from the rear drop surface into the wake. Only when the solute con¬ 
centration has increased in this portion to such a level that it is greater 
than that in the enveloping boundary layer can mass transfer occur from 
wake to field. When transfer from drop to wake through the surface en¬ 
closed in the boundary separation ring equals that from the enclosed 
wake to the surrounding continuous phase, steady state will have been 
attained. 
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Elzinga and Banchero (El) use Meksyn’s boundary layer equation 
(M2) for flow around a rigid sphere, with the boundary condition that 
the interfacial velocity is not zero, to calculate a shift in the boundary- 
separation ring from an equivalent rigid-sphere location. Their calculated 
positions are slightly less than their observed shifts but confirm the 
thesis that these shifts are due to internal circulation. Similar quantita¬ 
tive results are reported by Garner and Tayeban (G7). 

C. Oscillating Drops 

At still higher Reynolds numbers the drop will oscillate. Unsteady- 
state cyclic conditions are set up in both boundary layer and wake. The 
general pattern is indicated in Fig. 15; somewhat similar photographs 
have been published by others (El, G7). “Still” photographs, however, 
do not properly present the action. The boundary-separation ring shifts 
violently as the oscillating drop moves through the liquid field. The 
liquid within and behind the ring is a highly disturbed region with 
turbulent conditions predominant. Forward of the ring one observes that 
smooth mass transfer is occurring into the relatively undisturbed bound¬ 
ary layer. The diffusing material moves within this layer around to the 
separation ring where it is sent into the main stream of the field liquid by 
turbulent convection. Comparatively little mass transfer occurs in the 
wildly gyrating wake, which does not travel with the drop as for a non¬ 
oscillating one. 


IX. Effects of Surfactants 

Much of the experimental data on droplet behavior reported in the 
literature is of very doubtful value, due to an absence of complete speci¬ 
fications regarding the purity of and correct physical constants for the 
chemicals used. The effects of the presence of minute traces of solid or 
liquid impurities on experimental results has been reported by nearly 
every author. Some of the work was quantitative. Many unsuspected 
impurities in a system can be surface-active. In recirculating systems 
(El, H9) which involve aluminum tanks or piping, or packed pumps and 
gaskets, the equipment itself can supply enough to change the results. 
Chemicals of dubious purity such as tap water (HI, S8) must be avoided 
or carefully labeled for what they are. Much of the data in the literature, 
and some of the authors’ conclusions, must be used with caution because 
of the suspected presence of a surface-active agent. The curve of Fig. 7 
was established with data on drops of somewhat less than the highest 
purity. 
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Fig. 15. Wake behind oscillating drop. 

A. Evaluation of Existing Data 

Considerable differences exist among various authors on the terminal 
velocities of drops for a given system. After due consideration has been 
given small temperature differences, and degree of accuracy of instru¬ 
ments and methods, the disagreement is still wide. Figure 16 shows the 
data of several authors for the rate of fall of drops of carbon tetrachloride 
through water. It will be noted that there is substantial agreement among 
the data for very small spherical drops and for very large drops. But in 
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the intermediate region, which includes the sizes of most interest, the 
disagreement is greatest. The intangible usually blamed is the presence 
of surface-active agents of a type that can segregate near the interface. 
In doing so they are said to cause “some sort of surface viscosity” which 
inhibits circulation and causes the drops to act more like rigid bodies. If 
one wishes to use data from the literature to make process calculations, 
he must take this phenomenon into account. The dynamic surface tension 
factor, e, in the Boussinesq development can be used to more accurately 



Fig. 16. Gross terminal velocity of carbon tetrachloride drops falling through 
water. 

describe the curve below the peak diameter. It must be evaluated experi¬ 
mentally and is essentially a coefficient of convenience. 

The amount of surface-active agent present may be so small that no 
measurable change in any physical property, including interfacial tension, 
can be detected. This is particularly true if the agent is a finely divided 
solid (El). Lindland and Terjesen (L4) showed that, after a definite but 
small concentration of surfactant had been used, further additions caused 
but little change in terminal velocity. 

At the same time a definite, radical lowering of the frequency and 
amplitude of the oscillations was noted. Such reduction in oscillation 
reduces mass-transfer rates. 

B. Damping of Oscillations 

The surface rigidity and lowering of interfacial tension of a drop- 
soluble surfactant will cause a smaller drop to be formed from a specific 
size of nozzle. The terminal velocity is lowered in a manner independent 
of drop size. Figure 17 shows the results of experiments with drops of 
chlorobenzene in water. Formed from a nozzle made of a piece of §-in. 
brass pipe, the drop of high-purity chlorobenzene fell at 13.1 cm./sec. Ten 
cm. 3 of TMN (trimethyl nonyl ether of polyethylene glycol; supplied by 
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Fig. 17. Reduction of drop size and terminal velocity due to surfactant. 

Union Carbide Chemicals Co.) in the 1.5 gal. of distilled water resulted 
in a smaller drop size (which should have had a higher [/» in pure water) 
and a 23% lowering of terminal velocity. 

C. Increased Drag 

The “surface viscosity” effect on terminal velocity results in a calcu¬ 
lated drag curve that is closer to the one for rigid spheres (K5), The deep 
dip exhibited by the drag curve for drops in pure liquid fields is replaced 
by a smooth transition without a deep valley. The damping of internal 
circulation reduces the rate of mass transfer. Even a few parts per million 
of the surfactant are sometimes sufficient to cause a very radical change. 


D. Internal Circulation 

The effect of slow accumulation of surface-active materials is indi¬ 
cated in Fig. 18, which is a series of photographs of drops suspended in a 
tapered tube (H9). Tiny amounts of fine solids of colloidal dimensions, 
as described by Elzinga and Banchero (El), gradually collected at the 
interface and were swept around to the rear of the drop. Circulation was 
progressively hindered until it was nearly stopped. Yet no measurable 
change could be detected in any physical property, including interfacial 
tension of the separated phases. 

Not until the above effects can be mathematically related can we 
expect to progress beyond the experimental stage. To predict such items 
as size of drop formed at a nozzle, terminal velocity, drag curves, changes 
of oscillations, and speed of internal circulation, one must possess experi¬ 
mental data on the specific agent in the specific system under considera¬ 
tion. Davies (Dl, D2) proposes the use of the equation 


% Circulation = 


100 


32 cr 1 

r D g Ap 


(47) 
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in which the “surface compressional modulus” C s _1 is a factor expressing 
the degree of reduction from full Hadamard circulation due to surfactants. 
For clean surfaces ( C 8 ~ 1 = 0) circulation should occur in any drop 
regardless of size. But small drops would be more sensitive to circulation 




8 min, 12 min. 


Fig. 18. Damping of circulation due to surfactant (H9). 

damping than large. The criterion is experimental, of course, but the 
equation does satisfy all trends. 

A recent paper by Schechter and Farley (S3) presented a modification 
of the Hadamard approach to relate circulation and mass transfer rates 
to interfacial tension gradients. Limited to creeping flow regimes, their 
approach appears to be the best to date. 


X. Field-Fluid Currents 

As has been previously shown in this chapter, the velocity field 
around a submerged shape can be mathematically predicted in some cases 
and experimentally demonstrated in all. Such a field is shown in Fig. 9. 
But as a large drop moves through a stationary liquid field, it will carry 
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an envelope of the latter with it. The vortices which are generated behind 
the large drop will also follow it a short distance before being damped out. 
There is also a lateral movement in such a case. Since some field fluid is 
carried downward by a falling drop there must be, in a closed container 
of finite size, an upward movement of the continuous phase near the 
container wall. A circulation pattern can be set up in a plate or spray 
tower by which field liquid will, in a countercurrent flow regime, be 
carried backward in the vessel. As noted by Treybal (T2) this constitutes 
a form of backmixing. It is another case in which residence time and 
valid contact time may not be the same. The vortices behind large drops 
also produce lateral dispersion. Data taken in tubes of small diameter 
(less than 4 in.) must account for such backward and lateral dispersions 
(T2). 


XI. Flocculation and Coalescence 

After mass transfer in a highly dispersed and intimately mixed sys¬ 
tem has proceeded to a satisfactory degree, the two phases must be in¬ 
dividually recovered. These operations have been described in detail by 
Treybal (Tl). Each phase must carry the smallest possible amount of 
the other, which now is to be avoided as a containment. If the dispersion 
operation reduced the droplet size too far, recovery may be expensive. 
Small amounts of surface active materials can cause a permanent emul¬ 
sion, i.e., one which cannot be broken by simple settling. Temporary 
emulsions produced by turbulence creators such as mixing impellers will 
settle in seconds to a clear line of demarkation between phases. This is 
the primary break. One or both layers may, at this time, be fogged with 
an extremely fine dispersion of micron sized droplets of the opposite 
phase. These are termed secondary emul&ions and require a long time 
(minutes, hours, or days) to clarify by simple settling. Modern practice 
in the petroleum industry utilizes electrostatic means to aid in the coales¬ 
cence of these fine droplets into large ones which can settle out. 

A. Flocculation and Liquid-Liquid Foams 

As drops of this dispersed phase collect near the separation interface, 
they will flocculate into a closely packed mass which can best be de¬ 
scribed by the term “liquid-liquid foam,” Each drop is surrounded by a 
thin film of the continuous phase. The film between two adjacent drops 
can rupture and the two combine by coalescence in the foam layer. Only 
those drops near the general phase boundary can coalesce into the general 
drop phase layer. The residence time in the flocculation zone can be many 
minutes, and considerable mass transfer may occur there. 
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B. Coalescence of Drops 

If a large drop falls (as in a spray tower) to a pool at the bottom of 
the equipment, it will rest on the interface for a time and then coalesce in 
an instant with the main body of the heavier phase. If two drops of phase 
A are pushed together by an externally applied force, they will remain in 
apparent contact for a short time before combining by coalescence into a 
single larger drop. In either of these cases, the significant stages of the 
operation may be listed as approach, film thinning, film rupture, hole 
expansion, and surface contraction. 

1. Film Thinning and Rest Time 

Consider a large drop of water to be formed at a nozzle submerged in 
a continuous phase of benzene contained in a beaker. Let there be a layer 
of water under the benzene. The drop of water will fall through the 
benzene, rest for a time upon the interface between the layers and coa¬ 
lesce into the main pool of water. If the phases are very pure, the time 
of residence of the drop at the interface (rest time) before coalescence 
will be reproducible within a small percentage variation. It is affected by 
such variables as viscosity (of continuous phase), electrostatic charges, 
mass transfer (G10), interfacial tension, density difference between 
phases, drop diameter, and purity of materials. If all other factors are 
held constant, the rest time is a nearly quantitative measure of the 
amount of impurities present. The condition of the experiment, including 
the geometry of the apparatus, must be carefully adhered to if reproduci¬ 
ble results are to be attained. Even with these precautions, a Gaussian 
distribution of the rest time will result. 

The rate of film thinning as a sphere approaches a plane surface has 
been analyzed by assuming a slow squeezing-out process. The reduction 
of volume of the liquid between the surfaces is equal to that which flows 
radially outward through the cylindrical surface connecting the two. The 
resulting equation for the time for approach of the sphere from hi to h?. 
distance of separation has been presented by a number of authors (C2, 
G8, H5): 

, 6 TfXc'P^.hi /j4 ox 

<1, 2 = — ln^ (48) 

2. Rupture 

The rest time is measurable evidence of the rate of thinning of the 

benzene film which separates the drop from the main pool of water. It 

has been postulated that when this film has been reduced to some definite 
“critical” film thickness, rupture will occur. But several authors have 
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reported that the critical film thickness was not a constant value for a 
given system in a set of carefully controlled experiments (S4). 

3. Partial Coalescence 

When a drop (water) falls to a flat interface (benzene-water) the 
entire drop does not always join the pool (water). Sometimes a small 
droplet is left behind and the entire process, called partial coalescence, 
is repeated. This can happen several times in succession. High-speed 
motion pictures, taken at about 2000 frames per second, have revealed 
the details of the action (W3). The film (benzene) ruptures at the 
critical film thickness and the hole expands rapidly. Surface and gravita¬ 
tional forces then tend to drag the drop into the main pool (water). But 
the inertia of the high column of incompressible liquid above the drop 
tends to resist this pull. The result is a horizontal contraction of the drop 
into a pillar of liquid above the interface. Further pull will cause the 
column to be pinched through, leaving a small droplet behind. Charles 
and Mason (C2) have observed that two pinches and two droplets oc¬ 
curred in a few cases. The entire series of events required about 0.20 sec. 
for aniline drops at an aniline-water interface (C2, W3). 

What happens to the drop liquid after coalescence? If the drop is dyed 
before release, the progress of that particular portion can be followed in 
the main pool. As the neck of the column is pinched through, surface 
forces acting along the raised interface cause the drop liquid to be hurled 
into the main body with sufficient force to form a vortex ring which looks 
very analogous to a smoke ring in air. Such vortex rings have been ob¬ 
served to penetrate as much as 4 in. from the interface. 

4. Two-Drop Coalescence 

When two large drops are forced together in a liquid field, the same 
succession of events will occur as for a drop at a flat interface. Selected 
frames from high-speed (3000 frames per second) motion pictures of the 
process are shown in Fig. 19. The drops were of n-butyl benzoate in a 
field of distilled water. One of the drops was dyed, and it was observed 
that no mixing occurred during the one-twelfth-second sequence. Some 
mixing by slow convection currents did occur after coalescence was com¬ 
plete. Excellent photographs of coalescence of two drops adhering to 
nozzles were presented by Groothuis and Zuiderweg (G10). They showed 
that mass transfer from drops to liquid promoted immediate coalescence. 

5. Fibrous-Bed Phenomena 

If two liquids of only slight mutual solubility are dispersed by high- 
turbulence devices in the absence of a surfactant or emulsifying agent, a 
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Fig. 19. Stages of coalescence of two equal sized 
drops. 
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temporary emulsion will form. The primary settling break will occur in 
seconds. If one or both of the two liquids involved be of a polar nature, 
one or both of the two layers which result from the settling operation will 
be clouded with a fine mist or fog of extremely fine droplets of the oppo¬ 
site layer (BIO). Such fogged layers (secondary emulsions) consist of 
untold billions of droplets of submicron size suspended in a field of the 
opposite phase. These secondary emulsions can not be settled clear for 
many minutes or hours. Such an emulsion of benzyl alcohol in water has 
been observed to persist for weeks. Coalescence of these tiny droplets into 
big ones is necessary if separation by settling is to be completed in rea¬ 
sonable time. 

Passage of an emulsion through a fibrous or porous bed will often 
cause coalescence and facilitate separation (BIO, J2, R2, Tl, V2). Such 
beds are sometimes dependable and sometimes not. The mechanism of 
their operation is shrouded in vagueness and conjecture. No accepted 
theory exists on how they accomplish the coalescence of the submicron 
droplets into large ones of manageable size. Were one available, it would 
facilitate design and aid in selection of materials of construction of such 
devices. The following bits of evidence are generally accepted as “facts”: 

(a) The fibrous bed must be closely packed and possess a high ratio 
of surface area to volume (Tl, V2). 

(b) The size of the capillary openings must be relatively large (Tl). 

(c) The fibers must be preferentially wetted by the dispersed phase 
(R2, Tl). 

(d) The flow rate must be above a certain minimum but below a 
certain maximum. Superficial velocities between 0.25 and 1.0 ft./ 
min. have been recommended for water dispersed in petroleum 
fractions (BIO, Tl, V2). Velocities much higher than these have 
been successfully used. 

(e) Higher temperatures promote coalescence (BIO, Tl). 

(f) Thin beds will separate coarse emulsions (50-/* droplets), but a 
bed of several inches is required to coalesce secondary emulsions 
of submicron drops (BIO). Beds of less than one inch have been 
successfully used to remove water from petroleum fractions. 

(g) A high-interfacial-tension system is more easily coalesced than 
one of low interfacial tension (J2). 

(h) Surfactants, dirt, and high viscosity tend to prevent coalescence. 

(i) Large drops form and grow on the leading surface (V2). 

(j) Large drops “wander” through the bed to the downstream edge, 
grow there by accretion of other drops, and break off by a drip- 
point formation method. 
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Several theories have been proposed to explain the action. The fine 
droplets are crowded together in the capillaries, where pressure and inter¬ 
drop scraping facilitate film thinning and coalescence. Drops wet the 
fiber, stick, and grow by accretion of the other drops, acting as impact 
targets for the latter. Electrostatic charges in the fibrous bed cause drop¬ 
lets to combine on the fiber surface with greater ease. Brownian move¬ 
ment of submicron particles causes a greater number of collisions between 
them in the crowded capillaries. London-Van der Waals forces can cause 
orientation of charged particles and aid in coalescence. It is the present 
writer’s belief that most of these mechanisms are operative at various 
times in various portions of various types of beds. A bed of Teflon fibers 
can be made to clarify a secondary emulsion of water in kerosene. The 
fibers were very fine (10 /*), and Teflon has a unique property of acquir¬ 
ing and holding electrostatic charges although it is not likely to be wetted 
by water. A bed of medical cotton will coalesce benzene fog from water 
if the cotton is first soaked in benzene. Wettability here seems paramount. 
The impact mechanism seems unlikely, as the drop phase should be 
heavier than the field phase for successful contact. Submicron particles 
should follow streamlines around the target. Capillary crowding and 
rubbing against the benzene film on the fibers seems indicated. Observa¬ 
tion through the microscope at about 100 X showed fine droplets ap¬ 
proaching a 50 -/a drop held on fine fibers (8 ^ diam.) of glass but not 
continuing onward. This would tend to confirm the impact theory for 
this system (water in n-butanol). 


XII. Summary 

Much has been accomplished during the past fifteen years to define 
and describe quantitatively the action of single drops in a liquid environ¬ 
ment. Much has also been done to understand more clearly the complex 
action present when two liquids are mixed in a highly turbulent field. Let 
us examine our needs. 

(1) The work by Shinnar and Church (S7) on the use of the concept 
of local isotropy should be pursued and extended. 

(2) The applicability of the modified lituus equation suggested by 
Poutanen and Johnson (PI), to liquid-liquid systems for area during 
formation looks promising. 

(3) Rates of coalescence in pipelines and other turbulent field ap¬ 
paratus should be studied. 

(4) A good model is needed for mass transfer during the formation 
of new area, whether this area be created by circulation, oscillations, 
formation stretch, interfacial turbulence, or any other mechanism. 
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(5) Little is known of liquid-liquid foam zones and the mode of 
mass transfer within such zones. 

(6) Action occurring in the continuous phase should be investigated 
more thoroughly. Both axial and lateral dispersion should be pinpointed 
more accurately. 

(7) The role of normal impurities in liquid-liquid systems in the 
light of surfactants should be clarified and made quantitative. A goal 
worth attaining would consist of setting up equations which, with use of 
experimentally determined constants, would permit accurate prediction 
of terminal velocity, amplitude and frequency of oscillations, and their 
combined effect on mass transfer. 

(8) Coalescence must occur through the rupture of a separating film 
at a “critical film thickness.” Why can we not predict this thickness more 
accurately? 

(9) What is the mechanism which results in rapid coalescence if 
mass transfer occurs from the drops but slow or no coalescence if both 
phases are mutually saturated? Interfacial turbulence caused by local 
gradients in interfacial tension looks promising. 

(10) We have excellent hydrodynamic equations in the creeping-flow 
region, and some very good relations for very large drops; but nearly all 
important situations must deal with the intermediate range between these 
regions. Fundamentally defensible relationships must soon be developed 
to replace our present multitude of empirical equations. 

(11) Ten thousand partially unknown details of the birth, life, and 
death of liquid droplets in a liquid environment are needed. They may 
not be dignified with an “analytical” pedigree at once, but they can help 
the hydrodynamicist go about his business more soundly. 
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Nomenclature 


A Area, cm . 2 
a,b Coefficient 

C Coefficient; Cd is drag coeffi¬ 
cient 

c Concentration, gm. mols/cm . 3 
D Diameter 

E Eccentricity of drop; Dh/Dv 
E' Eccentricity of drop; Dn/D* 

F Force, dynes 
/ Frequency, sec .' 1 


g Gravitational acceleration, 
cm ./sec . 8 

g c Units conversion constant 
(unity in dyne c.g.s. system) 

K Mass transfer coefficient; also 
any coefficient 
N Number of moles 
p Pressure, dynes/cm . 2 
Q Quantity of flow, cm. 8 /sec. 

R Radius of sphere, cm. 
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r Radius, cm. 
t Time, sec. 

U Gross terminal velocity, cm ./sec. 

u, v, w Velocities, cm ./sec. 

Greek letters 

a, 6, <j> Angles 

p Function [Eq, (11)] 

7 Viscosity ratio, ftc/fi* 
e Boussinesq’s “dynamic surface 
tension,” gm./sec. 
f Parameter in Eqs. (41)—(42) 

7} Refractive index 
X Diameter ratio, Dd/Dw 
fx Viscosity, poise 

Subscripts 

C Continuous phase 
D Drop phase 
e Equivalent sphere 
H Horizontal 
i Interfacial 
L Liquid 
m Midpoint 
N Nozzle 
0 Orifice 


u } V, ~W Average velocities, cm ./sec. 
V Volume, cm. 8 
x Distance, cm. 
x, y, z Coordinate axes 


7T 3.1416 

p Density, gm./cm. 8 
Ap Density difference, gm./cm. 3 
a Interfacial tension, dynes/cm. 

X Parameter in Eqs. (41)—(42) 

\f/ Function; if a stream function, 
cm//sec. 

w Parameter in Eqs. (41)—(42) 


p Pressure 
r Radial 

S Surface; also solid 
T Total; also tank 
V Vertical 
W Wall 
fi Viscous 
e Tangential 
oo In infinite medium 
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I. Introduction 

A. Scope 

Fluid is passed through process equipment so that it may be modified 
one way or other. It may be heated or cooled, it may gain or lose material 
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by mass transfer with an adjoining phase (either solid or fluid), or it may 
react chemically. 

To predict the performance of equipment we must know: (a) the 
rate at which fluid is modified as a function of the pertinent variables, 
and (b) the way fluid passes through the equipment. 

Of all possible flow patterns two idealized patterns, plug flow and 
backmix flow, are of particular interest. Plug flow assumes that fluid 
moves through the vessel “in single file” with no overtaking or mixing 
with earlier or later entering fluid. Backmix flow assumes that the fluid in 
the equipment is perfectly mixed and uniform in composition throughout 
the vessel. Design methods based on these ideal flow patterns are rela¬ 
tively simple and have been developed for heat and mass transfer equip¬ 
ment as well as for chemical reactors. 

All patterns of flow other than plug and backmix flow may be called 
nonideal flow 'patterns because for these the design methods are not 
nearly as straightforward as those for the two ideal flow patterns. The 
methods of treating nonideal patterns either have only recently been 
developed or are yet to be developed. 

In real vessels flow is usually approximated by plug or backmix flow; 
however, for proper design, the departure of actual flow from these 
idealizations should be accounted for. Here we intend to consider these 
nonideal flow patterns; to characterize them, to measure them and to 
use this information in design. 

The treatment of these nonideal flow patterns divides naturally into 
two parts. 

(1) Flow of Single Fluids. The major application here is the design 
of chemical reactors (homogeneous and solid-catalyzed fluid systems 
using tubular, packed bed or fluidized bed reactors). Of relatively minor 
importance is the application to heat transfer from a single flowing fluid 
and contamination of fluids flowing successively in pipelines. 

(2) Flow of Two Fluids. The major applications are in absorption, 
extraction, and distillation, with and without reaction. Other applica¬ 
tions, also quite important, are for shell-and-tube or double-pipe heat 
exchangers, and noncatalytic fluid-solid reactors (blast furnace and ore- 
reduction processes). 

This paper deals with the nonideal flow of single fluids through 
process equipment. 

B. Types of Flow 

Names have been associated with different types of flow patterns of 
fluid in vessels. First of all, we have the two previously mentioned ideal 
flow patterns, plug flow and backmix flow. Flow in tubular vessels ap- 
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proximates the ideal conditions of plug flow, while flow in agitated or 
stirred tanks often closely approximates backmix flow. 

Descriptive terms, not mutually exclusive, such as channeling, re¬ 
cycling, eddying, existence of stagnant pockets, etc., are used in connec¬ 
tion with various forms of nonideal flow. In channeling, large elements 
of fluid pass through the vessel faster than others do; however, all fluid 
does move through the vessel. Channeling may be found in flow through 
poorly packed vessels or through vessels having small length-to-diameter 
ratios. Stagnant pockets of fluid may occur in headers, at the base of 



Fig. 1. Nonideal flow patterns which may exist in process equipment (L13). 


pressure gages, and in odd-shaped corners, and cause bypassing of these 
regions. By-passing serves to cut down the effective or useful volume of 
the equipment, is not desirable, and is an indication of poor design. 
In recycling, a certain amount of fluid is recirculated or returned to the 
vessel inlet. This type of flow may be desirable, for example, in auto- 
catalytic or autothermal reactions, and can be promoted by suitable 
baffling arrangements or by proper vessel design. These various types of 
nonideal flow are illustrated in Fig. 1. 

In most cases nonideal flow is not desired, and by proper design its 
gross aspects can be eliminated. However, even with proper design, some 
extent of nonideal flow remains due both to molecular and turbulent 
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diffusion and to the viscous characteristics of real fluids which result in 
velocity distributions. Hence nonideal flow must be accounted for, prefer¬ 
ably in such a manner that quantitative predictions of performance of 
real equipment can be made. 

C. Stimulus-Response Methods of Characterizing Flow 

To be able to account exactly for nonideal flow requires knowledge 
of the complete flow pattern of the fluid within the vessel. Because of the 
practical difficulties connected with obtaining and interpreting such 
information, an alternate approach is used requiring knowledge only of 
how long different elements of fluid remain in the vessel. This partial 
information, not sufficient to completely define the nonideal flow within 
the vessel, is relatively simple to obtain experimentally, can be easily 
interpreted, and, either with or without the use of flow models, yields 
information which is sufficient in many cases to allow a satisfactory 
accounting of the actual existing flow pattern. 

The experimental technique used for finding this desired distribution 
of residence times of fluid in the vessel is a stimulus-response technique 
using tracer material in the flowing fluid. The stimulus or input signal is 
simply tracer introduced in a known manner into the fluid stream enter- 


Tracer Tracer 

input _ output 

signal signal 

(stimulus) ^ o^r (response) 





Fig. 2. Stimulus response techniques commonly used in the study of the behavior 
of flow systems (L13). 





PATTERNS OF FLOW IN CHEMICAL PROCESS VESSELS 


99 


ing the vessel. This input signal may be of any type; a random signal, a 
cyclic signal, a step or jump signal, a pulse or discontinuous signal or 
any arbitrary input signal. The response or output signal is then the 
recording of tracer leaving the vessel (see Fig. 2). 

We will restrict this treatment to steady-state flow with one entering 
stream and one leaving stream of a single fluid of constant density. 
Before proceeding further let us define a number of terms used in con¬ 
nection with the nonideal flow of fluids. 

1. Open and Closed Vessels 

We shall define a closed vessel to be one for which fluid moves in 
and out by bulk flow alone. Plug flow exists in the entering and leaving 
streams. In a closed vessel diffusion and dispersion are absent at entrance 
and exit so that we do not, for example, have material moving upstream 
and out of the vessel entrance by swirls and eddies. 

An open vessel is one where neither the entering nor leaving fluid 
streams satisfy the plug flow requirements of the closed vessel. When 
only the input or only the output fluid stream satisfies the closed vessel 
requirements we have a closed-open or open-closed vessel , 

2. Mean Residence Time of Fluid in a Vessel 

The mean residence time of fluid in a vessel is defined as: 

volume of vessel 
- _ available for flow __ V 
1 volumetric flow rate v 
of fluid through vessel 

3. Reduced Time 

It is frequently convenient to measure time in terms of the mean 
residence time of fluid in the vessel. This measure, called the reduced 
time, is dimensionless and is given by 

' - f ( 2 ) 

4. I and I(£) —The Internal Age Distribution of a Fluid in a Closed 
Vessel 

Taking the age of an element of fluid in a vessel to be the time it 
has spent in the vessel, it is evident that the vessel contains fluid of 
varying ages. Let the function I be the measure of the distribution of 
ages of fluid elements in the vessel and let it be defined in such a way 
that I dd is the fraction of fluid of ages between 0 and 0 + dO in the vessel. 
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Since the sum of all these fractions of fluid is unity (the total vessel 
contents) we have 

/ 0 "ld* = l (3) 

The fraction of vessel contents younger than age 6 is 

/o' 1 ' 48 ' 

The fraction older than 0 is 

j*ide' = i - f'lde' 

Where time rather than reduced time is used let the internal age 
distribution function be 1(0. Then 

I-W (4) 

and the relationships corresponding to those using reduced time follow 
(see Fig. 3). 




Fig. 3. Typical internal age distri¬ 
bution of vessel contents (L13), 


Fig. 4. Typical distribution of resi¬ 
dence times of fluid flowing through 
a vessel (L13). 


5. E and E (t)—The Residence-time Distribution of Fluid in a Closed 

Vessel or the Age Distribution of Exit Stream 

In a manner similar to the internal age distribution function, let E be 
the measure of the distribution of ages of all elements of the fluid stream 
leaving a vessel. Thus E is a measure of the distribution of residence 
times of the fluid within the vessel. Again the age is measured from the 
time that the fluid elements enter the vessel. Let E be defined in such a 
way that E dd is the fraction of material in the exit stream which has an 
age between 0 and 0 + dO. Referring to Fig. 4, the area under the E vs. 0 
curve is 


/o 
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The fraction of material in the exit stream younger than age 0 is 

jo E d6> 

while the fraction of material older than 0 , the shaded area of Fig. 4, is 
J" TS.de' = 1 - j° E dd' 

Where time rather than reduced time is used let the residence time 
distribution be designated by E (t). Then 

E = lE(0 (6) 

and the relationships corresponding to those using reduced time follow. 

6. F Curve—The Response to a Step Tracer Input 

With no tracer initially present, let a step function (in time) of tracer 
be introduced into the fluid entering a vessel. Then the concentration¬ 
time curve for tracer in the fluid steam leaving the vessel, measured in 
terms of tracer concentration in the entering stream Co and with time in 
reduced units, is called the F curve. As shown in Fig. 5, the F curve 
rises from 0 to 1. 



Fig. 5. Typical downstream response to an upstream step input; in the dimension¬ 
less form shown here this response is called the F curve (L13). 

7. C Curve—The Response to an Instantaneous Pulse Tracer Input 

The curve which describes the concentration-time function of tracer 
in the exit stream of any vessel in response to an idealized instantaneous 
or pulse tracer injection is called the C curve. Such an input is often 
called a delta-function input. As with the F curve, dimensionless co¬ 
ordinates are chosen. Concentrations are measured in terms of the initial 
concentration of injected tracer if evenly distributed throughout the 
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vessel, C°, while time is measured in reduced units. With this choice the 
area under the C curve always is unity, or 



A typical C curve is shown in Fig. 6. 

The terms F, C, I and E were introduced by Danckwerts (D4, D6). 



o 1 

0 


Fig. 6 . Typical downstream response to an upstream delta function input; in the 
dimensionless form shown here this response is called the C curve (L13). 

8. Relationship between Tracer Curves , Age Distribution , and Residence- 
Time Distribution of Fluids Passing through Closed Vessels 

By material balance, the experimental response curves F and C can 
be related to the I and E distributions. Thus, at any time t or 0, we have 
from Danckwerts (D4) or Levenspiel (L13), 

F = 1 - I = 1 - tl(t) = E de' = ft E(t') d? = j° C d# (8) 
or 

c-E-im-f | = -i>^ »> 

Equation (9) is a special case of the easily proven fact that for a linear 
system, if input 2 is the derivative of input 1, then output 2 is also the 
derivative of output 1. 

These relationships show that the F curve is related in a simple way 
to the age distribution of material in the vessel, while the C curve gives 
directly the distribution of residence times of material in the vessel. In 
addition, the C and E curves represent the slopes of the corresponding 
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F and I curves, while the F and I curves at a given time represent the 
area under the corresponding C and E curves up to that time. 

Thus we see that the stimulus-response technique using a step or pulse 
input function provides a convenient experimental technique for finding 
the age distribution of the contents and the residence-time distribution of 
material passing through a closed vessel. 


Plug flow Backmix flow Arbitrary flow 



Fig. 7. Properties of the F, 0, I, E curves for particular patterns of flow (dead- 
water regions and bypassing flow absent) in closed vessels (L13). 


Figure 7 shows the shapes of these curves for various types of flow. 
It is interesting to relate the mean of the E curve 


§e = 


f; 0E dd 

So E de 


i; 


OEde 


( 10 ) 


to the mean residence time of fluid in the vessel, J= 1 or t. By material 
balance we find 


S'e ~ 6 


k = t 


I* only for closed vessels. 


For other than closed vessels, this does not hold. This fact, probably 
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somewhat strange to the intuition, was first shown by Levenspiel and 
Smith (L16) and was proved in a general manner by Spaulding (S21). 

D. Ways of Using Tracer Information 

Suppose we are given two separate pieces of information, the resi¬ 
dence time distribution for plain unchanging fluid passing through the 
vessel and the kinetics 1 for a change which is to be effected in the vessel. 
Can we predict what will be the performance of the vessel when this 
change is occurring in the vessel? The answer depends on the type of 
change occurring. If this is simply a linear function of an intensive 
property of the fluid, then the performance can be predicted, or 

tracer rate information performance 

information for a process of equipment 

for flowing + with rate linear —> when this 

unchanging in an intensive process is 

fluid fluid property occurring 

As illustrations, consider the following three cases, (a) Isothermal 
reactor for first order reaction. Knowledge of the rate constants for the 
reaction and of response characteristics for the vessel suffices to predict 
how the vessel will perform as a reactor, (b) Nonisothermal reactor . If 
the temperature, hence, the rate, is a function of position as well as 
concentration, then tracer plus rate information is insufficient to predict 
performance, (c) Heat transfer to a fluid flowing in a heat exchanger. 
Since the heat-transfer rate depends not only on the temperature of fluid 
and of the vessel walls but also on the contacting pattern, the perform¬ 
ance of the vessel as a heat exchanger cannot be predicted by having only 
the tracer information and the heat transfer coefficient. Applications will 
be treated in more detail later. 

If the linear requirements on the kinetics of change are not satisfied, 
then the performance of equipment cannot be predicted from these 
separate pieces of information. In this case the actual flow pattern of 
fluid through the vessel must be known before performance predictions 
can be made. 

As mentioned earlier, obtaining and interpreting the actual experi¬ 
mental flow pattern is usually impractical. Hence, the approach taken is 
to postulate a flow model which reasonably approximates real flow, 
and then use this flow model for predictive purposes. Naturally, if a flow 
model closely reflects a real situation, its predicted response curves will 
closely match the tracer-response curve of the real vessel; this is one 
of the requirements in selecting a satisfactory model. 

1 Kinetics is used here to mean any type of rate process. 
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This is a fruitful approach, and much of what follows concerns the 
development and use of such flow models. The parameters of these models 
are correlatable with physical properties of the fluid, vessel geometry, 
and flow rate; once such correlations are found for all types of fluid 
processing, performance predictions can be obtained without resort to 
experimentation. 

Many types of models can be used to characterize nonideal flow 
patterns within vessels. Some draw on the analogy between mixing in 
actual flow and a diffusional process. These are called dispersion models . 
Others visualize various flow regions connected in series or parallel. 
When backmix flow occurs in all these flow regions we have the tanks-in- 
serieSj mixing-cell , or backmix models . When different types of flow 
regimes are interconnected, we have combined models. Some models are 
useful in accounting for the deviation of real systems (such as tubular 
vessels or packed beds) from plug flow, others for describing the devia¬ 
tion of real stirred tanks from the ideal of backmix flow. 

Models vary in complexity. One-parameter models seem adequate to 
represent packed beds or tubular vessels. On the other hand models in¬ 
volving up to six parameters have been proposed to represent fluidized 
beds. 

We shall first discuss the dispersion and backmixing models which 
adequately characterize flow in tubular and packed-bed systems; then 
we shall consider combined models which are used for more complex 
situations. In connection with the various applications, the direct use 
of the age-distribution function for linear kinetics will also be illustrated. 

II. Dispersion Models 


A. General Description 

Dispersion models, as just stated, are useful mainly to represent flow 
in empty tubes and packed beds, which is much closer to the ideal case of 
plug flow than to the opposite extreme of backmix flow. In empty tubes, 
the mixing is caused by molecular diffusion and turbulent diffusion, 
superposed on the velocity-profile effect. In packed beds, mixing is caused 
both by “splitting” of the fluid streams as they flow around the particles 
and by the variations in velocity across the bed. 

When flow is turbulent the resulting concentration 2 fluctuations are 
rapid, numerous, and also small with respect to vessel size. They might be 
considered to be random, which would lead to a diffusion-type equation. 

In actual fact, the fluctuations are not independent, and correlations 

2 Concentration is used here in a general way. It could also represent tempera¬ 
ture, etc. 



TABLE I 

Dispersion Models' 


o 

o> 


Name of model 

Simplifying assumptions 
or restrictions in addition 
to those for the model 
above 

Parameters of 
model 

Defining differential equation 


General dispersion: 
includes chemical 
reaction and 
source terms 

Constant density 

D, u 

AC 

H+u-VC = V-(D-VC) + £+r c 

(I-D 


General dispersion Bulk flow in axial dC , . dC_ d . aC 

in cylindrical direction only. Dr(R), Dl(R), u(R) u W QX — dX D L {R) ^ x 

co-ordinates Radial symmetry 

1 3 np 

+ R dR RDr(R) H + S + Tc (I_2) 


Uniform dispersion 

Dispersion coefficients 
independent of position 
hence constant 

A Lmy U(R) 

aC 1 , rr\ dC n- a ' c , D 'K"> d r dC 

dT +u{R) dX D LmdXl + R dR R dR 

+ S + (1-3) 

Dispersed plug flow 

Fluid flowing at mean 
velocity, hence plug flow 

Dr, Dl, u 

dC . dC - d 2 C , Dr a a dC , „ , 

dT + U dX Dl ax* + R dR R dR + S + r ‘ (I ' 4) 

Axial dispersed 
plug flow 

No variation in properties 
in the radial direction 

D'l, U 

dC , ac n , a*c . „ , , T 

dT + U dX D L dX 2 + S + r ‘ (I " 5) 


From Bischof and Levenspiel (B14.) 
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exist between them. Unfortunately, the inclusion of such correlations into 
the analysis would greatly complicate it; instead of a partial differential 
equation of the diffusion type, we would obtain an integro-differential 
equation. Moreover, the detailed theories of turbulence are not yet suf¬ 
ficiently developed to justify their use to describe mixing (especially in 
such complicated systems as packed beds). Hence, we shall not discuss 
them deeply; a thorough treatment is given by Hinze (H9). 

As the alternative, a phenomenological description of turbulent mix¬ 
ing gives good results for many situations. An apparent diffusivity is 
defined so that a diffusion-type equation may be used, and the magnitude 
of this parameter is then found from experiment. The dispersion models 
lend themselves to relatively simple mathematical formulations, analo¬ 
gous to the classical methods for heat conduction and diffusion. 

The only real test of such an assumption is its success in representing 
real systems. In general such models seems to work well for both empty 
tubes and packed beds; however, recent work has shown limits on the 
accuracy with which the mixing may be represented by these models 
(B4,R3). 

The remainder of this section will be devoted to describing the 
methods for measuring dispersion coefficients and the resulting correla¬ 
tions of the data. 

B. Mathematical Descriptions 

Table I lists the equations corresponding to the various dispersion 
models ranging from the most general to the most restricted. 

1. General Dispersion Model 

Equation (1-1) is the general representation of the dispersion model. 
The dispersion coefficient is a function of both the fluid properties and the 
flow situation; the former have a major effect at low flow rates, but 
almost none at high rates. In this general representation, the dispersion 
coefficient and the fluid velocity are all functions of position. The disper¬ 
sion coefficient, D, is also in general nonisotropic. In other words, it has 
different values in different directions. Thus, the coefficient may be 
represented by a second-order tensor, and if the principal axes are taken 
to correspond with the coordinate system, the tensor will consist of only 
diagonal elements. 

2. General Dispersion Model for Symmetrical Pipe Flow 

The first simplification of importance is for the frequently encoun¬ 
tered situation of symmetrical axial flow in cylindrical vessels. For this 
particular geometry, the dispersion coefficient tensor reduces to (H8), 
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D = 


D l (B) 

0 

0 


0 0 
Dr(R) 0 

0 Dr{R)^ 


( 11 ) 


and Eq. (1-1) reduces to Eq. (1-2). With the dispersion coefficients in the 
axial and radial directions, D L {R) and D r {R), and the fluid velocity, 
u(R)j all functions of radial position, analytical solutions of this equa¬ 
tion are impossible. This makes evaluation of dispersion extremely dif¬ 
ficult; hence further simplifications are needed to permit analytical solu¬ 
tions to the differential equation. 


3. Uniform Dispersion Model 

If the axial and radial dispersion coefficients are each taken to be 
independent of position, we get Eq. (1-3) for which an analytical solution 
will sometimes be possible. We shall call the coefficients of this model the 
uniform dispersion coefficients; thus the parameters of this model are 
&Rm &Lm &nd u{R ). 


4. Dispersed Plug-Flow Model 

Even with constant dispersion coefficients, accounting for the velocity 
profile still creates difficulties in the solution of the partial differential 
equation. Therefore it is common to take the velocity to be constant at 
its mean value u. With all the coefficients constant, analytical solution 
of the partial differential equation is readily obtainable for various situa¬ 
tions. This model with flat velocity profile and constant values for the 
dispersion coefficients is called the dispersed plug-flow model, and is 
characterized mathematically by Eq. (1-4). The parameters of this model 
are D R , D L and u. 

In this model, the effect of the velocity profile is “lumped” into the 
dispersion coefficients, as will be discussed later. In comparison, the 
coefficients calculated from the uniform dispersion model, or the general 
dispersion model, are more basic in the sense that they do not have two 
effects combined into one coefficient. 


5. Axial-Dispersed Plug-Flow Model 

When there is no radial variation in composition in the fluid flowing 
in the cylindrical vessel, the only observable dispersion takes place in 
the direction of fluid flow. In this situation Eq. (1-4) reduces to Eq. (1-5), 
and we get the axial-dispersed plug-flow model with parameters D' L 
and u. 

With this model the mathematical problems are greatly simplified 
since the radial variable is eliminated completely, decreasing the number 
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of independent variables by one. Because of this simplification it is con¬ 
venient to use this form whenever possible. The justification and limita¬ 
tions of this model will be discussed later. 

C. Measurement of Dispersion Coefficients 

1. Tracer Injection 

As has been discussed, the usual method of finding the dispersion 
coefficients is to inject a tracer of some sort into the system. The tracer 
concentration is then measured downstream, and the dispersion coeffi¬ 
cients may be found from an analysis of the concentration data. For 
these tracer experiments there are no chemical reactions, and so r c = 0. 
Also the source term is given by 

S = -5(X- X 0 )f(R) (12) 

7r 

where 

I = injection rate of tracer, 

8(X — Xo) = Dirac delta function (S20), simply indicating that tracer is 
introduced at position x Q . 
f(R) = l/E\ R<E , 

= 0, E ^ R < Rqj 
E = injector-tube radius. 

If Eq. (12) is substituted into Eq. (1-2), it becomes, 

dC . dC _ n , l ± pn , m dC 

dt + U W dX Dl R ^ dX 2 + RdR RDr W dR 

+ - S(X - X 0 )m (13) 

7T 

Equation (13) is the starting point for the detailed discussion of meas¬ 
urement techniques to follow. 

2. Axial-Dispersed Plug-Flow Model 

a. Preliminary . Three methods are commonly used to find the effec¬ 
tive axial dispersion coefficient, all involving unsteady injection of a 
tracer either in the form of a pulse or delta function, a step function, 
or a periodic function such as a sine wave, over a plane normal to the 
direction of flow. The tracer concentration is then measured downstream 
from the injection point. The modification of this input signal by the 
system can then be related to the dispersion coefficient which character¬ 
izes the intensity of axial mixing in the system. 

The same information can be found from all methods. The periodic 
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methods present advantages in situations with extremely rapid response; 
however, the nonperiodic methods, especially the pulse methods, are 
often preferable from the point of view of simplicity of experimental 
equipment and ease of mathematical analysis. For this reason, our discus¬ 
sion will therefore be centered about the pulse methods. 

If a pulse of tracer is injected into a flowing stream, this discontinuity 
spreads out as it moves with the fluid past a downstream measurement 
point. For a fixed distance between the injection point and measurement 
point, the amount of spreading depends on the intensity of dispersion 
in the system, and this spread can be used to characterize quantitatively 
the dispersion phenomenon. Levenspiel and Smith (L16) first showed 
that the variance, or second moment, of the tracer curve conveniently 
relates this spread to the dispersion coefficient. 

In general, all moments are needed to characterize any arbitrary 
tracer curve, the first moment about the origin locating the center of 
gravity of the tracer curve with respect to the origin, the second moment 
about this mean measuring the spread of the curve, the third moment 
measuring “skewness,” the fourth measuring “peakedness,” etc. However, 
under the assumptions of the dispersion model, the tracer curve is gener¬ 
ated by a random process, so only two moments need be considered 
independent and the rest are functions of these. For convenience, we 
choose the first two moments, the mean and variance, as independent. 

The next problem is to find the functional relationship between the 
variance of the tracer curve and the dispersion coefficient. This is done 
by solving the partial differential equation for the concentration, with 
the dispersion coefficient as a parameter, and finding the variance of this 
theoretical expression for the boundary conditions corresponding to any 
given experimental setup. The dispersion coefficient for the system can 
then be calculated from the above function and the experimentally found 
variance. 

b. Perfect Pulse Injection. We shall first put Eq. (13) into the form 
needed for mathematical solution, and then briefly discuss the boundary 
conditions used by previous workers. In Eq. (13) set the radial terms 
equal to zero, make the velocity constant, and substitute D L ' for D L (R ). 
This gives 

dC , dC n , d 2 C , I wy — fin 

at + ax Dl ax 2 + * bX Xo) R<? 

The function f(R) becomes 1/Ro 2 , since injection is uniform over the 
entire plane. The rate of tracer injection, 7, is now a function of time. 
If we define C£ V e as the concentration of injected tracer if evenly dis¬ 
tributed throughout the vessel, for a perfect pulse input, we have 
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I = C L ve VS(t) (15) 

It is convenient to change the variables to dimensionless form: 

6 = ut/L = vt/V 
x = X/L 
P = uL/D l ' 

L = length of test section 
c' = C/Cave 

Equation (14) then becomes, 


dc' , dc' 1 d 2 c , r/ w „, 
M + te=pw + 5(x - x ° m 


(16) 


The mean and variance of the tracer curve are defined 


as 


Mi = j Q 0c f dd — mean about 6 origin 

= first moment about 6 origin (17) 

a 2 = (6 — jn)V dB = second moment about the mean (18) 

As shown by van der Laan (V4) and Aris (A7), if Laplace transforms 
are used to solve Eq. (16), the mean and variance may be easily found 
from the relations 


and in general, 


Mi 


v dc 
-lim — 
p—>o dp 


S 2 r f 

v 2 + mi 2 7 s lim ~ 
p-*o dp 2 


(19) 

( 20 ) 


Mn = 


/. 


6 n c ' d6 = nth moment about 0 origin 


where 


= (-l)Mim^- 

p—>0 dp n 


p — Laplace transform variable, 
c' = Laplace transform of c'. 


( 21 ) 


The only difference now in various treatments comes from the boundary 
conditions used to solve Eq. (16). 

The simplest type of boundary conditions to use in solving Eq. (16) 
are the so-called “infinite pipe” conditions. With these conditions, the 
vessel is assumed to extend from—oo to +oo. Physically this means that 
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the changes in flow at the ends of the vessel are neglected. Usually the 
flowing fluid is led into the vessel in which the dispersion is to be meas¬ 
ured through a pipe that has dispersion characteristics different from that 
of the vessel. Likewise, the exit pipe will generally have different charac¬ 
teristics than the vessel. These end effects will affect the measurement of 
the dispersion in the main vessel and should be taken into account. It is 


TABLE II 

Experimental Schemes Used in Relation to the Axial- 
Dispersed Plug-Flow Model 
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found, if tracer is injected and measured far enough from the ends of 
the vessel, that the end effects are negligible; the distances from the ends 
that are necessary in order that this be true for various cases will be 
discussed later. 

Levenspiel and Smith (L16) dealt with this simplest of cases which 
is shown in the first sketch of Table II. Using the open vessel assumption 
and a perfect delta-function input, they found that the concentration 
evaluated at x = 1 was given by 

, 1 /P \ 1/2 T P(1 - 0) 2 1 

exp L—«—J (22) 

From this equation (or from its Laplace transform) the first and second 
moments are found to be, 

Mix = 1 + p (23) 

*« 2 = | + | 2 (24) 

Van der Laan (V4) extended this for much more general boundary 
conditions that took into account the different dispersion in the entrance 
and exit sections. These boundary conditions were originally introduced 
by Wehner and Wilhelm (W4). They assumed that the total system could 
be divided into three sections: an entrance section from X— — oo to 
X = 0 (designated by subscript a) , the test section from X — 0 to 
X = X e (having no subscript), and the exit section from X= X e to +°o 
(designated by subscript b) , each section having different dispersion 
characteristics. This is illustrated in the second sketch in Table II. 

The boundary-value problem then had the form: 


dcj dCg 
dd + dx 

d£ dJ_ 

dd + dx 

dCb_ . d£b_ 

dd + dx 


1 d 2 Ca' 

Pa dx 2 


= 0 


P dx 2 

P 6 dx 2 


= S(x — x o )5(0) 


= 0 


with boundary conditions, 


x < 0 
0 < x < x e 

X e < X 


c a '(x, 0) = c'(x, 0) = c&(x, 0) = 0 
c a '( — co, d) = finite 
Ca'(0- 9) = c'(0+, 6) 

Ca’( 0-, 9) - ^ ^ (0-, d) = c'(0+, d) - (0+, 9) 


(25a) 

(25b) 

(25c) 

(26a) 

(26b) 

(26c) 

(26d) 
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c'(x.- 8) - ~ (xr, e) = e»'(x.+, e)-± d -£ (x+, e) (26e) 

c'(x e “, 6) = C b '(x,+ 0) (26f) 

c b '(+oo,0) = finite (26g) 

The physical significance of these boundary conditions is as follows. 
Equation (26a) represents the fact that just before the tracer is injected 
into the system the concentration is everywhere zero. Equations (26b) 
and (26g) are obvious since a finite amount of tracer is injected. Equa¬ 
tions (26d) and (26e) follow from conservation of mass at the boundaries 
between the sections (W4); the total mass flux entering the boundary 
must equal that leaving. Equations (26c) and (26f) are based on the 
physically intuitive argument that concentration should be continuous 
in the neighborhood of any point. These boundary conditions will be used 
extensively in the subsequent derivations. 

Van der Laan (V4) solved the above system by Laplace transforms, 
and obtained the following result for the transform of the concentration 
evaluated at x = x m (x 0 < x m ^ x e ): 

(q + q«)(q + q») + (q - q«)(q - q6)e- 2 « p < i *- 1 > 

- i _ e (1/2 ~ ,)P + (q — q„Kq + q 6 )e~ 2< i Px ° + (q + q a Kq — qt)e~ 2<lP(x, ~ T< ' ) 
Cm 2q (q + q«)(q + q») - (q - q„)(q - q 6 )e- 2 i pi - 

(27) 

It can be seen, from the complexity of Eq. (27), that to find the 
inverse Laplace transform in the general case would be exceedingly 
difficult, if not impossible. Yagi and Miyauchi (Yl) have presented a 
solution for the special case where D a = D b = 0. Fortunately, the mo¬ 
ments can be found in general from Eq. (27) without evaluating the 
inverse transform. They are, 

m = 1 + | [2 - (1 - a)e - (1 - fc)c- p <*-*->] (28) 

= | + p (8 + 2(1 - o)(l - b)e-** 

— (1 — a)e _p,# [4xoP + 4(1 + a) + (1 — a)e~ p * > ] 

- (1 - 6)e- p (*-*-)[4(x! - x m )P + 4(1 + b) + (1 - &)«-pc*-*0]} 

(29) 

where a = P/P„ and b = P/P&. Van der Laan (V4) shows how these 
equations reduce to simpler forms for many cases. In particular, they 
reduce to Eq. (23) and (24) for the open vessel where a = 1, b = 1. 

c. Imperfect Pulse Injection. Both Levenspiel and Smith’s and van 
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der Laan’s work depended on being able to represent the tracer injection 
by a delta function, a mathematical idealization which physically can 
only be approximated since it requires that a finite amount of tracer 
be injected in zero time. The closer a physical injection process approxi¬ 
mates a perfect delta function, the greater must be the amount of tracer 
suddenly injected. However, since we are trying to measure the proper¬ 
ties of the system, we would like to disturb the system as little as possible 
with the injection experiment. Thus we should inject slowly from this 
standpoint. Unfortunately, these two requirements are in opposite direc¬ 
tions. To satisfy the mathematical delta function we must inject very 
rapidly, but in order to not disturb the system we must inject slowly. 

Aris (A8), Bischoff (Bll), and Bischoff and Levenspiel (B14) have 
utilized a method that does not require a perfect delta-function input. 
The method involves taking concentration measurements at two points, 
both within the test section, rather than at only one as was previously 
done. The remaining sketches in Table II show the systems considered. 
The variances of the experimental concentration curves at the two points 
are calculated, and the difference between them found. This difference 
can be related to the parameter and thus to the dispersion coefficient. 
It does not matter where the tracer is injected into the system as long 
as it is upstream of the two measurement points. The injection may be 
any type of pulse input, not necessarily a delta function, although this 
special case is also covered by the method. 

Since the injection point is not important, it is convenient to base 
the dimensionless quantities on the length between measurement points. 
Therefore, we will here call X 0 the first measurement point rather than 
the injection point as in Levenspiel and Smith's or van der Laan's work. 
The position X m will be taken as the second measurement point. The 
injection point need only be located upstream from X 0 . Equation (16) 
is again the basis of the mathematical development. With the test sec¬ 
tion running from X = 0 to X = X e we shall measure first at X 0 ^ 0 and 
then at X m > 0 where the second measurement point can be either within 
the test section, X m ^ X ei or in the exit section, X m ^ X e . Tracer is in¬ 
jected at X < X 0 , The boundary-value problem that must be solved is 
somewhat similar to that of van der Laan: 


1 

+ 

o 

II 

x 0 < x < 0 

(30) 

dc' dc' 
dd ^ dx “ 

-i-^ = 0 

Pdx 2 

0 < X < X e 

(31) 

dCb | dCb 
dd ^ dx “ 

1 dW 

P 6 dx* 

X > X. 

(32) 
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with boundary conditions: 


c„'(x, 0) = c'(x, 0) = ct(x, 0) = 0 


(33a) 

c B '(x 0 , 0) = c o '(0) 


(33b) 

c a '(0- 0) 0) = *'(0 + , e) ■ 


(33c) 

c B '( 0- 0) = c'(0+, 0) 


(33d) 

c'(xr, 0 ) = c b '(x+, 0 ) 


(33e) 

1 

c’(x e , 0) - p — (X e , 0) = C h '(x e +, 0) - 


(33f) 

Ct'(+ C0 , 0) = finite 


(33g) 


There are no source terms in Eq. (31), since the injection point is 
upstream from the sections over which the equations are to be used. The 
boundary conditions are of the same type used by van der Laan (V4), 
except for Eq. (33b). This merely states that we are going to measure 
the concentration at X = X 0 , which we call c 0 '. The solution of Eqs. 
(30), (31), (32), and (33) is again accomplished by the use of Laplace 
transforms following the same scheme as given in (A8, Bll, B14). The 
Laplace transform of the concentration at x = x m is 

|r = ^ {(q - qb) exp [(i + q)P(x m - x e )] 

+ (q + q&) exp [(| - q)P(x m - x e )]}, x m < x e (34) 
= exp [(| - q6)P&(x m - x e )], x m > x e (35) 

where 

A = (q + q a ){(q - q b ) exp [(£ + q a )PaX 0 - (4 + q)Px e ] 

+ (q + q b) exp [(§ - q a )PiX 0 - (£ - q)Px*]} 

- (q - q«){(q - q*) exp [(£■ - q o )PaX 0 - (§ + q)Px e ] 

+ (q + q*>) exp [(J + q o )P o x 0 - (i - q)Px e ]} 

Notice that the right-hand side of Eq. (34) is equal to the ratio of the 
transformed concentration at the second measurement point to the trans¬ 
formed concentration at the first measurement point. In the terminology 
of control engineering, this quantity is the transfer function of the 
system between X 0 and X m . The Laplace-transform method is possible 
because the diffusion equation is a linear differential equation. Thus, 
the right-hand side of Eq. (34) could in principle be used in a control- 
system analysis of an axial-dispersion process. 
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The mean and variance can be found from Eqs. (34) and (35) by 
use of van der Laan’s method, Eq. (21). The results are of the form 

Ami Mlm Mio “ Paj Pfc, Xo, X m , X e ) (36) 

Acr 2 = <jJ - a 0 2 = fa(P } Pa, P 6, Xo, X m , X e ) (37) 

where fa and fa are cumbersome functions given by Bischoff and Leven- 
spiel (B14). In order to use this method, the tracer concentration is 
measured at two points X 0 and X m , and the variances calculated. The 
difference in variances can be found, and this number is then used in 
Eq. (37) along with the physical dimensions of the experimental ap¬ 
paratus to calculate P, hence D' L . 

An interesting simplification of these general expressions occurs when 
we take both measurements within the test section. In this case Eqs. (36) 
and (37) become 

Ain = l - ~ p ~ (1 - exp [—P]) exp [P(x m - x e )] (38) 

Ao* = | + ex P [ p ( x ” - x «)]{ 4 (! + &X ex P [-P] - !) 

+ 4P(x m - x e ) + (1 - b) (exp [—2P] - 1) exp [P(x m - x.)] 

+ 4P(x e - x 0 ) exp [-P]} (39) 

as found by Aris (A8) and Bischoff (Bll). 

These expressions reduce even further to particularly simple forms for 
the case of an infinite tube or where 6 = 1. Thus letting subscript oo 
refer to the infinite tube, or open vessel, case we find as shown in the 
third sketch of Table II 


Ayuioo = 1 

(40) 

A 2 2 

AffJ = p 

(41) 


As far as the actual use of these expressions in their most general 
form, Eqs. (36) and (37), probably the only case which need be con¬ 
sidered is that represented by the bottom sketch of Table II. Here meas¬ 
urements are taken only on either side of the test section. This type of 
measurement could be used to find the dispersion characteristics of a 
process vessel in a plant where no means are available for inserting a 
probe inside the vessel. With these equations, measurements need be 
taken only on either side of the text section. 

When the probes can be inserted within the test section, then Eqs. (38) 
to (41) can be used. Comparing these expressions we see that it is highly 
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desirable to make measurements far enough away from the ends of the 
vessels so that end effects become negligible, in which case the extremely 
simple expressions, Eqs. (40) and (41), can properly be used. Another 
even more important reason for using the infinite tube expressions is that 
the end effects cannot be exactly accounted for in real systems because 
of the complex flow patterns at these locations. Thus Eqs. (38) and 
(39) at best only give approximate end corrections. 

However, there is one important use for Eqs. (38) and (39): to esti¬ 
mate the magnitude of the end effects as represented by the second term 
in Eq. (39). This will let us know how far in from the ends of the vessel 
the probes must be placed so that end effects can be neglected and the 
simpler equation used. Bischoff and Levenspiel (B14) present design 
charts which allow making such an estimation. As an example in a typi¬ 
cal packed bed (d t /d p — 15) followed by an empty tube these charts 
show that the measurement points should be placed at least eight particle 
diameters into the packed section for less than one percent error. For 
more details see (B14). 

d. Perfect Step Injection, For a perfect step input, the injection rate, 
I, in Eq. (14) will be represented by the unit step function, U(t). The 
equation in dimensionless form then becomes: 




(42) 


As an example of the solution of Eq. (42), Lapidus and Amundson (L3) 
and Robinson (R4) considered the closed-open (semi-infinite) system 
and obtained the solution: 


,--F-|[ertc eric -^= \ <«) 

Since the step response (F curve) is the time integral of the pulse 
response (C curve), the Laplace transform of the step response for the 
general boundary conditions as used by van der Laan will be given by 
dividing equation (27) by the transform variable, p } 


_cJi EaJ27]] 

L m, step — „ 

V 


(44) 


Thus, many other solutions could be generated from Eq. (44) if the in¬ 
verse transforms could be found. As mentioned previously, however, this 
would be exceedingly difficult in most cases. 

The usual method of relating the dispersion coefficient to the experi- 



PATTERNS OF FLOW IN CHEMICAL PROCESS VESSELS 


119 


mental response has been to compare the theoretical and experimental 
slopes at 0 = 1. This immediately leads to some problems, however. In 
order to have a formula for the slope, the solution in the time domain of 
Eq. (42) must be available. Since this solution for general boundary 
conditions is not known, and estimation of end effect error is not possible. 
Taking the derivative of experimental data is usually very inaccurate, 
leading to further errors. Also, only a small part of the experimental 
information, that around 0 = 1, is used. It is not an “efficient” method. 

A better data analysis method, as yet unused, might be to use the 
area under the step response curve. It can be shown that the moments are 
related to the step response by 

»-- n L 

for a “down-step” or purge run, and 

for an “up-step” or feed run. Thus the entire range of data could be 
used, as is done in the pulse method. The general expressions for the mo¬ 
ments as given by Eqs. (28) and (29) can again be used for calculating 
the dispersion coefficients. Hyman and Corson (H17) have devised an on 
stream analog computer to perform these calculations. 

e. Imperfect Step Injection. In principle, by injecting an imperfect 
step function and then measuring twice, the dispersion coefficient could 
be calculated. This is so because when solving Eqs. (30), (31), (32), and 
(33) no assumptions were made about the form of the response at the 
first measuring point. Thus, C o '(0) could have any form, including im¬ 
perfect pulses and steps. This is also obvious from Eq. (34) which is 
merely the transfer function, or the ratio of the Laplace transforms of 
the concentrations at the two measurement points. The method of using 
slopes could not be used, though, because the time domain rather than 
the Laplace transformed solution would be necessary. 

However, the moment method could again be used to give differences 
in the moments. This information could then be used with Eqs. (36) 
and (37) to find the dispersion coefficient. 

/. Comparison of Pulse and Step Methods . A brief summary of the 
advantages of the pulse and step injections methods is given below. 

(1) Experimental Problems. It is usually easier to approximate a 
perfect step than a perfect pulse. However, this is not important when 
two measurements are taken. Also, the imperfect pulse might be prefer- 
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able for commercial testing since the system would not be disturbed 
for as long a time as with the step input. 

(2) Characterization of Data. The use of the moments for either 
pulse or step data would seem to be best since the data is integrated and, 
thus, a smoothed “mean square” fit is obtained. Other methods use only 
the data from a narrow region such as at the pulse maximum or the slope 
of the step response at a given location. 

(3) Computation Errors in Analyzing the Data. Probably the most 
serious drawback in using moments is that the tail end of the recorded 
curve plays too strong a role and slight errors here are magnified. How¬ 
ever, taking the slope of the step response data is usually a rather inac¬ 
curate process also. 

(4) Comparison With Model. Use of moments enables the general 
expressions with any desired boundary conditions to be utilized. Other 
methods require time domain solutions to be known which can be found 
only for limited circumstances. 

g. Periodic Injection. The sinusoidal input method has been discussed 
by Rosen and Winsche (R5), Kramers and Alberda (K14), Deissler and 
Wilhelm (D13), Ebach and White (El), and McHenry and Wilhelm 
(M4). 

The output may be found from Eq. (14) by assuming a periodic solu¬ 
tion of the form 

A{x)e~ iuQ 

where w is a dimensionless frequency, w = <aL/u. A simpler and more 
general method would be to recall from Laplace transform theory that 
the response to a sinusoidal forcing function for a system can be found 
by replacing the transform variable, p, by +ia> . (This method is used 
very widely in automatic-control theory, where the frequency response 
is found by replacing the transform variable s in the transfer function 
(impulse response) by +i«.) With this substitution, the amplitude ratio 
can be found from the absolute value of the complex transfer function, 
and the phase lag from the argument of the complex transfer function. 

Thus the response to a periodic injection for very general boundary 
conditions can be found by substituting p = +uo into Eq. (34). The 
results for the general case would be very complicated; so, as an illustra¬ 
tion of the form of the periodic response, we will consider only the 
simplest case: a doubly infinite system. For such a system, D La ' — D L ' 
= D Lb ', and Eq. (34) reduces to 

¥-“»[(§-‘» p ] (45 > 

The transform variable, p, appears only in q, 
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Therefore, the response is given by 


hL _ g(P/2) (i—pi—tpi) 
Co' 


= C (P/2)(l-pi) (cos ^ P2 — sin “ P2^ 

(47) 

The amplitude ratio is 


\^ l \ = e (P/2)(l- Pl ) 

(48) 

1 c 0 ' | 


and the phase lag is 



(49) 


These equations were used, for example, by Ebach and White (El). The 
periodic response for more general boundary conditions could be found 
from Eq. (34) by the same method, but the results would of course be 
much more complicated. 

h. Experimental Findings . Literature data on axial dispersion of 
numerous investigators are presented in Figs. 8, 9, and 10. One of the 
problems in bringing the data together in a generalized manner is the 
choice of a characteristic length which will account for both particle 



Fig. 8. Axial dispersion in packed beds, dispersed plug flow model (L13). 
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dtup/n 


Fig. 9. Axial dispersion in pipes, dispersed plug flow model (L13). 


size and tube size, and allow for comparison of packed bed data with 
empty tube data. For this purpose the hydraulic diameter used by Mott 
(M12), Wilhelm (W10), and Cairns and Prausnitz (C5) was used. This 
length is defined similarly to the hydraulic diameter as used for friction 
factors in pipes (BIO): 


4 (free volume of fluid) 
wetted area 


_ 4(7t/4 )d?t _ edt _ 

(6/d p )(7r/4)d, 2 (l - e) + tt d t “ |(d t /d p )( 1 - e) + 1 


We notice that, for empty tubes, e = 1 and d e = d t . Therefore d € retains 
its significance for empty tubes. The results for each type of system will 
now be discussed. 

i. Packed Beds. The use of the effective diameter, Eq. (50), requires 
the specification of the particle diameter, d p . It was found that for non- 
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spherical packing the equivalent spherical diameter as given by Carman 
(CIO), which is the diameter of a sphere with the same volume as the 
particle, could be used. This gave a simple parameter that correlated all 
of the data relatively well. 

The experimental data was obtained by the investigators through use 
of several of the above measuring techniques. Data on liquid systems 
have been obtained using pulse inputs with a single measurement point 
by Carberry and Bretton (C9) and Ebach and White (El). No investi¬ 
gators have yet used the method of two measurement points discussed in 
Section II, C,2,c. Step inputs have been used by Ampilogov, Kharin, and 
Kurochkina (A4), Cairns and Prausnitz (C5), Danckwerts (D4), Jacques 
and Vermeulen (Jl), Klinkenberg and Sjenitzer (Kll) and von Rosen- 

20 
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Fig. 10. Axial dispersion in laminar flow in pipes, dispersed plug flow model. 
Adapted from (B13). 

berg (V7). Frequency response methods have been used by Ebach and 
White (El), Liles and Geankoplis (L18), Kramers and Alberda (K14), 
and Strang and Geankoplis (S24). 

Gas data have been obtained using pulse inputs by Carberry and 
Bretton (C9), step inputs by Blackwell et al (B17) and Robinson (R4), 
and frequency response by McHenry and Wilhelm (M4). 

Inspection of Fig. 8 shows that there is considerable scatter in the 
data. Part of this may be due to the fact that we are attempting to repre¬ 
sent a complex phenomenon with a single parameter, the dispersion co¬ 
efficient. Errors would also be caused by the common practice of taking 
measurements at or beyond the exit of the packed section. This neglect 
of end conditions could lead to large errors in the calculated dispersion 
coefficients, as pointed out by Bischoff and Levenspiel (B14), Also, all 
the analyses were based on the assumption of having a perfect pulse, step, 
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or sinusoidal input. These assumptions can now be relaxed with the two- 
measuring-point method. Thus, even though there is much reported data, 
it would seem that further experimental work is needed in which all 
possible experimental errors are minimized. 

The length parameter used in this correlation to represent the different 
types of packing may also contribute to the scatter. The use of the ef¬ 
fective diameter may not be the best way to bring the data together, 
and several of the investigators found that they could correlate their 
own data quite well by using certain arbitrary functions of the void 
fraction, c. However, it was found by Bishchoff (B13) that the effective 
diameter was the most satisfactory size parameter when all of the data 
were considered. 

A further problem in plotting the data is that the fluid viscosity has 
very little effect on the dispersion (El). Therefore, the Reynolds num¬ 
ber might not be appropriate as a plotting variable (C5). However, no 
other dimensionless group has yet been proposed, and so the Reynolds 
number was retained in Fig. 8. 

Figure 8 shows that the group D L '/ud e is roughly constant for all 
Reynolds numbers. Jacques and Vermeulen (Jl) found, however, that 
their data with regular arrangements of the particles showed a definite 
break in the values. This seems to be caused by a transition from laminar 
to turbulent flow. 

Rough estimates for axial dispersion coefficients can be made using 
random walk techniques, and these will be discussed in Section II,E. 
Also, a theory can be developed for predicting axial dispersion coefficients 
from radial dispersion coefficients which is the source of the dotted line 
of Figure 8. This will be discussed in Section II,D. Bischoff (B13), Fro- 
ment (F9), and Hofmann (Hll) have presented summaries of packed- 
bed data. 

j. Turbulent Flow in Empty Tubes . Data for axial dispersion co¬ 
efficients in turbulent flow in empty tubes has been collected by Leven- 
spiel (L10) and Sjenitzer (S18). Their results are combined in Fig. 9. 
The liquid data have been obtained using single measurements of a pulse 
input by Allen and Taylor (A3a), Hull and Kent (H15), Kohl and 
Newacheck (K13), Lee (L7), Shipley (S15) and Taylor (T4). A step 
input was used by Fowler and Brown (F7), Smith and Schultz (S19), 
and no one has used a frequency response method. Gas data was obtained 
by Davidson et al. (Dll) using a pulse technique. 

Figure 9 shows considerable scatter because much of the data were 
taken in commercial pipelines with valves, elbows, bends, and other 
types of flow disturbances. In the transition region of Reynolds num¬ 
bers below 10,000, the dispersion coefficient rises rapidly. This can be 



PATTERNS OF FLOW IN CHEMICAL PROCESS VESSELS 


125 


explained by the build-up of the laminar sublayer at these low Reynolds 
numbers with its pronounced effect on the velocity distribution. The 
dashed curves are based on a theory to be discussed in Section II,D. 

k. Laminar Flow in Empty Tubes. All of the data have been taken 
by pulse methods with a single measurement point. The liquid data are 
by Blackwell (B15) and Taylor (T2), and the gas data by Bournia et al. 
(B19). The dashed lines are again from theory. It is seen that the liquid 
data agree quite well with the theory. The gas data, however, do not. 
Bournia et al. discussed this and arrived at the conclusion that the axial- 
dispersed plug-flow model may not be a good representation of the sys¬ 
tem for this case. Additional experimentation in gases is suggested. 
Crookewit, Honig, and Kramers (C23) have given results for flow in an 
annular region. 


3. Dispersed Plug-Flow Model 

a. Preliminary. The experimental methods for measuring radial dis¬ 
persion coefficients again involve injecting tracer into the system and 
measuring its concentration at a point downstream from the injection 
point. In this case, we do not want to inject over a plane or measure over 
a plane. Instead we must use an experimental method where the con¬ 
centration varies with radial position allowing us to study the radial 
movement of tracer and thereby giving information on the radial mixing 
occurring in the system. Usually the tracer is injected on the axis of the 
tube. The axis is chosen so that there will be radial symmetry about the 
tube axis, which simplifies the mathematics. As the tracer moves down 
the tube, it will spread radially by dispersion, until a long distance down¬ 
stream (theoretically infinite) from the injection point the tracer will be 
completely mixed with the flowing fluid. Therefore, the measurement 
point must not be too far from the injection point in order to have enough 
of a concentration profile to get accurate results. The methods for meas¬ 
uring axial dispersion coefficients all required unsteady-state injection 
methods. Now, however, because we are going to inject at a point rather 
than over a plane and measure radial concentration profiles, a steady- 
state method can be used, which simplifies the analysis. Unsteady state 
methods could also be used, but they would just add unnecessary compli¬ 
cations. 

The mathematical developments are based on Eq. (13) with all of the 
coefficients assumed to be constant, 


dC , dC 
M +U M 


= d 4 


(51) 


We shall change the variables in Eq. (51) to dimensionless forms which 
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are different from those used in the previous section on the axial-dis- 
persed plug-flow model. Thus 


e f 
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ut 

Rq 
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Pl 


uRq 

D l 


Pr 


uRq 

Dr 


A dimensionless concentration c is defined as follows 


c — 



where C a y e is the mean concentration of tracer far enough downstream 
from the point of steady-state tracer injection of rate I. By a mass bal¬ 
ance, then, 

(rate of injection) = (rate of flow out of tube) 


or 


I -— 7r/?o^liC a vg 


With these dimensionless quantities introduced, Eq. (51) becomes 


dc __ _1 d 2 c 
dx Pl dx 2 


_L1 i §£ 

P R r dr T dr 


= 6(x - Xo)f{r) 


(52) 


This equation is used in finding the dispersion coefficients from experi¬ 
mental data. 

b. Solutions for Various Measurement Experiments . Most of the meas¬ 
urement techniques have used the same sort of injection: steady flow at 
the tube axis. Thus the differences in the various contributions were in 
the exact experimental setup used (which determines the boundary con¬ 
ditions), and in the completeness of the mathematical model used to 
represent the physical situation. Various simplifying assumptions were 
usually made in Eq. (52) or in the boundary conditions. These are shown 
in Table III, Bischoff and Levenspiel (B14) presented a general solution 
that used no assumptions beyond those inherent in Eq. (52). We will 
discuss this solution first, since all other cases are special cases of this 
general solution. 

The method of solution is similar to that used for the axial-dispersed 
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TABLE III 

Experimental Scheme Used in Relation to the 
Dispersed Plug-Flow Model 



plug-flow model. In the present ease, however, the method must be modi¬ 
fied in order to keep both axial and radial dispersion in the equations. 
It will be recalled that the experimental equipment is supposed to con¬ 
sist of three parts: the upstream section X = — cc to X = 0, the test sec¬ 
tion X = 0 to X = X e , and the downstream section X = X e to X = + oo. 
The injection takes place at X o (0 < X 0 < x e ) and the measurement is 
at X m (X 0 < X m ); see Table III. 
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Equation (52) is written for each section, and thus the boundary 
value problem to be solved is: 


1 

d 2 C„ 

1 

i d 
-r 

dCg _ 

dCg 

= 0 

X 
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(53a) 
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with boundary conditions: 

dc a __ dc _ deb __ q 
dr dr dr 

c fl ( —oo, r) = finite 
Ca(Q“, r) = c(0 + , r) 

. /n— „\ -1 dC a /r 


at r = 1 


c«(0“, r) 




c(*r, r ) - dx ( ' x ~’ ^ = Cb( ' Xe+ ’ ^ ~ ( Xe+ > ^ (54e ) 

c(xr, r) = C6(a:e + , r) (54f) 

c 6 (+»,r) = finite (54g) 

Equation (54a) means physically that no mass is transferred through 
the solid pipe wall, and all of the other boundary conditions have been 
discussed previously. The solution evaluated at the measurement point 
X = X m is: 

_i i J^cijr) Jiidje) /ce\ 


where 


c = 1 + Xi ~TT( n ~ X i 
a 7>o J o ( a <) Q a * e 

Ji(ai) = 0 


1 , a£ 

q \4 + P L P R 

For measurement within the test section ( x m < x e ), also 
Ni — exp [G - q)Pdx m - as 0 )] 

[(?—ff«) (?“?») exp [—2 P L q(x e -x m +xo)] + (q-qa)(q+qb)exp[-2qP L x a ] 

-j_ +(<?+i?a)(g i -qt)expr-2(?PL(^-^m)l + (q l +(?a)((7+<7t) 

l ( q+qa)(q+qb)-{q-qa){q-qb)exp[-2P L qx e ] 


( 56 ) 
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For measurement beyond the test section ( x m > x e ), 

Ni = 2 q exp [(§ - q)P L (x e - Xo) + (i — qt)Pu(Xm - »,)] 

} (57) 

The solutions of the various investigators as listed in Table III can be 
found by suitable simplification of Eq. (55) as shown in (B14). 

Eq. (55) is impractical to use. Hence it would be valuable to know 
under what conditions we are justified in using some of the simpler ex¬ 
pressions based on various assumptions. This information can then be 
used to guide the design of experimental equipment so that the mathe¬ 
matical analysis can be made relatively easily. 

Bischoff and Levenspiel (B14) considered this problem, and have pre¬ 
sented design charts which allow estimation of errors in the calculated 
dispersion coefficients for various conditions. It was found that when the 
ratio of injection to tube diameter is less than 20%, or e < 0.2, then the 
assumption of a point source, or e->0, was good to within 5%. Thus 
for many cases, the neglect of the finite size of injection tube is justified. 

It was also found that the end-effect error is smaller than for the 
measurement of axial dispersion coefficients. Even though the error may 
be large for measurement right at the end of the vessel, the error de¬ 
creases very rapidly on moving the probe into the bed. Hence, in most 
typical packed beds, taking measurements one or two particle diameters 
into the bed is often sufficient to make the end-effect error negligible. 

c. Use of Equations in Interpreting Experimental Data . The experi¬ 
mental setup corresponding to the mathematical model used [Eqs. (53) 
and (54)] would be as follows. A steady stream of tracer is injected from 
a tube on the axis of the cylindrical vessel. Then at some point down¬ 
stream from the injection point the tracer concentration is measured, and 
Eq. (55) is used to find the dispersion coefficients from the concentration 
data. A practical problem that arises in the tracer concentration meas¬ 
urement is that the recording instrument usually has to be calibrated to 
give the proper numerical values of concentration. In most instruments, 
recalibration is needed from time to time, which is not very convenient. 
For this reason, many investigators (B6, D20, F2) have measured the 
experimental average stream concentration, C^, at a point far down 
stream, in addition to finding the radial'concentration distribution at the 
measurement point, X m . Then if the ratio C/C A is used, any “drifting” 
in the measuring device will automatically cancel. Therefore, concentra¬ 
tion measurements are usually reported as C/C A (B6). 

If our experimental techniques were perfect, the experimental average 
concentration C A would be equal to the integral mean concentration C av e* 


f_ (q + Qa) + (g ~ Qa) ex 

1(8 + 8a) (8 + 8&) - (8 - 8a) (8 


l-^ ggo]_ 

q b ) exp [—2P L qx e ] 
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The extent that they differ from one another can be taken as a “mass 
balance” for the system. If Eq. (55) is multiplied through by Ca T e/C^ 
we get: 

C ^ave I V ^ Gave J o(QtT) J\{dj6) /ro\ 

" C* a f? 0 C A qJ(?{<ii) die 1Yi K °* } 

In order to have an estimate of the experimental precision, it is neces¬ 
sary to take several concentration readings. This is most conveniently 
done at a number of radial positions for a given axial position in the 
vessel. Suppose we write Eq. (58) as: 

C/C^ = K, + KJoM + K 2 JoM + • • • 

where 

tt _ Gave jV i Jl(dje) 

1 ” C A Jo 2 (di) qa ie 

Now if we have data of C/C A as a function of pipe radius, r, we can 
use standard least-squares techniques to estimate K 0} Ki, K 2) * * * . In 
addition, we can find the standard deviations of the estimates of Ki by 
the least-squares procedure, which gives an indication of the precision of 
the data. The first constant, K 0) should be unity if we have a perfect 
mass balance, and the deviation from this value gives an estimate of the 
reliability of the data. Knowing the injection tube size, we can find the 
Ni/q from the least squares K { from Eq. (59). 


(59) 

(60) 


Nj 
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JrVo*(a.) 


die 

Ji(die) 


(61) 


The dispersion coefficients can now be found from the N { /q by a non¬ 
linear calculation procedure, such as the Newton-Raphson method, utiliz¬ 
ing the expressions for N i} Eqs. (56) or (57). In the general case, values of 
Pli, Pm, PL 2 , Pr 2 , and the physical dimensions of the apparatus are 
substituted into Eq. (56) or (57), and then P L and P R can be found from 
the simultaneous (nonlinear) solution of the expressions for N 1 and N 2 . 
The variances of the dispersion coefficients could also be found from the 
variances of the by standard statistical methods. 

Another method has been proposed by Blackwell (B16) and by Hiby 
and Schiimmer (H8) that avoids the necessity of measuring the complete 
concentration profile. A pipe with a diameter smaller than the system, 
thus forming an annular region, is used at the sampling point. A mixed 
mean sample from the annular region is now sufficient to enable one to 
determine the radial dispersion coefficient. From Eq. (55) this concentra¬ 
tion will be, for an annular region of dimensionless radius a, 
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Cann 


=—r 

1 - «* Ja 


rc dr 
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(62) 


This is the value for general boundary conditions, and it will reduce to 
the equations given by the above authors for each of their special cases. 

d. Experimental Findings. Literature data on radial dispersion of 
numerous investigators is presented in Figs. 11 and 12. The data of almost 



d ( u/k 

Fig. 11. Radial dispersion in packed beds, dispersed plug flow model. Adapted 
from (B13). 


all the workers were obtained by a steady "point” source injection of 
tracer on the axis of the tube, with subsequent use of Eq. (59), (61), 
(56), and (57) to calculate the dispersion coefficients. We will discuss the 
results for each type of system separately. 



Fig. 12. Radial dispersion in pipes, dispersed plug flow model (B13). 
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(1) Packed Beds . Data on liquid systems using a steady point source 
of tracer and measurement of a concentration profile have been obtained 
by Bernard and Wilhelm (B6), Jacques and Vermeulen (Jl), Latinen 
(L4), and Prausnitz (P9). Blackwell (B16) used the method of sampling 
from an annular region with the use of Eq. (62). Hartman et al . (H6) 
used a bed of ion-exchange resin through which a solution of one kind 
of ion flowed and another was steadily injected at a point source. After 
steady state conditions were attained, the flows were stopped and the 
total amount of injected ion determined. The radial dispersion coefficients 
can be determined from this information without having to measure de¬ 
tailed concentration profiles. 

Data on gas systems, again using a point source, have been obtained 
by Bernard and Wilhelm (B6), Dorweiler and Fahien (D20), Fahien and 
Smith (F2), and Plautz and Johnstone (P6). Plautz and Johnstone meas¬ 
ured dispersion coefficients under isothermal and nonisothermal condi¬ 
tions and found that there was a difference between the two only for 
low Reynolds numbers. 

The data were plotted, as shown in Fig. 11, using the effective diame¬ 
ter of Eq. (50) as the characteristic length. For fully turbulent flow, 
the liquid and gas data join, although the two types of systems differ 
at lower Reynolds numbers. Rough estimates of radial dispersion coef¬ 
ficients from a random-walk theory to be discussed later also agree with 
the experimental data. There is not as much scatter in the data as there 
was with the axial data. This is probably partly due to the fact that a 
steady flow of tracer is quite easy to obtain experimentally, and so there 
were no gross injection difficulties as were present with the inputs used 
for axial dispersion coefficient measurement. In addition, end-effect er¬ 
rors are much smaller for radial measurements (B14). Thus, more experi¬ 
mentation needs to be done mainly in the range of low flow rates. 

(2) Turbulent Flow in Empty Tubes. Figure 12 gives radial dispersion 
coefficient data for turbulent flow in empty tubes. The liquid data was 
obtained by Flint et al. (F5). Gas data is from Baldwin and Walsh 
(Bl), Flint et al. (F5), Longwell and Weiss (L19), Mickelson (Mil), 
Schlinger and Sage (S8), and Towle and Sherwood (T9). All of the 
above data was obtained by measuring concentration profiles in systems 
with a steady point source of tracer. Keyes (K4a) used a frequency- 
response experiment and interpreted his results in terms of a film thick¬ 
ness at the wall. Sherwood and Woertz (S14) and Dhanak (D19) have 
reported results for flow in rectangular channels. 

The radial dispersion coefficient for this case is, of course, the average 
eddy diffusivity as discussed in works on turbulence (H9). If the vari¬ 
ous analogies between momentum, heat, and mass transport are used, 
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estimates of the eddy diffusivity can be obtained. However, we only 
show the directly measured mass-diffusion data in Fig. 12. There is a 
fair amount of scatter in the data which is probably caused by two 
main factors. Some of the investigators used large cumbersome injection 
systems which might have disturbed the flow, and some of the equip¬ 
ment might not have had an upstream section long enough to insure 
fully developed flow. 

(3) Laminar Flow in Empty Tubes . As will be discussed in Section II, 
D^, the radial coefficient for the dispersed-plug flow model for laminar 
flow is merely the molecular diffusivity. 


4. General Dispersion Model for Symmetrical Pipe Flow 

a , Discussion, As was stated previously, the general dispersion model 
is much more difficult to use since analytical solutions are not possible. 
Very little work has been done with these models, and it is entirely 
possible that the extra accuracy gained with this more complex model 
does not justify the great increase in the attendant computational dif¬ 
ficulties. The only answer to this will be to test whether the simpler 
dispersion models are sufficient to characterize processing systems. 

b. Experimental Findings. For turbulent flow in empty tubes, the 
problem is one of finding the radial variation of eddy diffusivity, which 
is discussed, for example, by Hinze (H9). Lynn et al. (L20) have pre¬ 
sented data for air natural-gas systems. They utilized a relation similar 
to Eq. (13), but for a compressible fluid. We will illustrate their method 
with the steady-state form of the simpler Eq. (1-2) with no axial disper¬ 
sion, 

Bu ™§-Jr bd *wE < 63) 

If this equation is integrated once with respect to R and rearranged, 


Dr(R) 


f o R R'u(R')(dC/dX) dR' 
R(dC/dR) 


(6/dX) f R'u(R')CdR' 

= - *2— - (64) 

R(dC/dR ) { J 

The quantities in the numerator and denominator were directly calcu¬ 
lated from the experimental concentration profile data. Some results for 
D r {R) are shown in Fig. 13. It is seen that the eddy diffusivity is rela¬ 
tively constant except near the walls. The values seem quite sensitive to 
the axial position where the concentration profile was measured; in other 
words, the system is not axially homogeneous. These results have been 
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discussed in more detail in a previous review by Opfell and Sage (01). 

Carrier (Cll) has considered the case of a periodic input for laminar 
flow in an empty tube. 

Fahien and Smith (F2) and Dorweiler and Fahien (D20) have con¬ 
sidered the variation of D R in packed beds, using a separation-of-vari- 
ables technique to solve Eq. (63). The X-dependent part was solved 
analytically, and a set of difference equations was used to solve the 
independent part. Details are given in (FI). The velocity profile data 
of Schwartz and Smith (Sll) was used to calculate values of D r (R) in 
the packed column, typical results from Fahien and Smith (F2) being 
shown in Fig. 14. Dorweiler and Fahien’s (D20) data, for a lower Rey- 
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nolds’ number range, was similar. It is seen that for a sufficiently large 
ratio of tube-to-particle diameter, D r {R ) is approximately constant 
over the radius. These findings suggest that if the dispersed plug-flow 
model does not satisfactorily represent the system and a more accurate 
model with varying velocity profile is needed, then the uniform dispersion 
model could be used. 


D. Relationships Between Dispersion Models 
1. Preliminary 

We have discussed methods for experimentally finding dispersion co¬ 
efficients for the various classes of dispersion models. Although the models 
were treated completely separately, there are interrelations between them 
such that the simpler plug-flow models may be derived from the more 
complicated general models. Naturally, we would like to use the simplest 
possible model whenever possible. Conditions will be developed here for 
determining when it is justifiable to use a simpler plug-flow model rather 
than the more cumbersome general model. 
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2. Theoretical Deviations 

Taylor (T2) and Westhaver (W5, W6, W7) have discussed the rela¬ 
tionship between dispersion models. For laminar flow in round empty 
tubes, they showed that dispersion due to molecular diffusion and radial 
velocity variations may be represented by flow with a flat velocity pro¬ 
file equal to the actual mean velocity, u, and with an effective axial dis¬ 
persion coefficient D L ' = R 0 2 u 2 /48S)? However, in the analysis, Taylor 
ignored axial diffusion. Aris (A6) later showed that the true axial effect 
is additive and thus, more correctly, D L ' = 3D + i? 0 2 ^ 2 /483D. Use of D L ' 
gives the same results as would be obtained from the more rigorous calcu¬ 
lation involving radial and axial diffusion and true velocity profile, Eq. 
(1-2). Aris (A6) generalized the entire treatment to include all types of 
velocity distribution with any vessel geometry. He showed that the co¬ 
efficient given as 1/48 by Taylor is really a function of tube shape and 
velocity profile. 

The mathematical method of Aris assumes a doubly infinite pipe (as 
does Taylor), with both the velocity distribution and the diffusion co¬ 
efficients constant in the direction of flow. Hence in any real pipe, the 
length would have to be long enough so that the buildup of the velocity 
profile at the entrance would not invalidate the doubly infinite pipe as¬ 
sumption. Thus there are some practical restrictions on the method used 
by Aris. 

Taylor (T4, T6), in two other articles, used the dispersed plug-flow 
model for turbulent flow, and Arises treatment also included this case. 
Taylor and Aris both conclude that an effective axial-dispersion coef¬ 
ficient Dl can again be used and that this coefficient is now a function of 
the well known Fanning friction factor. Tichacek et al (T8) also con¬ 
sidered turbulent flow, and found that D/ was quite sensitive to varia¬ 
tions in the velocity profile. Aris further used the method for dispersion 
in a two-phase system with transfer between phases (All), for disper¬ 
sion in flow through a tube with stagnant pockets (A10), and for flow 
with a pulsating velocity (A12). Hawthorn (H7) considered the tempera¬ 
ture effect of viscosity on dispersion coefficients; he found that they can 
be altered by a factor of two in laminar flow, but that there is little effect 
for fully developed turbulent flow. Elder (E4) has considered open-chan¬ 
nel flow and diffusion of discrete particles. Bischoff and Levenspiel (B14) 
extended Aris's theory to include a linear rate process, and used the 
results to construct comprehensive correlations of dispersion coefficients. 

‘Actually, Taylor originally suggested using this formula in reverse for obtaining 
diffusion coefficients. Dl could be found simply from experimental data and then 
the formula could be used to obtain the diffusivity, 3D. 
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The most straightforward way of comparing the models would be 
to solve the partial differential equations for each case and compare the 
solutions. Because we cannot find these solutions in general, we must be 
satisfied with a comparison of the moments of the concentration distribu¬ 
tions given by these models. This method is much used in theoretical 
statistics, and is useful since most distributions encountered are uniquely 
determined by their moments. 

If we consider the variation of concentration along the axial direc¬ 
tion as a “distribution” of concentration, we can calculate the moments 
for each model in terms of their respective parameters, and then compare 
the moments to find the relationship between parameters. Since we shall 
consider the concentration as a distribution function along the axis of 
the tube, the moments are with respect to axial distance, rather than 
with respect to time as used previously. Since flow in cylindrical vessels 
is so common, we will discuss only this case in detail. Aris (A6) gives 
the more general treatment in vessels of arbitrary cross section. 

The moments are defined as: 


M k {8’) = 2 f\ dr j2 m (* - W(z, r, 6')d(x - 8') (65) 

where subscript k indicates the moment order. Use of the variable (x — O') 
relates the moments to a coordinate system that is moving with the mean 
speed of the flowing fluid. By using Eq. (65) with the mathematical repre¬ 
sentations of the various models, Eqs. (1-2), (1-3), (1-4), and (1-5), one 
obtains the following expressions for the moments. For details see Aris 
(A6) and Bischoff and Levenspiel (B14). 


Axial-Dispersed Plug-Flow Model 


Mo = 1 

(66a) 

Mi - 0 

(66b) 

II 

^1 to 

(66c) 

Dispersed Plug-Flow Model 


Mo = 1 

(67a) 

o 

II 

rH 

(67b) 

o at 

M, = f - + 0(exp [-X,0'/P*]) 

PL 

(67c) 


For large values of time (the “ultimate” value) M 2 reduces to 
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Uniform Dispersion Model 

Mo = 1 (68a) 

Mi = constant (68b) 

Mi - r=-i + 2 e'hP Rm ' + 0(exp [-hd'/Pn]) (68c) 

± Lm 

For large values of time M 2 becomes 

Mt--=-i + WhPa.! (68d) 

r Lm 

General Dispersion Model 

Mo = 1 (69a) 

Mi = constant (69b) 

M 2 = p— + 26 r h PR m + 0(exp [—Xi 8 f /PR m ]) (69c) 

* Lm 

For large values of time M 2 becomes 

o/)/ 

M 2 = + 26’h P Rm (69d) 

* Lm 

In these equations, 

*= 2 r u v/ ‘ <r,) (?o) 


and / 1 , / 2 , /a, Asm, and are found from w(i2) = u(l + f\(R)) f 
D r (R) — D Bm f 2 (R), and D L (R) = D Lm f 3 {R). Also, Ai is the smallest 
of eigenvalues that arise during the solution of the partial differential 
equations for the moments. The various models are now related to each 
other by comparing the ultimate moments. 

Zeroth Moments. The zeroth moment for each of the models is unity. 
From Eq. (65) the zeroth moment is defined as: 

Mo = 2 /; r dr ^ Cd(x - 6') (71) 

This is merely the volume integral of the concentration over the entire 
vessel. Therefore, the value of unity indicates that the total amount of 
solute in the system is constant. 

First Moments. For both of the dispersed plug-flow cases M x = 0. 
This means that the center of gravity of the solute moves with the mean 
speed of the flowing fluid. For the uniform and the general dispersion 
models, however, this is not always true. If the solute concentration is 
initially uniform over a cross-sectional plane, it can be shown (A6) that 
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the constants in Eqs. (68b) and (69b) are zero; thus, for this special 
case, the center of gravity of solute does move with the mean speed of 
flow. If the initial solute concentration is not uniform over a plane, 
however, the constants in Equations (68b) and (69b) are not zero, 
and the center of gravity of solute does not move with the mean speed 
of flow. However, if the initial distribution of solute is fairly uniform 
over the cross section, as is true in many practical cases, the constants 
in Eqs. (68b) and (69b) are small, and the first moments of the various 
models will all be approximately zero. 

Second Moment. By equating the second moments of the different 
models we get the relationships sought between the parameters. 

First, comparing Eqs. (66c) and (67d), we see that 

P' - P L or Dj! - D l (72) 

Thus we may drop the primed notation on the coefficient for the axial- 
dispersed plug-flow model and identify this coefficient with the one for 
the dispersed plug-flow model. 

Next we compare the dispersed plug-flow model with the general 
model by equating Eqs. (67d) and (69d). Thus, as found by Aris (A6), 

hPn m or Dl = D Lm + —— (73) 

ri r Lm LtRm 

This equation enables us to calculate the value of P L from the velocity 
profile using mean values of the coefficients of the general dispersion 
model. The constant radial coefficient used in the dispersed plug-flow 
model is the same as the mean value of the varying radial coefficient in 
the general dispersion model. 

Finally by comparing Eqs. (68d) and (69d), we see that the constant 
coefficients of the uniform model are the same as the mean values in 
the general model, or 

DrJ = Dit m (74) 

and 

D Lm f = DLm (75) 

Summary . For all models with either constant or varying velocities 
we conclude that the constant radial coefficients are all alike and equal to 
the mean value of the varying coefficient, or 

Db = zw = D Rm = 4l r RD n(R) dR = 2 [' rD R (r) dr (76) 

Jo Jo 

In addition, two distinct axial coefficients exist: those associated with 
models using mean velocities (plug-flow models) and those associated 
with models using a radial velocity profile. The reason for this difference 
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is that the plug-flow models incorporate in their dispersion coefficients 
the axial mixing resulting from velocity variations. The general model 
and the uniform model treat in separate terms the two phenomena 
responsible for axial dispersion. The equations (72) to (76) summarize 
the interrelationships between the parameters of the various dispersion 
models treated in Table I. 

The concentration distributions of the dispersed plug-flow models at 
any time are “normal” (Gaussian), and Aris (A6) has shown that the 
general model with its larger number of parameters also approaches 
normality for large time. Hence, matching the first two moments is 
sufficient to compare distributions and relate parameters as was done 
above. However, the approach to normality in the general model is slow. 
Consequently, minor deviations between distributions will persist for 
some time even though the distributions are essentially similar. 

3. Experimental Verification of the Relationships 

Bischoff and Levenspiel (B14) present some calculations using exist¬ 
ing experimental data to check the above predictions about the radial 
coefficients. For turbulent flow in empty tubes, the data of Lynn et al. 
(L20) were numerically averaged across the tube, and fair agreement 
found with the data of Fig. 12. The same was done for the packed-bed 
data of Dorweiler and Fahien (D20) using velocity profile data of 
Schwartz and Smith (Sll), and then comparing with Fig. 11. Unfortu¬ 
nately, the scatter in the data precluded an accurate check of the predic¬ 
tions. In order to prove the relationships conclusively, more precise ex¬ 
perimental work would be needed. Probably the best type of system for 
this would be one in laminar flow, since the radial and axial coefficients 
for the general dispersion model are definitely known; each is the 
molecular diffusivity. 

Checks on the relationships between the axial coefficients were 
provided in empty tubes with laminar flow by Taylor (T2), Blackwell 
(B15), Bournia et al. (B19), and van Deemter, Broeder and Lauwerier 
(V3), and for turbulent flow by Taylor (T4) and Tichacek et al (T8). 
The agreement of experiment and theory in all of these cases was satis¬ 
factory, except for the data of Bournia et al; as discussed previously, 
their data indicated that the simple axial-dispersed plug-flow treatment 
may not be valid for laminar flow of gases. Tichacek et al found that the 
theoretical calculations were extremely sensitive to the velocity profile. 
Converse (C20), and Bischoff and Levenspiel (B14) showed that rough 
agreement was also obtained in packed beds. Here, of course, the theo¬ 
retical calculation was very approximate because of the scatter in packed- 
bed velocity-profile data. 
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4. Uses of the Relationships 

The most important use of the relationship among models is in 
showing that the dispersed plug-flow models are good representations 
of the flow system under certain specified conditions. The relationships 
can also be used to predict the dispersed plug-flow coefficients from the 
general coefficients. We have shown how this is done for flow in empty 
tubes and the predictions are given by the dashed lines on Figs. 8, 10, 
and 12. 



Fig. 15. Comprehensive picture of dispersion—empty tubes (B14). 

For packed beds, the use of these equations for predictions is limited 
by inaccuracy in the velocity-profile data. Therefore, Bischoff and 
Levenspiel (B14) used the equations in a semiempirical way for inter¬ 
polating between the existing data. The results are shown in Figs. 15 
and 16, for both empty tubes and packed beds. The heavy lines show 
the regions of experimental data, and the dashed lines, the interpolations. 
For sufficiently low flow rates, the curves lead into the reciprocal Schmidt 
number (modified by a “tortuosity factor” in packed beds). The data 
of Blackwell (B16, B17) at very low flow rates seems to verify this. 
At high flow rates, liquids and gases show no differences because of the 
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Fig. 16. Comprehensive picture of dispersion—packed beds (B14). 


turbulent flow conditions. Figures 15 and 16 give a rather comprehensive 
picture of dispersion, and point out the areas in which there is a scarcity 
of experimental data. 

5. Limitations of the Theory 

When we used the “ultimate” values of the moments in Eqs. (67d), 
(68d), and (69d), this amounted to assuming that (B14), 

0(exp [ —Xi0'/Pflm]) < 1 (77) 

If a ratio of 10:1 is used in the inequality, and if an estimate is used 
for Ai, the limitation is, 

> 0.16 (78) 

If the mean residence time of the fluid in the system, L/u } is used as a 
measure of the time, we finally obtain, 

| > 0.04 ^ (79) 

at JjRrn 

This is approximately the same as the criterion originally used by Taylor 
(T5) in his treatment of laminar flow. Using the values of D Rm from the 
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preceeding correlations, the order of magnitude of the necessary length- 
to-diameter ratio needed for the dispersed plug-flow models to be valid in 
various types of systems is shown in Fig. 17. This is, of course, only an 
order of magnitude estimate and should not be relied upon for accurate 
values. It should be used only to give some sort of idea as to the types 
of systems where the dispersed plug flow models can be theoretically 
justified. 



Fig. 17. Restrictions on length to diameter ratio for dispersed plug flow models 
to be valid (B14). 


E. Theoretical Methods for Predicting 

Dispersion Coefficients 

1. Introduction 

If the theory of turbulence were complete enough, it would be possible 
to use it to predict the dispersion coefficients. Unfortunately, even for the 
simple case of homogeneous isotropic turbulence, this cannot yet be done. 
For cases of bounded flows in a real pipe and of flow through packed 
beds, the situation is even more discouraging. Nevertheless, several ap¬ 
proximate estimates have given surprisingly good results as to the order 
of magnitude of the dispersion coefficients. For empty tube turbulence, 
which is a field in itself, we refer to Hinze (H9) and to a recent article 
by Roberts (R3). Here we will discuss the models for packed beds, 
but only very briefly. 
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2. Random-Walk Models 

Since the random-walk approach is successful in molecular diffusion 
(K5) and Brownian motion studies (C14), it would seem that it might 
also be useful for the dispersion process. This has been considered by 
Baron (B2), Ranz (Rl), Beran (B5), Scheidegger (S6), Latinen (L4) 
and more recently by de Josselin de Jong (D14) and Saffman (SI, S2, 
S3). The latter two did not strictly use random-walk since a completely 
random process was not assumed. Methods based on statistical mechanics 
have been proposed by Evans et al (E7), Prager (P8), and Scheidegger 
(S7). 

The sample random-walk analyses postulate that the mixing is caused 
by “splitting” or side-stepping of the fluid around the particles. Thus, by 
analogy with the mixing-length theories of turbulence, one might imagine 
that the mass flux would be proportional to the particle diameter and 
to the velocity, 

D cc ud p (80) 

Baron (B2) has given a rather simple treatment for radial dispersion. 
Let us assume that as a fluid element approaches a particle, it is de¬ 
flected by an amount ± fid p where /? is a fraction of the order of one-half. 
As the fluid element flows through the packing, this process keeps 
occurring. When the fluid element has travelled a distance, L, it has 
been deflected n times. The fluid element is deflected essentially each 
time it approaches a particle. Thus, n = aL/d p , where a is of the order 
of unity. If the deflections are random, the mean-square deviation is 
the sum of the squares of each deflection, 

AX 2 = npdf (81) 

If the Einstein equation for diffusion (H9) is used (which again assumes 
random motion), the dispersion coefficient may be approximated, 

AX 2 = 2 Dt = np 2 d 2 (82) 

where t is the diffusion time, and may be taken to be t ~ L/u. Thus, 

D "i w i 

= d P u (83) 

If Eq. (83) is rearranged and the approximate numerical values of 
a and /J substituted, 

_D_ _ af? 
ud P 2 


a* 0.1 


(84) 



144 


OCTAVE LEVENSPIEL AND KENNETH B. BISCHOFF 


Comparison of this with the radial dispersion data of Fig. 11 for an 
average packed bed (using d e /d p ~ e = 0.38) shows good agreement. 
Notice that Eq. (84) predicts that D/ud p should be independent of flow 
rate. From Fig. 11, this is true for the larger Reynolds numbers of fully 
turbulent flow. At lower Reynolds numbers, the mixing would become 
less random, and so it would be expected that the theory would break 
down. 

Prausnitz (P10) has devised an approximate mixing length model 
for estimating the axial dispersion coefficient that allows for the inter¬ 
action of the velocity profile. He used 

Dl = AlA r (85) 

where A.l is an axial and is a radial scale of turbulence. From con¬ 
centration fluctuation studies (to be discussed later), A R ~d P /4 and 
Al — 7A r. If the velocity gradient is approximated by u/d py the mixing- 
length theory predicts 



which is of the right order of magnitude (see Fig. 8). 

Further details may be found in the above quoted references. In 
particular, de Josselin de Jong (D14) and Saffman (SI, S2, S3) give 
relatively rigorous developments that take into account the anistropy 
caused by the flow. Thus different estimates are obtained for the disper¬ 
sion coefficients depending on whether or not the direction considered is 
perpendicular or parallel to the mean flow. 

3. The “Statistical” Models 

These models picture the mixing process as consisting of “motion 
phases” and “rest phases.” In a model proposed by Einstein (E3) and 
discussed by Jacques and Vermeulen (Jl) and Cairns and Prausnitz 
(C5), it is assumed that the time represented by a motion phase is much 
less than that by a rest phase. For the packed bed, the motion phase 
might be taken as the period when the fluid element is passing through 
the restriction between particles, and the rest phase as the period when 
the fluid element is in the void space. If values are assigned to the 
probabilities of motion or rest, consideration of the geometry of the fluid 
elements’ motions will lead to 



PATTERNS OF FLOW IN CHEMICAL PROCESS VESSELS 


145 


p(X, 0 dX dt = dX dt (87) 

as the probability density for any “jump” of the element (see Cairns 
(Cl) for details). Consideration of a large number of “jumps” then yields 

Plot = e- x '- l 'Io(2 Vxr) (88) 

as the probability of finding all particles at relative position X ' and at 
relative time V that entered at time t f — 0. In other words, Eq. (88) 
gives the impulse response or C curve for the system. The relationship 
between the relative position, X', and physical position, X, depends on 
the length of each step. Similarly, there is a relation between i! and f. 
Thus by comparing Eq. (88) with the solution of the axial-dispersed 
plug-flow model at very large X and t , it is found that 

X' - and t' = (89) 

Dl 

Thus Eq. (88) can be used to find the dispersion coefficient, and was 
used by Cairns and Prausnitz (C5) with a step input which corresponds 
to the time integral of Eq. (88). It would seem that the use of this 
model would involve problems similar to those for the ordinary disper¬ 
sion models. 

Giddings and Eyring (G2), Giddings (Gl), and Klinkenberg (K10) 
have also proposed a model based on similar “rest-phase”—“motion 
phase” considerations. However, they used different assignments of the 
probabilities. 

4. Turner’s Structures 

Turner (T14) has proposed two detailed models of packed beds which 
try to closely approximate the true physical picture. The first model 
considers channels of equal diameter and length but with stagnant 
pockets of various lengths opening into the channels. There is no flow 
into or out of these pockets, and all mass transfer occurs only by 
molecular diffusion. The second model considers a collection of channels 
of various lengths and diameters. We will briefly discuss each of these 
models, which are probably more representative of consolidated porous 
materials than packed unconsolidated beds. 

a. Model L It is assumed that the dispersion in the channel may be 
represented by an axial-dispersed plug-flow model, 


D l 


a 2 C 

ax 2 




(90) 


where D L is the axial dispersion coefficient in the channel, is the 
volume of stagnant pocket of length l r per unit channel volume, and q r 
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is the average concentration in the rth pocket. Turner originally took D L 
to be the same as that for flow in a tube with no pockets, such as we 
have previously discussed. However, Aris (A10) showed that D h is 
influenced by the pockets, and so this modified value should be used. 
In the pockets, ordinary molecular diffusion equation was assumed: 


a»c r _ dc r 

dXr 2 at 


(91) 


where C r is the concentration in the rth pocket. The solution of Eq. (91) 
is used to find Bq r /dt , which is needed to solve Eq. (90). 

For a periodic sinusoidal input of tracer, Turner (T14) showed how 
to find the values of l r and ft r /rom the experimental data taken at dif¬ 
ferent frequencies, co. Aris (A9) generalized the model by taking p(l) to 
be a continuous distribution of pocket volume rather than a set of 
discrete values, /3 r . The problem of finding fi(l) then becomes one of solv¬ 
ing the integral equation, 


M(«') - (J l ) dl (92) 

where 

a/ = (a>/2£>) 1/2 

/i(oj') = function determined from amplitude ratio 
and phase lag of experimental data. 

, , _1 sinh 2c c'l — sin 2o/Z 

V[<J> ’ ’ ~ 2 w'l cosh 2co'l + cos 2c o'l 

Aris presented a graphical method for the solution of Eq. (92). If the 
integral were approximated by a sum, the equations used by Turner 
would be generated. 

In a later paper, Turner (T15) used experimental data from ap¬ 
paratus with known /? in order to see how the method would work. He 
found approximate agreement between the experimental and known /?’s; 
quite accurate data would be needed to obtain good estimates of ft. 

b . Model II. It was again assumed that the dispersion in any one 
channel could be represented by the axial-dispersed plug-flow model, 
Eq. (90) with = 0, since there were no pockets. He defined t qr as that 
part of the void fraction contributed by the channel of length l r and 
radius r Q , Then, by a procedure similar to that used for Model I, a set 
of equations was developed for a sinusoidal input of tracer. For the 
measurement at the frequency 


Mi = 2 2 tqrVqrj 


( 93 ) 
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where 

Hj = function determined from amplitude ratio 
and phase angle of experimental data 



M = 1923D/. i/p 
Nj = 30723) fx 2 o)j/p 
M = viscosity of fluid 
p = pressure drop 

From Eqs. (93) the values of e qr could be found, similarly to solving 
the integral equation in Model I. Aris (A9) has also generalized this 
discrete model with circular channels to a continuous model with chan¬ 
nels of any shape. Unfortunately, the equations for the continuous case 
can not easily be solved. 

Even though the use of Turner’s structures to represent packed beds 
may be too complex, the overall concept of utilizing frequency-response 
experiments to construct detailed models is very interesting and might 
find use for other situations. 

5. Concentration Fluctuations 

In order to get a more detailed picture of the processes occurring in 
flowing systems, several investigators have directly measured concentra¬ 
tion fluctuations. The basic ideas were introduced by Taylor (Tl) in a 
classic paper, and are discussed in detail in books on turbulence such as 
those by Hinze (H9) and Pai (PI). 

The elements of Taylor’s treatment are as follows. Consider a particle 
of fluid with turbulent velocity u in a homogeneous turbulent field. The 
distance that the fluid particle travels in time t is, 

X(t) = f‘ u(t’) dt' (94) 

Since the motion is supposed to be random, the value of X(t) could be 
positive or negative with equal probability, and so the average for a 
large number of particles would be zero, 

7(0 - o 

However, the quantity, T 5 , which measures the spreading of the particles 
will not be zero: 
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X 1 2 (t) = J* dti J‘ U{ti)u{ti) dti 
If we introduce a Lagrangian correlation coefficient 

R(s) = 

u 2 


( 95 ) 


(96) 


Equation (95) becomes 

T 2 (t) = u 2 dh f* R(h - ti) dtt (97a) 

Kampe de Feriet (Kl) showed that this can be changed to the form, 


Z 2 (0 = 2m 2 /; (f - s)R(s) ds (97b) 

For very short times, R(s) —» 1, and 

X 2 «) = 2 u 2 f* (t - s ) ds (98) 

= uH 2 

The dispersion is thus proportional to the square of the time. For very 
long times, t > > s, 

X 2 {t ) 2 uH J Q R{s ) ds — 2w 2 jf s/2(s) ds 

= 2w 2 ri + constant 

where the Lagrangian integral time scale is 

r = f” R(s) ds (99) 

For long times, we see that the dispersion is proportional to the first 
power of time. The dispersion coefficient can be defined in a way similar 
to the Einstein equation for molecular diffusion, 


D = 


1 dX 2 


2 dt 
= uH 
— u 2 t 


short time 
long time 


( 100 ) 

( 101 ) 


Thus, the dispersion coefficient can be taken as a constant only for long 
times. This, of course, would mean that the dispersion-type models would 
only be valid for long diffusion times. 

Unfortunately the correlation coefficient R{s) can not be predicted at 
the present time, although empirical relationships have been used. This 
means that Eq. (98) is limited to use for the short and long diffusion 
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times already discussed, and it is not very useful for the intermediate 
(and interesting) time ranges. Thus, other methods are necessary for 
determining the dispersion coefficients. 

Direct measurement of concentration fluctuations for liquid flow in 
packed and fluidized beds have been made by Hanratty et al. (H4), 
Prausnitz and Wilhelm (P12), Cairns (Cl), and Cairns and Prausnitz 
(C4). Detailed descriptions of electrical conductivity probes used for 
measurement of these fluctuations have been given by Prausnitz and 
Wilhelm (Pll) and Lamb et al. (LI). 

A concentration-fluctuation correlation coefficient, similar to that 
proposed by Danckwerts (D3, D5), may be defined, 


Rc — 


cTc? 




( 102 ) 


where (Y, C 2 ' are the concentration fluctuations at points 1 and 2. 

This correlation coefficient has properties similar to the one defined 
by Eq. (96). In particular, a scale of concentration fluctuation may be 
defined as 


^ = J 0 \Ro\ dp 


(103) 


where p is the distance between points 1 and 2. This scale is used as a 
measure of the order of magnitude of the size of a particle of fluid that 
has a uniform concentration. In other words, fluid particles of this size 
are approximately homogeneous in character. A length scale of radial 
turbulent diffusion may be defined by 


AbVm* 


In terms of the Lagrangian integral time scale, Eq. (99), we find 



(105) 


These various scales, along with the intensity, or strength, of the con¬ 
centration fluctuations, 



(106) 


can be used as a means of characterizing the mixing. 

The detailed fluctuation data for packed beds can be found in Praus- 
nitz and Wilhelm (P12). They found that the fluctuation intensity was 
directly proportional to the radial position in the bed except at the 
center and near the tube wall. The magnitude of the intensity was of the 
order of 8%. The radial scale, A r, was found to be about one fourth of 
a particle diameter. An estimate was made for an axial scale, Al, and it 
was found that approximately, 
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A X C* 7A B (107) 

It was also found that for fully developed turbulent flow the above 
values were essentially independent of the Reynolds number. 

The mixing in fluidized beds is somewhat more complicated, as 
might be expected. The over-all results found by the previously men¬ 
tioned authors are summarized by Cairns and Prausnitz (C4): 

“(1) The mixing properties in a fluidized bed are a strong function 
of the fraction voids. Minimum values of radial Peclet numbers 
(ud p /D R ) are observed at e = 0.7, corresponding to a transition 
in the type of particle circulation in the bed. 

(2) The packing particle density and fraction voids strongly affect 
the radial scale of turbulence (A*); larger scales are found for 
beds containing denser particles at a given fraction voids. The 
scale of turbulence has a maximum value at e = 0.7. 

(3) The root-mean-square value of the radial velocity fluctuation 
tiuyV/c varies only slightly with fraction voids and ap¬ 
pears to be independent of particle density. 

(4) The scale of concentration fluctuation (A.) is affected by the 
fraction voids in the same manner as the scale of turbulence, 
but it is not greatly influenced by the particle density. The 
scales of concentration fluctuation show that there are isocon¬ 
centration eddies several times the size of a packing particle.” 

The above concentration fluctuation information should aid in the 
fundamental description of mixing in packed beds and fluidized beds. 
Exactly how this information should be used in designing such systems 
must be the subject of further research. 

III. Tanks-in-Series or Mixing-Cell Models 


A. Introduction 

In the preceding section we discussed the dispersion model which can 
account for small deviations from plug flow. It happens that a series of 
perfectly mixed tanks (backmix flow) will give tracer response curves 
that are somewhat similar in shape to those found from the dispersion 
model. Thus, either type of model could be used to correlate experimental 
tracer data. 

A perfectly mixed tank can also be used, of course, to represent a 
real stirred tank. Since the patterns of flow in many real stirred tanks 
are rather complicated, more complex models are often required. This 
whole topic will be discussed in Section IV on combined models. Thus 
we will only discuss here the use of a series of perfectly mixed tanks to 
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represent other types of flow systems, in particular those which deviate 
only slightly from plug flow. 


B. Mathematical Description 

First we must derive the equations for the perfectly stirred tanks. 
In these ideal tanks, it is assumed that the entire contents have the same 
composition as the outlet stream. Thus the C curve, or the response to a 
pulse input, can be found quite easily by a material balance. 

(material in) = (material out) + (accumulation of material in tank) 


emit) = vc + v^ 


(108) 


where C° is the initial concentration of the pulse of tracer in the perfectly 
mixed stirred tank. For a ;-tank system, to be considered next, C° is the 
average concentration of tracer if evenly distributed in the j-tank system. 
In dimensionless form, Eq. (108) becomes 


where 


and 


. _ { tv 
6 ~i = V 

c = C/C° 


(109) 

( 2 ) 


Equation (109) can easily be solved using Laplace transforms with the 
result, 

c = C = e~* ( 110 ) 


1. One-Dimensional Array 

The preceding results can easily be generalized to j perfectly mixed 
tanks in series. This has been discussed by many authors: Ham and Coe 
(H2), MacMullin and Weber (M2, M3), Mason and Piret (M5), 
Kandiner (K2), Katz (K3) and Young (Y3). Other authors have dealt 
with stirred tanks specifically for use as chemical reactors, and these 
will be discussed later. The material balance around the ith tank then 
becomes 

vC^ = vC i+Vi^ ( 111 ) 


where V { is the volume of the ith tank. For simplicity, we will only deal 
with the case where all the tanks have the same volume, V ( . The more 
general case of unequal-sized tanks is discussed, for example, by Mason 
and Piret (M5). 
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The C curve, or pulse response, may be found by solving the set of 
Eqs. (Ill) for i = 1,2,3, . . j with the condition that the input to the 
first tank, i = 1, is a delta function of tracer. In other words the condi¬ 
tions on Eq. (Ill) are 

C^o(0) = 0 and C« = C° ^ S(t) 


where V = total volume of the j-tank system. Equations (111) can again 
be solved by the Laplace transform, as follows: 

pVrVi + vCi = vVi-1 
where C< is the transform of C £ . Then, 


Cj = 


Cy-i 


Vi , i 

V -HI 

v 




(’M 

go 

C°(V/v) 

The inverse transform of Eq. (112) is 


( 112 ) 


Cy- 


c° 


(j -1) 


v_ (toy- 1 


-tV/Vi 


(113) 


The total volume of the system is 


so that 


V = jVi 



Thus Eq. (113) may be written in dimensionless form 


^=(7^1)!^-" ( 114 ) 

Equation (114) is the C curve for a series of j stirred tanks, and is shown 
in Fig. 18. It has roughly the same shape as the C curve of the dispersion 
model. This relationship will be further considered later. 
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e 

Fig. 18. C curve for tanks in series model. 


As was done with the dispersion models, the mean and the variance 
can be found either directly from Eq. (114) or from the Laplace trans¬ 
form, Eq. (112). The results are, 

Mi = 1 (115) 

(7* = (116) 

3 

Thus, similarly to the dispersion model, the experimental C curve data 
could be used to determine a variance, a 2 , and then Eq. (116) used to 
find j. 

If a perfect delta function input is not possible, a method can again be 
devised utilizing two measurement points to find the parameter, j, of 
this model. Consider the experimental set up of Fig. 19, The concentra- 


M M*l N 

-H3M3H3)—-a 


INPUT 


OUTPUT I 


OUTPUT 2 


Fig. 19. Determination of tanks-in-series model parameter by two-measurement 
method. 


tion of tracer is measured both entering the (M + l)th tank (or leaving 
the Mth tank) and leaving the Nth tank, and let j now be the number 
of tanks in the experimental region which is between these two measure¬ 
ment points, or j — N-M. The injection is upstream of both tanks. Now 
Eq. (Ill) can be used for any tank i between these measurement points 
giving, 
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Vi^ + vCi = vCi-> (117) 

with boundary conditions 

Ci>Af(0) = 0 and C*(t) I i—m — Cm( 0 
The algebraic mainipulations will be easier to follow if Eq. (117) is 
changed to dimensionless form. Define, 

V = volume of j-tank experimental section 
= Vm +i + V M+t + • • • + Tjv 

-JV* 


t = — = mean residence time in the j-tank experimental section 


C 

c - c° 

C° = average concentration of all entering tracer if evenly distributed in 
the j-tank experimental section 

Then Eq. (117) becomes for the Nth tank 

+ ^ 118) 

j do 

Solving Eq. (118) by Laplace transforms, 




(119) 


Now if Eq. (119) is manipulated in exactly the same way as that used 
for the dispersion model by Aris (A8), Bischoff (B11), and Bischoff and 
Levenspiel (B14) (Section II,2,c), the following relationships are found: 


Ajtii = Hin — Him “ 1 

(120) 

A o 2 = °N 2 ~ om 1 - N _ M ~ j 

(121) 
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Thus if an imperfect delta function is injected into a system and the 
mean and variance measured at two measurement locations, the tanks- 
in-series model can also be used to interpret the results. 

There would seem to be little reason for using the tanks-in-series 
model for flow in empty tubes, since little correspondence exists between 
the physical picture and the model. However, Coste et ah (C22) found 
recently that a system with mass and heat dispersion combined with 
chemical reaction was easier to handle with this model than with the 
dispersion model. On the other hand, Carberry and Wendel (C8) have 
solved a similar problem with the dispersion-model by a finite-difference 
technique different from the one used by Coste et ah } and found no diffi¬ 
culties. Thus the question of which model is best computationally is still 
not answered. 

The use of the tanks-in-series model for packed beds can be more 
strongly justified. The fluid can be visualized as moving from one void 
space to another through the restrictions between particles. If the fluid 
in each void space were perfectly mixed, the mixing could be represented 
by a series of stirred tanks each with a size the order of magnitude of 
the particle. This has been discussed in detail by Aris and Amundson 
(A14). The fluid in the void spaces is not perfectly mixed, and so an 
“efficiency” of mixing in the void spaces has to be introduced (C6). 
This means that the analogy is somewhat spoiled and the model loses 
some of its attractiveness. In laminar flow the tanks-in-series model may 
be still less applicable. 

2. Three-Dimensional Array 

We have discussed the tanks-in-series model in the sense that the 
composition in the system was constant over a cross-section. Recently 
Deans and Lapidus (D12) devised a three-dimensional array of stirred 
tanks, called a finite-stage model, that was able to take radial as well 
as axial mixing into account. Because of the symmetry, only a two- 
dimensional array is needed if the stirred tanks are chosen of different 
sizes across the radius and are properly weighted. By a geometrical 
argument, Deans and Lapidus arrived at the following equation for the 
(i, j) tank: 

^ + C w = <p ( -u (122) 

where 

_ ii ~ l)C<-l,j-1/2 + O' — DCt-U-H/2 
~ (2 j - l) 

with boundary conditions, 

Cij — Co (initial condition) 

Coj — C' (inlet to bed) 
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By choosing the stirred-tank size about the same as a particle in the 
packed bed, Eq. (122) will reproduce experimental mixing data. This is 
similar, of course, to what was found for the one-dimensional case 
previously discussed. 

The reason for constructing this rather complex model was that even 
though the mathematical equations may be easily set up using the disper¬ 
sion model, the numerical solutions are quite involved and time con¬ 
suming. Deans and Lapidus were actually concerned with the more 
complicated case of mass and heat dispersion with chemical reactions. 
For this case, the dispersion model yields a set of coupled nonlinear 
partial differential equations whose solution is quite formidable. The 
finite-stage model yields a set of differential-double-difference equations. 
These are ordinary differential equations, which are easier to solve than 
the partial differential equations of the dispersion model. The stirred- 
tank equations are of an initial-value type rather than the boundary- 
value type given by the dispersion model, and this fact also simplifies the 
numerical work. 

Thus, it would seem that calculations using the finite-stage model 
might be easier than with the dispersion model. However, it has been 
found by Schechter and Wissler (S5) that the set of difference equations 
used in the finite-stage model are equivalent to one of the sets of pos¬ 
sible difference equations that could be used to solve numerically the 
partial differential equations of the dispersion model. Looking at the 
finite-stage model equations from the numerical-analysis point of view, 
it is seen that the finite-difference mesh size is dictated by the particle 
size and the experimental value of the dispersion coefficient that is to be 
simulated. This lack of flexibility could conceivably cause inaccuracies 
in the calculated results. A further problem when the finite-stage model 
is used for simultaneous mass and heat dispersion is that the magnitudes 
of the two types of dispersion must be taken to be equal, since they are 
both fixed by the same mesh size. 

Thus, we conclude that the computational effort required will be 
approximately the same for either model. On the one hand the finite-stage 
model is somewhat inflexible as indicated above, but on the other hand 
it might be superior to the dispersion model in systems with large 
particles where the continuum approach of the dispersion model would 
probably not be appropriate. On the whole, more work is needed to deter¬ 
mine the practicality of the various computation methods. 

C. Comparison With Dispersion Model 

Since both the tanks-in-series model and the dispersion model give 
about the same shape of C curve, the question arises as to how similar 
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are the predictions of the two models. There are several methods to com¬ 
pare the two. One method uses variances. Kramers and Alberda (K14) 
used the variance for the doubly infinite dispersion model, which from 
Section II, C, 2,b is, 



(123) 

Using this with Eq. (116) gives 


CM 

II 

(124) 


Unfortunately, Eq. (124) does not extrapolate to j— 1 as Z) L —» oo. 
Therefore, Kramers and Alberda suggested using 


jh = 2 (si) < l26 > 

This expression extrapolates correctly, and is approximately the same as 
Eq. (124) for large j, say j > 10. 

Levenspiel (L13a) later showed that the reason for the incorrect 
extrapolation of Eq. (124) was that the doubly infinite vessel was not 
the proper one to use for the comparison. Instead, the closed vessel (plug 
flow into and out of the vessel) must be used. The expression for the 
variance can be found from van der Laan (V4), and when combined 
with Eq. (116) gives 

y - KS )- 2 © 1 -'""" 1 < 126 > 

Equation (126) does extrapolate properly to j = 1 for D& —» oo. For small 
D l /uL (large j) it approaches Eq. (124). 

We also notice, from either Eq. (124) or Eq. (126), that j -» oo 
as 0. This is the basis for the statement that an infinite number of 
stirred tanks in series is the equivalent to plug flow. 

Trambouze (T10) suggests two alternate methods of comparison. By 
matching the C curve maxima for these two models, he showed that 


Dl = (2 j - l) 2 

uL 2j(j - l)(4j - 1) 

and by matching the C curves at 6 = 1 he obtained 


(127) 


[(0 +2 (g)-i]-(Trk). < 12S > 

Both equations extrapolate properly for D l /uL-> 0, but only Eq. (127) 
gives j = 1 for D l /uL = cc. Equation (127) also reduces to Eq. (124) 
for small D l /uL (large ;). 



158 


OCTAVE LEVENSPIEL AND KENNETH B. BISCHOFF 


From the above it is seen that there is no unique way of matching 
the two models. This conclusion is strengthened when chemical reactions 
are considered because the comparisons for each reaction type and de¬ 
gree of conversion are different, and none of them is the same as the 
comparison obtained from matching tracer curves. An illustration of the 
different methods of comparison is given in Fig. 30. 

As a means of choosing between models it has been suggested that 
some of the higher moments of the C curve could be used. The skewed- 
ness, or third moment, of either the dispersion or tanks-in-series model is 
uniquely determined by the value of the dispersion coefficient or the num¬ 
ber of tanks. Thus, the parameter is determined from the second moment 
and then used to calculate the third moment. This is compared with the 
third moment computed from the experimental data; whichever model 
has the closest third moment would be chosen. Unfortunately, this method 
has two drawbacks that severely limit its usefulness. One is that experi¬ 
mental data is not good enough to give meaningful third moments. The 
other is that the third moments as calculated from the different models 
have almost the same values, as was shown by van Deemter (V2). 

As mentioned when discussing the three-dimensional finite-stage 
model, by a proper choice of the stage size, experimental dispersion data 
may be simulated as discussed previously for packed beds. Aris and 
Amundson (A14) originally showed that by taking the size of the indi¬ 
vidual stirred tanks equal to one particle diameter, the value D L /ud v 
= 0.5 can be reproduced. Inspection of Fig. 8 shows this to be a rough 
estimate of the value found from experiment. Deans and Lapidus (D12) 
found that for the same size of stirred tanks, the value D R /ud p = 1/8 
can be reproduced. Inspection of Fig. 11 shows that this also is a reason¬ 
able estimate of the experimental data. By using a finite-stage size other 
than exactly one particle diameter, other values of the dispersion groups 
may be generated. 

In conclusion then, it would seem that for small deviations from plug 
flow, both the dispersion and the tanks-in-series models will give satis¬ 
factory results. Up to the present, which one is used may be largely a 
matter of personal preference. 

IV. Combined Models 


A. Introduction 

When the gross flow pattern of fluid deviates greatly from plug flow 
because of channeling or recirculation of fluid, eddies in odd corners, etc., 
then the dispersion model or the tanks-in-series model can not satis¬ 
factorily characterize flow in the vessel. This type of flow can be found, 
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for example, in industrial stirred-tank reactors, shell-and-tube heat ex¬ 
changers, and in fluidized beds. In these situations it is probably most 
fruitful to view the real vessel to consist of interconnected flow regions 
with various modes of flow between and around these regions. Models 
such as these can be called combined or mixed models. 

The following kinds of regions are used in the construction of com¬ 
bined models: 

Plug flow regions , 

Backmix flow regions, 

Dispersed plug-flow regions, 

Deadwater regions. 

The last-mentioned region accounts for the portion of fluid in the 
vessel which is relatively slow moving and, for practical purposes, stag¬ 
nant. As we shall see, there are two ways to deal with deadwater regions: 
to assume their contents to be completely stagnant or to view a slow 
interchange of their contents with the fluid passing through the vessel. 
In the first approach the treatment is quite simple; the second approach 
more closely approximates real situations but requires quite involved 
analyses. 

In addition to these regimes, combined models may use the following 
kinds of flow: 

Bypass flow, where a portion of the fluid bypasses the vessel or a 
particular flow region, 

Recycle flow, where a portion of the fluid leaving the vessel or leaving 
a flow region is recirculated and returned to mix with fresh fluid, 

Cross flow , where interchange, but no net flow, of fluid occurs between 
different flow regions. 

With these as the components of combined models the problem then is 
to find the volumes of the various regions and the rate of each type of 
flow occurring such that the response curves of the model match as closely 
as possible the response curves for the real vessel. 

B. Definition of Deadwater Regions 
1. Completely Stagnant 

In attempting to represent flow in a real vessel by combined models 
containing completely stagnant fluid, we meet with difficulties. For ex¬ 
ample the existence of completely stagnant fluid cannot be reconciled 
with the assumption of steady flow through the vessel. Again, with this 
definition the mean age of the vessel contents would not be useful in 
matching models because even if a deadwater region consisted of only 
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one molecule, the calculated mean age of the vessel would still be infinite. 

The following definition of deadwater regions by Levenspiel (L12) 
overcomes these difficulties while still maintaining a concept of these 
regions which is useful in matching models with real situations. 

“In a vessel the deadwater regions are the relatively slow moving portions of the 
fluid which we chose to consider to be completely stagnant. Deadwater regions con¬ 
tribute to the vessel volume; however we ignore these regions in determining the 
various age distributions.” 

The cutoff point in residence time between what we chose to con¬ 
sider as active and as stagnant fluid depends on the accuracy of predic¬ 
tions of vessel performance. In most cases material which stays in a 
vessel twice the mean residence time can, with negligible error, be taken 
as stagnant. 

2. Slow Cross Flow 

Instead of considering fluid in deadwater regions to be completely 
stagnant, an alternate view considers that there is a slow interchange 
or cross flow between the fluid in these regions and the active fluid passing 
through the vessel. With this approach Adler and Hovorka (A2) treated 
the combined model shown in Fig. 20. This consists of j identical units 



in series, each of which contains a plug flow, a backmix and a deadwater 
region. The deadwater region is viewed to be in backmix flow and to be 
interchanging fluid slowly with the active backmix flow region. This 
model has four parameters; the cross flow rate, the number of units in 
series, and two parameters for the ratio of sizes of the three types of 
regions. The procedure developed for determining the model’s parame¬ 
ters is as follows: 

(1) From the experimental C curve find when tracer just appears 
(where the C curve just rises from zero) and also locate the maximum of 
this curve. 

(2) Specially prepared charts for different integral j then give sets 
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of parameter values, one for each j, consistent with the above C curve 
findings. 

(3) The tracer curves for these different j are then matched with 
the experimental C curve to select the curve of best fit with its corre¬ 
sponding set of parameters. 

This fitting procedure is designed to match closely the critical part 
(the early section) of the tracer curve, hence the predictions of this 
model should correspond to actual performance. This model is quite flexi¬ 
ble in that it is capable of fitting extremely skewed age distributions. 
Its disadvantage when compared with the simpler combined models em¬ 
ploying completely stagnant regions is that the third step of the matching 
procedure necessitates the use of computers. 

In a model for the structure of packed beds, Turner (T14, T15) and 
Aris (A9, A10) have also used stagnant pockets with crossflow by only 
molecular diffusion. 

C. Matching Combined Models to Experiment 

The following suggestions may be helpful in searching for and devis¬ 
ing flow models to fit given experimental response curves. This section 
has particular application to models which employ the simple stagnant- 
fluid definition of deadwater regions. The matching procedure for the 
particular model of Adler and Hovorka has already been outlined. 

I. Existence of Deadwater Regions. 

Select a reasonable cutoff point, say 6 = 2, then find the mean of the 
C curve up to that point. If no deadwater regions are present, then 

* measured tc * 

*>- VJv 

If deadwater regions are present, then 

e c < 1 

The fraction of vessel consisting of deadwater regions is given by the 
deviation of 6 C from unity. Hence with V d as the volume of deadwater 
region, and with v a /v as the fraction of active fluid as given by the area 
of the C curve up to the cutoff point, 

e c = y = or — - l - h - (129) 

t V/v v v 

Danckwerts (D9) discusses this type of method for finding the location 
of stagnant regions in systems. Alternatively the area under the I curve 
will give the dead volume. Figure 21 summarizes these results. 
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Fig. 21. Particular features of age distribution curves for combined models which 
include deadwater regions. Adapted from (L13). 


2. Existence of Bypass Flow 

In bypass flow we may look at the incoming fluid as splitting into two 
parallel streams, the fraction passing through the vessel being v h the 
fraction bypassing it instantaneously being v 2 . Figure 22 shows char¬ 
acteristics of typical response curves when bypass flow occurs. From the 
rapid initial drop in the I curve, the shift in mean value for the main 
portion of the E curve, or from the area of the main portion of the 
E curve the magnitude of such short-circuiting can be estimated. Prob¬ 
ably the role of bypass flow can be evaluated more easily from F or 
I curves than from the C or E curves. 
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Fig. 22. Particular features of age distribution curves for models which include 
bypassing of fluid (L13). 

3. Regions in Series 

For flow regions 1, 2, . . . connected in series the mean age of vessel 
contents is 

ti = ?i,i ~y + (te t i + h,2) + (Je,i + te,2 + ^ 1 , 3 ) y~ + * * ■ (130) 

while the mean age of fluid in the exit stream is 

h = h,i + fa, 2 + * • * (131) 

Here V h V 2 , . . . refer only to the active volumes, 

V refers to the total vessel volume including deadwater 

regions 

t h ? 2 , . . . refer to the separately measured mean time for the flow 
regions 1 , 2, . . . 
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4. Regions in Parallel 

For flow regions 1, 2, . . . connected in parallel the mean age of 
vessel contents is 

k — k,i ~ + ti,2 ~ + * * * ( 132 ) 

v v 

while the mean age of fluid in the exit stream is 

U = ' ! + 1 2 (133) 

V 


5. Number of Parameters in a Model 

The number of parameters used in a model is an indication of its 
flexibility in fitting a wide variety of situations, and in addition suggests, 
to some extent, the complexity of the accompanying mathematics. With 
more and more parameters, the models are able to fit a wider variety of 
conditions. However, we must balance this gain against the unwieldiness 
of the accompanying mathematics as well as the possibility that such a 
model may have very little correspondence with fact. The latter is a 
serious objection because an unrealistic many-parameter model may 
closely fit all present data “after the fact,” but may be quite unreliable 
for prediction in new untried situations. Hence, in fitting a real situation, 
we should aim for the simplest model which fits the facts and whose 
various regions are suggested by the real vessel. This way the parame¬ 
ters of the model have physical meaning and may be predicted by inde¬ 
pendent methods. This question is of especial concern in fitting models 
to fluidized beds. 

The tanks-in-series and dispersion models are one-parameter models. 
In general, the number of parameters in a combined model is 

/number of \ _ v /flow regions in\ ^ /flow paths in\ 

Xparameters/ ~ \excess of one / ~ \excess of one/ 


/zones of \ ^ /flow regions \ 

\cross flow/ \with dispersion/ 


/arbitrary restrictions on\ 
\flow and volume ratios / 


(134) 


Using the “completely stagnant” interpretation of deadwater regions, 
Fig. 23 illustrates some simple combined models and their tracer-response 
curves. In these models F&, V Pf and V d stand for the volume of backmix, 
plug flow, and deadwater regions. If V is the volume of vessel we then 
have 
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Fig. 23. Simple combined models and their corresponding age distribution func¬ 
tions (L13). (Continued on pp. 166 and 167.) 
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V = 2 F* + 2 + 2 (135) 

The volumetric flow rates of streams in parallel are designated by v 1; 
v 2 • • •. If v is the flow rate of fluid to the vessel, we then have 

v = Vi + t>*.+ • • • (136) 

Varying the relative sizes of the flow regions as well as the flow rate of 
parallel streams allows great flexibility in matching the response curves 
of these models to that for the real vessel. Model F of this Figure has 
also been extended to j such units in series by Brothman et al. (B22). 

The following brief discussion shows how combined models are being 
used to characterize flow in two broad classes of process equipment, 
stirred tanks and fluidized beds. Other types of mixed models have also 
been devised for various purposes; by Bartok et al. (B3), Cholette and 
Cloutier (C16), Handlos et al. (H3), Pansing (P3), and Singer et al. 
(S17). Eguchi (E2) presents and discusses some of the models used to 
date. 

D. Application to Real Stirred Tanks 

When the time required for an element of entering fluid to achieve 
homogeneity with the rest of the vessel contents is small with respect 
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to the mean residence time of fluid in the vessel, then the fluid in this 
vessel may be considered to be in backmix flow. 

Stead et al (S23) and Johnson and Edwards (J3) showed that homo¬ 
geneity can be achieved in as short a time as 0.1 sec., with sufficient agita¬ 
tion in a laboratory sized stirred tank. The relation between this time 
and the intensity of agitation was studied by MacDonald and Piret (Ml). 
Eldridge and Piret (E5) then used kinetic experiments to show that a 
series of up to five laboratory-sized stirred tanks with sufficient agita¬ 
tion acted as perfect backmix reactors. 

Aiba (A3), Fox and Gex (F8), Kramers, Baars and Knoll (K15), 
Metzner and Taylor (M10), Norwood and Metzner (N3), Van de Vusse 
(V5) and Wood et al (W12) have studied flow patterns and mixing 
times. In addition, Brothman et al (B22), Gutoff (G9), Sinclair (S16) 
and Weber (W3) analyzed flow in a stirred tank in terms of the recycle 
flow model of Fig. 23F. This model corresponds to the draft-tube reactor, 
and with sufficiently large recycle rate the performance prediction of this 
model approximates backmix flow. 

A study aimed at devising a model for the experimentally found 
deviations from backmix flow of fluids through vessels was made by 
Cholette and Cloutier (C16). Using various low agitation rates, these 
investigators explored the nonideal flow of fluid in a 30-in.-i.d. 30-in.-high 
stirred tank. Matching F curves, they found that their data were best 
described by a combination of a backmix and a deadwater region with a 
portion of the fluid shortcircuiting the vessel. The internal age-distribu¬ 
tion function for this model is 

(137) 

or 

ko = yv~' /u (138) 

and the exit age-distribution function is 

E = < 139) 

or 

E(0-?£«-*■ +J*(0 (140) 

V VQ V 

The first term of Eq. (140) represents flow through the active portion of 
the vessel with a mean residence time of t a = V b /v v The second term of 
Eq. (140) represents the fluid which is bypassing the vessel. This model 
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Fig. 24. Combined model of Cholette and Cloutier for real stirred tanks (C16, L13). 


and its tracer-response curves are shown in Fig. 24. In this study it was 
also found, as expected, that the experimental conditions influenced the 
parameters of the model. 

In a follow-up study Cloutier and Cholette (C19) examined in detail 
the influence of feed inlet location, impeller size, and impeller speed on 
the parameters of the model. Their results, shown in Fig. 25, indicate that: 

(1) If the agitator speed falls below some critical value then the ac¬ 
tive volume V b /V drops to and remains at some constant value. 

(2) At a given feed rate this critical agitator speed is a function of 



f(B*) -200 

AGITATOR SPEED, r.p.m. 

Fig. 25. Effect of intensity of agitation on the parameters of the model for real 
stirred tanks (C19). 
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impeller size, suggesting that the energy input into the fluid could deter¬ 
mine when the deadwater region reaches a maximum. 

(3) The minimum active volume depends on feed location but not on 
impeller size. This suggests that the maximum size of deadwater region 
depends on the geometry of the vessel. 

(4) Above the critical agitator speed, the active volume rises linearly 
to unity with r.p.m. This rate of rise is a function of impeller blade size 
(hence energy input) but is independent of feed location (or vessel 
geometry). 

(5) Although a smooth line can be drawn through the values of Vi/v, 
it is difficult to correlate this factor with the experimental conditions. 
Results indicate that while the onset of bypassing and deadwater may be 
concurrent they need not be so. 

E. Application to Fluidized Beds 

Numerous investigators have studied mixing of fluids in fluidized beds. 
Danckwerts et al. (DIO), Gilliland and Mason (G4, G5), Gilliland et al. 
(G6), and Huntley et al. (H16) have given data on the distribution of 
residence times. Others have used the dispersion model to characterize 
flow in fluidized beds: Askins et al. (A17), Brotz (B23), Cairns and 
Prausnitz (C3), Gilliland and Mason (G4), Handlos et al. (H3), 
Hanratty et al. (H4), Muchi et al. (M13), Reman (R2), Trawinski 
(T13), Wicke and Trawinski (W9), Wakao et al. (Wl), and Yagi and 
Miyauchi (Yl). The inability of this approach to yield broad predictive 
correlations, particularly with solid-catalyzed gas-phase reactions, seems 
to show that this one-parameter model can not satisfactorily explain 
fluidized-bed behavior. A different approach was needed, the basis for 
which was found in the observation that gas-solid fluidized beds seemed 
to consist of dense regions through which pass bubbles of gas. 

A number of models all having a dense or emulsion phase and a lean 
or bubble phase have been proposed. These are all special cases of the 



Fig. 26. General two-region model of a fluidized bed. Fluid is in dispersed plug 
flow in both regions. The six parameters of this model are m, x } Vi, Vi, Di, and P 2 
(L13). 
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general two-region, six-parameter model shown in Fig. 26. This general 
model has not yet been used, for two reasons: the difficulty in interpret¬ 
ing experimental data so as to evaluate the model parameters, and the 
fact that probably fewer parameters could equally well represent reality. 
Many different sets of restrictions have been proposed to reduce the gen¬ 
eral model to more tractable form with fewer parameters. The restrictions 
used are of the following kind: 

(1) Fix the dispersion coefficients of the dispersed plug flow model, 
D l = D x or D 2 , at infinity or zero to obtain backmix or plug flow 
in the individual regions. 

(2) Assume that no solids are present in the lean phase. 

(3) Assume that there is no net gas flow upward through the dense 
phase. 

(4) Assume that the volume of dense phase, the fraction solids in it, 
and the gas flow through it remain the same at all gas velocities, 
in which case, the lean phase alone expands and contracts to ac¬ 
count for the variation in total volume of fluidized bed with 
change in gas flow rate. The dense-phase characteristics are given 
by the conditions at incipient fluidization. 

Table IV shows the restrictions which must be placed on this general 
model to obtain each of the special cases studied. Also shown are the 
number of parameters for each of the models. What is now needed is an 
evaluation of these models: to find those models which fit the fluidized 
bed in its wide range of behavior, and then to select from these the 
simplest model of good fit. Practically every one of these models is flexi¬ 
ble enough to correlate the data of any single investigation; consequently 
a proper evaluation would require testing every model under the ex¬ 
tremely wide variety of operating conditions of different investigators. 

Other aspects of the behavior of fluidized beds can be found in books 
by Leva (L9) and Zenz and Othmer (Zl), and in the literature from 
which these books have drawn. 


V. Applications of Nonideal Patterns of Flow to Chemical Reactions 

Conversion in a reactor with nonideal flow can be determined either 
directly from tracer information or by use of flow models. Let us con¬ 
sider each of these two approaches, both for reactions with rate linear in 
concentration (the most important example of this case being the first- 
order reaction) and then for other types of reactions where information 
in addition to age distributions is needed. 



TABLE IV 

Models for Fluidized Beds ' 5 



Restrictions on general model 

Model parameters for 


Model 

Dense phase 

Lean phase 

Homogeneous 

reactions 

Heterogeneous 

reactions 

Reference 

Ml 

Di — 0 (plug flow) 

Vi, Vi fixed 6 

A — 0 (plug flow) 
no solids, m = 0 

X 

X 

Shen and 

Johnstone (S12) 
Gomezplata 
and Shuster (G7) 

M2 

A — « (backmix) 
vij Vi fixed 6 

A = 0 (plug flow) 
no solids, m = 0 

X 

X 

Shen and 

Johnstone (SI2) 

M3 

A = 0 (plug flow) 
vi, Vi fixed 6 

A ~ 0 (plug flow) 

m, x 

m, x 

Mathis and 

Watson (M7) 

M4 

A = 0 (plug flow) 

*>i=0 

A ~ 0 (plug flow) 

Vij m , x 

m, x 

Lewis et al. (Ll7) 

M5 

A — a (backmix) 
v\ = 0 

A = 0 (plug flow) 

Vi 9 m , x 

m, x 

Lewis et al. (Ll7) 

M6 


A = 0 (plug flow) 
no solids, m = 0 

Vi, !>i, x, A 

*>i, x, A 

May (M8) 

M7 

no solids, m =» 0 
no cross flow, x — 0 

Vi, v\ 7 A, A 

t>i, A, A 

van Deemter (VI) 

M8 

D x — 0 (plug flow) 

A — 0 (plug flow) 

Vi, *>i, m, x 

V^ m, x 

Lanneau (L2) 


x — cross-flow rate. 

m ~ fraction of all solids present in lean phase. 

* From Levenspiel, O., ‘‘Chemical Reaction Engineering,” John Wiley, New York, 1962. 
h As given by conditions of incipient fluidization. 

Note: V — V v -f V 2 and v — + *>2 are known and are not parameters of the models. 
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A. Direct Use of Age Distribution Information 


1. General 

The distribution of residence times gives information on how long 
various elements of fluid spend in the reactor, but not on the detailed 
exchange of matter within and between the elements. For a reaction with 
rate linear in concentration, the extent of reaction can be predicted solely 
from knowledge of the length of time each molecule has spent in the 
reactor. The exact nature of the surrounding molecules is of no im¬ 
portance. Thus the distribution of residence times yields sufficient infor¬ 
mation for the prediction of the average concentration in the reactor 
effluent. 

For all other types of nonlinear reactions, however, the extent of the 
reaction depends not only on the length of time spent in the reactor but 
also on what other molecules were “seen” during the passage through 
the reactor. In this case then, the distribution of residence times is not 
sufficient, and detailed information on the degree of mixing would be 
required to predict the average concentration in the reactor effluent. 

If it is assumed that each element of fluid passes through the reactor 
with no intermixing with adjacent elements (termed segregated flow), the 
distribution of residence times can be used to determine the conversion. 
Thus 


( mean concentration^ 
of reactant leaving 
the reactor 
unreacted 


/ concentration 
/ of reactant 
I remaining in 
an 1 an element of 

elements \ a g e between 
of exit \ 

stream and t dt 


or 



c 


— Jq U e lementE(0 dt 


fraction of \ 
exit stream \ 
which consists I 
of elements of I 
age between J 
t and t + dt / 


(141) 


Equation (141) predicts the conversion for what can be termed a “macro¬ 
fluid” in which aggregates of molecules move about in “insulated” 
packets. (In plug flow, this model will always apply.) The other extreme, 
which can be called a “microfluid,” is a fluid in which mixing occurs on 
the molecular scale. A real fluid lies somewhere between these two ex¬ 
tremes, and in normal cases, much closer to the microfluid extreme. The 
effects of this mixing on reactions has been studied by Danckwerts (D7, 
D8), Greenhalgh et al. (G8), Metzner and Pigford (M9), Gilliland and 
Mason (G5), Gilliland et al. (G6), Sherwood (S13), and Zwietering (Z2). 
Further papers in this field were included in two Symposia on “Chemical 
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Reaction Engineering/' published in Chem. Eng. Sci. 8, (1958) and 14, 
(1961). We will discuss these effects for each type of reaction. 

2. Linear Rate Equations 

As was discussed previously, the exact state of mixing has no effect 
for reactions with rate linear in concentration. For such reactions Eq. 
(141) may always be used to predict the conversions. Thus, we have 

— r e = - dC 2 mem = MCdemeM ~ h) (142) 

From a physical standpoint, C can never be negative; thus, we must 
restrict k 2 > 0 for the following treatment. This restriction eliminates 
zero-order reactions, whose conversions do depend on the state of mixing. 

With Ceiemem = Co at t = 0, integration gives 

Celement = (C„ - h)e~ k " + k 2 (143) 

Substituting into Eq. (141) yields 

C = [(Co - ki)e~ kl> + h]E(t) dt (144) 

We consider now the special forms of Eq. (144) for a first-order reac¬ 
tion (i.e., fc 2 = 0) occurring in various types of flow. In plug flow 

E («) = 5 (t - l) (145) 

Hence, as expected from the usual methods of kinetics, 

e- M 6 (t — t) dt = e~ k ' r (146) 

For backmix flow, in a single backmix reactor, 



hence, 


— = dt = —-—- 

Co Jo i 1 + kj, 


(147) 

(148) 


Again this is the expected result from the methods of kinetics. 

For a series of equal-sized backmix reactors the exit age distribution 
function is 


E(0 = 


_ 1 _/ ty~ l e^fl 

(i"l)!W U 


(149) 


hence Eq. (141) becomes 
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C 

Co 




i 


< l\i -1 e 1 

u- iv. w ~T~ dt = (i + w 


(150) 


For a series of unequal-sized backmix reactors with mean residence 
times ti f t 2f . . . , ti, . . . , h we have 


e(o = i 

i — 1 




hence Eq. (141) becomes 

C = _1_ 

Co (1 + kiti)(l + fcife) • * • (1 + kitj) 


(151) 


(152) 


For flow with arbitrary exit age distribution E(t) Eq. (144) must 
be solved directly. A convenient graphical method for doing this has been 
devised by Schoenemann (S9) who then discusses the application of this 
method to some industrial reactors. The direct use of Eq. (144) is also 
illustrated by Levenspiel (L13), Sherwood (S13) and Petersen’s (P5) 
treatment of catalyst-activity levels in regenerator-reactor systems. 


3. Nonlinear Rate Equations 

For reactions with rates that are linear in concentration, conversions 
cannot be calculated from tracer information alone, since a given tracer 
curve can represent a range of flow patterns with earlier or later mixing 


RATE 

OF 

REACTION 


EARLY MIXING GIVES 



Fig. 27. Characteristic curvature of the rate-concentration curves for reactions 
which favor either early or late mixing of fluid. 


of fluid. Thus a specific tracer response curve can be consistent with a 
range of possible conversions. As shown in Fig. 27 the curvature of the 
rate-concentration curve will tell whether early or late mixing will favor 
high conversions. 
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a. Conversion for Late Mixing. Since Eq. (141) assumes the latest 
possible mixing, thus no intermixing of fluid elements, and this in turn 
implies that the concentration of reactants remain as high as possible, it 
yields the upper bound to conversion for reactions with order greater 
than unity, but yields the lower bound for reaction orders smaller than 
unity. 

b. Conversion for Early Mixing. Zwietering (Z2) has given a treat¬ 
ment that shows how to calculate the conversion for the earliest possible 
mixing consistent with a given age distribution. It is based on a quantity, 
«/, called the degree of segregation, introduced by Danckwerts (D8): 


j _ variance of ages between points 

variance of ages of all molecules in system 

1 /V f r (a,- &YdV 

f (a — a) 2 I(a) da 

where, 

a — age of a molecule in the system 
a = mean age of molecules 

= Jq al (a) da 

a p = mean age within a point P 

= f~ a'Ip(a') da’ 

Ip(a') = age distribution within a point P 


(153) 


(154) 

(155) 


and the volume integral represents the sum over all points. The term 
“point” is taken to mean a region small compared to the scale of segrega¬ 
tion but large enough to contain many molecules (D8). 

Danckwerts (D8) discussed the case of a perfect mixer. For the 
completely segregated case, all molecules within a point have the same 
age, a, and so 

I P (a') ~ 8(a' — a) 

and 

a p = J 0 oi'8(a f — a) da! = a (156) 

Also, the distribution of points can be found from the 1(a) curve, and so, 


1 /V f v (a - a)* dV C (g - 5) 2 I(«) da 

(a — a) 2 I(a) da f (a — a) 2 I(a!) da 


= 1 (157) 



PATTERNS OF FLOW IN CHEMICAL PROCESS VESSELS 


177 


For mixing uniform on a molecular scale, the distribution of ages within 
any point is the same as that in the entire system, and so 



i P («') = K«0 

(158) 

and, 

a p = J 0 a'\{a') da' = 5 

(159) 

Thus, 

l/v f (a - a) dV 



J - --o 

(160) 


J 0 (a — a) 2 I(a) da 



In summary, for a backmix reactor, J is unity for perfect segregation 
and zero for perfect molecular mixing. 

Zwietering (Z2) generalized this treatment to an arbitrary age dis¬ 
tribution. The argument for perfect segregation is still valid for this 
case, and so the upper limit of J is again unity. The lower limit is not 
zero, however, because there must be a difference in ages at various 
points in the system. The state of “maximum mixedness,” or earliest 
possible mixing, is arrived at by a rather lengthy argument involving 
the definition of the life expectation in the vessel, A, of a molecule, 


residence time\ , 
of a molecule ) = (age 


of a molecule) + (life expectation of a molecule) 
t = a + X (161) 


Life-expectation distribution functions are derived, and the final result 
for earliest mixing, assuming no radial variations, is, 


^ ( (a, - a) 2 dV = JT JT I(s) ds - a J I(X F ) d\ p (162) 

Thus knowledge of the l{t) curve will permit calculation of the lower 
bound of J. Unfortunately there is yet no way to determine the variance 
between points for the general case, and so all that we can do is calculate 
the two extremes. 

For a chemical reactor operating with earliest possible mixing, 
Zwietering gives an equation for the calculation of conversion, 

f -+ itr ~ c.) (ms) 

The reactor outlet conversion is found from C(0). The conversion for 
segregated flow is, of course, found from Eq. (141), discussed previously. 
With these equations, the limits between which the conversion must lie 
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for any real reactor can be predicted. More work is needed, however, 
before any closer predictions within the two extremes may be made. 

B. Stirred Tank Reactors 
1. Ideal Stirred Tanks 

For one perfect stirred tank, the formulation used in Section III,B 
is used, modified by adding a term for the chemical reaction, 

O - C,I> + V ^ - Fr.(C,) (164) 

The steady state solutions of these equations are well known and 
will not be considered here. Extensions to steady state flow in a chain 
of stirred tanks also have been extensively treated in the literature: 
Denbigh (D16, D17), Devyatov and Bogatchev (D18), Eldridge and 
Piret (E5), Fan (F3), Jenney (J2), Kirillov (K6, K7), Kirillov and 
Smirnova (K8), Leclerc (L6), Lessells (L8), MacMullin and Weber 
(M2, M3), Stead et al. (S23), and Weber (W3). 

Numerous short cut procedures for solving graphically the design 
equations for nth order reactions are available in the literature; for 
example see Fan (F3), Hofmann (H10), Jenney (J2), Lessells (L8), 
Levenspiel (L13) and MacMullin and Weber (M2, M3). For more 
complex reaction types, Eldridge and Piret (E5) have given a catalog 
of solutions. Bilous and Piret (B8), Jones (J4), Jungers et al. (J5), 
Levenspiel (L13), and Trambouze and Piret (T12) have discussed gen¬ 
eral design methods. 

The solutions of the nonsteady-state expression, Eq. (164), both for 
single tanks and chains of tanks have been made by Acton and Lapidus 
(Al), Mason and Piret (M5, M6), and Standart (S22). Aris and 
Amundson (A15, A16), Bilous and Amundson (B7), Bilous et al. (B9), 
and Gilles and Hofmann (G3) have studied the stability, control, and 
response of a stirred tank reactor. 

Nagata, et al. (Nl, N2), Kawamura et al. (K4), and Yagi and 
Miyauchi (Y2) have studied the characteristics of various impeller 
agitated multistaged vessels. Such vessels were assumed to be a succession 
of plug-flow and backmix units, whose relative sizes were a function of 
the impeller speed. The parameter of the model, the fraction of total 
volume in a plug-flow, could also be related to a dispersion coefficient. 
Verification of the model was then obtained with kinetic experiments. 

Aris (A13), Cholette and Blanchet (C15), Cholette et al. (C17), and 
Trambouze and Piret (T12) have discussed using combinations of 
backmix and plug-flow reactors. 
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2. Nonideal Stirred Tanks 


The conversion in a real, hence, nonideal, stirred tank reactor can 
be calculated for the model proposed by Cholette and Cloutier (see 
Section IV,D). The exit stream consists of reacted fluid from the active 
backmix region combined with unreacted bypassing fluid. By material 
balance, then, 


( 


total exit\ __ /fluid from the 
stream / \ backmix region 


( unreacted \ 
by-passing ) 
fluid / 


or 


(v\ + V2)C = V\CbM + ^Co 


yi Cbm , Vj 

Co v Co » 


(163) 


where Cbm/Cq is found from the design equation for backmix flow, or, 


t _ Vb _ Co — Cbm 
a ~ " (-r.) 


For first order reactions, — r c = k±CsM ; thus, combining, 


(164) 


C_ _ vi 1 Vi 
C 0 v 1 + kite ~ v 


while for second order reactions, 


C V\ — 1 ^ 1 d~ 4fciCofq , Vi 
Co v 2fciCoL v 


(165) 


(166) 


C. Tubular and Packed Bed Reactors 

Both the dispersion and tanks in series models can be used to represent 
the non-ideal flow behavior of fluids in packed bed and tubular reactors. 
As mentioned in the previous sections dealing with these models, they 
are both good for the slight deviations from plug flow encountered in 
the above systems. 

General discussions of several aspects concerning the treatment of 
chemical reactions with diffusion are given by Damkohler (D2), Horn 
and Kiichler (H12), Prager (P7), Schoenemann and Hofmann (S10), 
and Trambouze (Til). Corrsin (C21) has discussed the effects of tur¬ 
bulence on chemical reactions from the fundamental point of view of 
turbulence theory. We will first discuss the application of each type of 
model to chemical reactors. Then a short comparison will be made 
between the different approaches. 
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1. Dispersion Model 

a. Axial-Dispersed Plug-Flow Model. The mathematical description 
of the process is provided by Eq. (1-5) of Table I. For steady flow the 
equation reduces to 

dC p. d 2 C . 

u Jx = DL dX> + r ' (167) 

For a reaction of order n, Eq. (167) becomes, 


dC n 3 2 C , „„ 

u ^x = DL Ix^- klC 


(168) 


The proper boundary conditions to use with Eq. (167) have been ex¬ 
tensively discussed. Wehner and Wilhelm (W4) gave a general treatment 
and used the conditions already discussed in Section II,C,2,b, Eq. (26). 
This involved using three sections with different dispersion characteristics 
in each: the fore section, X < 0, the reaction section, 0<X < L, and the 
after section, X >L. Similar boundary conditions for the special case of 
no dispersion in the fore and after sections have been discussed by 
Damkohler (Dl), Hulburt (H14), Danckwerts (D4), Pearson (P4), and 
Yagi and Miyauchi (Yl). For this case, 


Co - C(0+) - — p^p (169) 

and 

PIP = 0 (170) 

where C 0 = concentration of unreacted feed. Wehner and Wilhelm solved 
Eq. (168) with the general boundary conditions for a first-order reaction, 
n — 1, and obtained the following result for X = L, 


c 

4a exp 

'1 uL~ 
.2 D l _ 


(1 + a) 2 exp 

313 

<31<N 
l_1 

— 

(1 — a) 2 exp 

a uL~ 
_~2 D l . 


where 

°=V 1+ 

Equation (171) turned out to be the same result that had been obtained 
using the simpler boundary conditions assuming no diffusion in the fore 
and after sections. In other words, the solution of Eq. (168) with the 
general boundary conditions gives the same result as with the simpler 
boundary conditions. Wehner and Wilhelm used their analytical solutions 
for a first order reaction to show that this indeed was true; Eqs. (169) 
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and (170) are valid even with diffusion in the fore and after sections. 
Bischoff (B12) later showed that this is so for any order of reaction. 
Forster and Geib (F6) derived Eq. (171) by using what we now call the 
distribution of residence times for a finite vessel with axial dispersion. 

Figure 28 is a graphical representation of Eq. (171). The ratio of 
reactor volume actually needed with dispersion to the plug-flow value is 



Fig. 28. Comparison of performance of reactors for the plug flow and dispersed 
plug flow models. Reaction is of first order, a A -> products, and constant density, 
occurring in a closed vessel (L14, L15). 


plotted against the fraction of reactant remaining at the outlet with the 
dispersion group, D h /uL , as a parameter. It is seen that for large values 
of the group D l /uL and for high conversions (low fraction of reactant 
remaining), a significantly larger reactor would be needed than predicted 
using the plug flow analysis. However, the dispersion model might not 
be valid for large D l /uL , and so in practice, only the lower section of 
the chart could be relied upon. For small D l /uL> Eq, (171) gives ap¬ 
proximately, for equal conversions in the two reactors, 


and for equal sizes, 



(172a) 

(172b) 



















182 


OCTAVE LEVENSPIEL AND KENNETH B. BISCHOFF 


Carberry (C7) and Epstein (E6) discussed the magnitudes of the correc¬ 
tions necessary for dispersion in packed beds. It was found that for many 
practical cases of interest, the axial mixing effect was very small. 

Levenspiel and Bischoff (L14, L15) later extended the above treat¬ 
ment to second order reactions, and presented a chart similar to Fig. 
28. Fan and Bailie (F4) presented results for reactions of order 
n — 1/4, 1/2, 2, 3. They gave the complete set of concentration profiles 
throughout the reactor section. 

All of the preceding work was for simple, or one step, reactions. The 
more interesting case of multiple reactions has been studied by de Maria 
et al. (D15) and by Tichacek (T7). de Maria et al. considered the 
catalytic oxidation of naphthalene. 4 They found that the consideration 
of the dispersion effects enabled them to obtain a better design. Tichacek 
considered the selectivity for several different types of reactions. Natu¬ 
rally, the results were rather complicated, and the statement of general 
conclusions is rather difficult. For small values of the reactor dispersion 
group, D l /uL 0.05, it was found that the fractional decrease in the 
maximum amount of intermediate formed is closely approximated by the 
value of D l /uL itself. For other ranges of the parameters, we refer to 
the original work (T7). 

Coste et al. (C22) considered simultaneous mass and heat dispersion 
in a tubular reactor. As discussed previously (Section III,b) they found 
that the numerical computations caused some trouble, although Carberry 
(C8) used a finite difference scheme that seemed to avoid the difficulties. 
Hovorka and Kendall (H13) discussed reactions in a baffled vessel. 

One final point that should be mentioned is that for nonlinear reaction 
rates, where the distribution of residence times is not sufficient informa¬ 
tion to predict conversions, the validity of the preceding theoretical cal¬ 
culations is questionable. However, in view of the fact that the dispersion 
model should only be relied upon for slight deviations from plug flow 
(small Dl/uL ), this problem might not arise since the nonlinear effects in 
this range would not be too important. However, not enough experimental 
work has been done as of yet to determine whether or not the above 
predicted results can actually be measured in a real reactor. These ex¬ 
periments should be performed so that the necessity (or neglect) of 
taking dispersion effects into account in reactor design can be determined. 

b. Dispersed Plug-Flow Model. For this model, Eq. (1-4) of Table I 
is used. For steady flow, the equation reduces to, 


dC n d 2 C ,Dr_S_ p dC 
U dX L dX 2 + R dR K dR 


+ r c 


(173) 


4 Their work was actually for a fluidized bed, but since they used the dispersion 
model, it is discussed here. 



PATTERNS OF FLOW IN CHEMICAL PROCESS VESSELS 


183 


The solution of Eq. (173) poses a rather formidable task in general. Thus 
the dispersed plug-flow model has not been as extensively studied as the 
axial-dispersed plug-flow model. Actually, if there are no initial radial 
gradients in C, the radial terms will be identically zero, and Eq. (173) 
will reduce to the simpler Eq. (167). Thus for a simple isothermal 
reactor, the dispersed plug flow model is not useful. Its greatest use is for 
either nonisothermal reactions with radial temperature gradients or tube 
wall catalysed reactions. Of course, if the reactants were not introduced 
uniformly across a plane the model could be used, but this would not be 
a common practice. Paneth and Herzfeld (P2) have used this model 
for a first order wall catalysed reaction. The boundary conditions used 
were the same as those discussed for tracer measurements for radial 
dispersion coefficients in Section II,C,3,b, except that at the wall, 

-D R = hC(Ro) 

The solution is 



c 

Co 

- y 2Jl (6 " } /„ (b R ) ,-y* 

fa l b„W(b n ) + JSibn)] 0 V B Ro) ' 

(174a) 

where 


7 " = -2 k + V(ds) + (1) 

(174b) 



KJtVbn) - 7^-° Jo(K) 

(174c) 


The principal use of Eq. (173) is in conjunction with a similar heat 
dispersion equation. Unfortunately, a system of coupled nonlinear partial 
differential equations then has to be solved, which is very difficult even 
with the aid of computers. In the oxidation of sulfur dioxide, Hall and 
Smith (HI) found relatively good agreement between theory and experi¬ 
ment near the center of the reactor. Their calculations were based on the 
heat-dispersion equation, and they did not take detailed mass dispersion 
into account. Baron (B2) later solved the mass and heat dispersion equa¬ 
tions simultaneously by a novel graphical method, and found better 
agreement between his calculations and the data of Hall and Smith. 

Kjaer (K9) gives a very comprehensive study of concentration and 
temperature profiles in fixed-bed catalytic reactors. Both theoretical and 
experimental work is reported for a phthallic anhydride reactor and 
various types of ammonia converters. Fair agreement was obtained, but 
due to the lack of sufficiently accurate thermodynamic and kinetic data, 
definite conclusions as to the suitability of the dispersed plug flow model 
could not be reached. However, the results seemed to indicate that the 
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model did provide a basis for the successful prediction of reactor per¬ 
formance. 

Amundson (A5) discussed the analytical solution of the heat disper¬ 
sion equations for a packed bed chemical reactor. The form of the 
differential equations is, of course, similar to the mass dispersion equa¬ 
tions for certain cases. A wealth of analytical methods and results are 
presented for various types of boundary conditions. 

c. General Dispersion Model. The general dispersion model has been 
used only for fully developed laminar flow in empty tubes: Chambre 
(C12, C13), Cleland and Wilhelm (C18), Damkohler (D2), Krongelb 
and Strandberg (K16), Lauwerier (L5), Schechter and Wissler (S4), 
Walker (W2), and Wissler and Schechter (Wll). Most of the work has 
been concerned with the computations involved in solving Eq. (1-2) of 
Table I with u(R) = 2 u{R 0 2 — R 2 ). A solution has usually been obtained 
by using the separation-of-variables technique to reduce the partial 
differential equation to a Sturm-Liouville problem. The Sturm-Liouville 
eigenfunctions were then computed by a series expansion or other numeri¬ 
cal method. In order to use this method, the equation must be linear, 
and so first-order reactions were considered. Schechter and Wissler (S4) 
considered a more complicated case of a first-order photochemical reac¬ 
tion with a position-variable photon intensity. 

Cleland and Wilhelm (C18) used a finite-difference technique which 
could be used for nonlinear reactions, but they limited their study to a 
first-order reaction. Experiments were also performed to test the results 
of the theory. In a small reaction tube, the two checked quite well. In a 
large tube there were differences which were explained by consideration 
of natural convection effects which were due to the fact that completely 
isothermal conditions were not maintained. This seems to be the only 
experimental data in the literature to date, and shows another area in 
which more work is needed. The preceding discussion considered only 
isothermal conditions except for Chambre (C12) who presented a general 
method for nonisothermal reactors. 

2. Tanks-in-Series Model 

As discussed in Section III, for small deviations from plug flow such 
as those occurring in tubular and packed-bed reactors, a model consisting 
of a series of tanks can be used to represent the fluid mixing. The con¬ 
version predicted by the model can be found from the equations discussed 
in the section on conversion in ideal stirred tanks. Figure 29 shows the 
ratio of reactor volume needed with j stirred tanks to the volume needed 
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with plug flow versus the fraction of reactant remaining at the vessel 
outlet for a first order reaction. It is seen that the graph is quite similar 
to the one for the dispersion model, Fig. 28. 

The discussion in Section III,C showed that there was no unique way 
to compare the stirred tank and dispersion models based on the tracer 
curves. Each different basis of comparison gave different results. The two 
models have been compared for chemical reactions by van Krevelen 
(V6), Trambouze (T10), and Levenspiel (L13a). Levenspiel used Figs. 
28 and 29 to determine the correspondence of the models. His results are 
shown in Fig. 30. The various criteria give results that differ increasingly 
with rise in reaction order, conversion, and degree of mixing. 



Fig. 29. Comparison of performance of reactors for the plug flow and tanks in 
series models. Reaction is of first order, aA -» products, and constant density, occur¬ 
ring in a closed vessel (L13). 

Thus it seems that the type of comparison that should be made 
depends on the purpose of the model. For design of mixing vessels the 
tracer curves should be matched, and for reactor design conversions 
should be matched. Unfortunately, this means that a general approach 
is not possible for all cases. However, the various criteria of correspond¬ 
ence approach each other with approach to plug flow {j -*°» or 
D l /uL^> 0), and so for many practical cases of interest a comparison 
is possible. Thus, for small deviations from plug flow, either the disper¬ 
sion model or stirred tanks model may be satisfactorily used depending 
on one’s personal preference. 

Deans and Lapidus (D12) have also extended their finite-stage model 









186 


OCTAVE LEVENSPIEL AND KENNETH B. BISCHOFF 


to chemical reactions. As was discussed in Section III,B,2, the reason for 
devising this model was to avoid, if possible, the mathematical com¬ 
plexity of solving the coupled partial differential equations. However, 
since Schechter and Wissler (S5) showed (see Section III,B,2) that the 
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q/uL 

Fig. 30. Ways of comparing the dispersed plug flow and tanks in series models (L13a). 

finite stage equations were one of a family of difference-equation rep¬ 
resentations of the partial differential equations, there may not be any 
actual computational advantages. Again, all that can be said is that more 
work is required in this area. 

D. Fluidized Bed Reactors 

If the dispersion model is chosen to represent fluidized-bed behavior, 
then the expressions found for packed-bed reactors and tubular reactors 
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are applicable. These have been presented by Blickle and Kaldi (B18), 
de Maria et al. (D15), Gilliland and Mason (G5), and Wicke (W8). On 
the other hand, if the two-region flow models of Table IV are used, the 
conversion must be determined for the specific model being used. Each 
of the references given in Section IV,E should be consulted for details. 
Different types of expressions will be obtained for homogeneous and 
solid-catalyzed reactions, since in the catalytic case reaction does not 
occur where solid is absent. Thus, for homogeneous systems, the volume- 
ratio of phases is a parameter of the model, but in catalytic systems it 
is not. This fact is shown in the number of parameters tabulated for 
each of the models listed in Table IV and is further discussed in (L13). 

Due to lack of applications, conversion expressions for these two- 
region models have not been developed for homogeneous systems. For 
heterogeneous systems, which are outside the scope of this article, the 
appropriate expressions can be found in the works of the individual 
investigators. 


VI. Other Applications 

A. Intermixing of Fluids Flowing Successively in Pipelines 

A pipeline may be used to transport a variety of fluids, and in switch¬ 
ing from one fluid to another a region of intermixing (or zone of con¬ 
tamination) forms between the leading and following fluid. For proper 
design and operation of a pipeline so as to minimize contamination, it is 
necessary to be able to predict the extent of such intermixing. This was 
done by Levenspiel (Lll) using the dispersed plug-flow model. For the 
general findings and design charts see (Lll). 

B. Brief Summary of Applications to Multiphase Flow 
and Other Heterogeneous Processes 

For two phase systems, deviations of flow patterns from ideality can 
be more serious than for single phase systems, and thus errors in design 
can be much greater. Recently, much work has been done in this area, 
but the treatment is necessarily more cumbersome and difficult. It is not 
within the scope of this article to deal with these cases. The following 
references are presented simply to indicate the type of work being done 
during the last few years. 
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Nomenclature 


a =P/P a 

at Roots of Ji(cu) =0 
b =P/P 6 

C Dimensionless response 
curve to a pulse input, 
defined in Section I 
C Concentration 
Co Initial concentration of 
tracer or reactant enter¬ 
ing the vessel or reactor 
C° Average concentration 
of tracer in system 
Cave Integral average tracer 
concentration in vessel 
during steady state in¬ 
jection (dispersion 
model) 

C'ave Mean concentration of 
pulse of tracer if uni¬ 
formly distributed in 
experimental section of 
vessel of length L 
c — C/C°. Dimensionless 
concentration 
= C/C ave. Dimension¬ 
less concentration 
c' — C/C'ave Dimension¬ 
less concentration 
d t Effective diameter, de¬ 
fined by Eq. (50) 
d p Particle diameter 
dt Tube diameter 
D Dispersion coefficient 
Dl Axial dispersion coeffi¬ 
cient, dispersed plug 
flow model 

D’l Axial dispersion coeffi¬ 
cient, axial-dispersed 
plug, flow model shown 
equal to Dl in Eq. (72) 
Dl m Mean value of Dl(R) 
Dl»i ' Axial dispersion coeffi¬ 
cient, uniform disper¬ 
sion model 

Dl(t) = D l (R) Axial disper¬ 
sion coefficient, general 
dispersion model in cy¬ 
lindrical coordinates 


D r 

Radial dispersion coef¬ 
ficient, dispersed plug 
flow model 

Dam 

Mean value of D r (R ) 

D’ Rm 

Radial dispersion coef¬ 
ficient, uniform disper¬ 
sion model 

Dn(r) 

= D r (R) Radial dis¬ 
persion coefficient, gen¬ 
eral dispersion model in 
cylindrical coordinates 

3D 

Molecular diffusivity 

E 

Exit age distribution 
function, defined in Sec¬ 
tion I 

E 

Radius of injector tube 

e 

= E/Ro . Dimensionless 
radius of injector tube 

T 

Dimensionless response 
to step input, defined in 
Section I 

MR) 

== [u(R) — u]/u. Meas¬ 
ure of variation of 
u{R) from its mean 
value 

MR) 

~D R (R)/D Rm . Meas¬ 
ure of variation of 
D r {R) from its mean 
value 

MR) 

= DL(R)/D L m. Meas¬ 
ure of variation of 
Dl(R) from its mean 
value 

h 

= |(P —Poo)/P| 

fs 

= 1 (c — Coo/c) | 

h 

Defined by Eq. (73) 

I 

Internal age distribu¬ 
tion function, defined in 
Section I 

I 

Injection rate of tracer 

7 

Number of ideal stirred 
tanks in series 

Jo t Ji 

Bessel functions 

k 

Moment order, see Eq. 
(65) 

h, k 2 

Reaction rate constants 

L 

— X m — Xo. Distance 
between measurement 
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points, or length of ex¬ 
perimental section 

e 

M k 

fcth moment of tracer 

u 


distribution averaged 
over the cross section of 

u 


tube, defined by Equa¬ 
tion (65) 

u(R) 

Ni 

Defined by Equations 
(56) and (57) 

Uo 

0 

The order symbol 


V 

Laplace transform vari¬ 

17(0 


able 

V 

p 

= uL/Dl. Dimension¬ 

V 


less parameter 

V b 

Pl 

= uRo/Dl. Dimension¬ 



less parameter 

V a 

Pl' 

= uRo/Dl'. Dimension¬ 



less parameter 

v P 

Pirn, 

= uRo/DLm. Dimen¬ 



sionless parameter 

X 

Pr 

=r uRo/Dr. Dimension¬ 
less parameter 


P Rm 

r= uRo/Dnm . Dimen¬ 

sionless parameter 

X 

q 

= V(l/4)+ (?/*) 

X 

Q 

=V(l/4) + WJKFT) 

5(0 

R 

Radial position 

Rq 

= dt/2. Tube radius 


r 

= R/Ro. Dimensionless 
radial position 

€ 

Xi 

fll 

r e 

Rates of chemical reac¬ 
tion, (moles/time- 

volume) 

R(s) 

Lagrangian correlation 
coefficient 

AfXi ~ film — filQ 

Nr . 

Reynolds number 

s 

Time difference used in 
correlation coefficient 


S 

Source term, defined by 
Eq. (12) 

V 

Sc 

Schmidt number 


t 

time 


t 

= V/v . Mean residence 



time of fluid in the sys¬ 
tem 

A a 2 — <Tm Z — <?0 

V 

== ut/Ro. Dimensionless 
time 



= ut/L = t/t. Dimen¬ 
sionless time 
Velocity vector 
Mean velocity in axial 
direction 

Velocity as a function 
of radial position 
Mean velocity in a 
packed bed based on 
empty tube 
Unit step function 
Volumetric flow rate 
Volume of vessel 
Volume of backmix 
flow region 

Volume of deadwater 
region 

Volume of plug flow 
region 

Axial position measured 
from start of test sec¬ 
tion 

— X/Rq . Dimensionless 
axial variable 
= X/L . Dimensionless 
axial variable 
Dirac delta function, 
see reference (S20) 
Fraction voids in 
packed bed 
Eigenvalue in Eq. 
(67c), (68c), and (69c) 
Mean of tracer curve 
at measurement point 
(dimensionless) 
Difference in means of 
the tracer curves at 
the two measurement 
points X m and X 0 
Kinematic viscosity of 
fluid 

Variance of tracer curve 
at the measurement 
point (dimensionless) 
Difference in variance 
of the tracer curve at 
the two measurement 
points Xo and X m 
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0 Tortuosity factor 
Subscript 

a Refers to entrance or 

upstream section 0 

b Refers to exit or down¬ 
stream section. 
e Refers to end of test 

section; applies to X, oo 

x and x 

m Refers to the single 
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I. Introduction to Two-Phase Gas-Liquid Flow Processes 

A. Importance and Scope of Cocurrent 

Two-Phase Flow Applications 

The problems of two-phase gas-liquid flow in pipe lines have become 
of greater concern to engineers in recent years. This type of flow is en¬ 
countered in an increasing number of important situations, and a clear 
understanding of the rates of transfer of momentum, heat, and material 
will be required for logical and careful design and operation of a very 
wide variety of chemical engineering equipment and processes. 

In the production and transport of crude petroleum and petroleum 
products, two-phase flow is finding increasing use. Apart from the obvious 
economies in pipe line construction, it is possible in oil field practice by 
using two-phase flow to centralize gas processing, crude oil, or condensate 
stabilization facilities, thus giving improved economics. Two-phase flow 
is also encountered extensively in the operation of heat-transfer equip¬ 
ment, such as steam generators, refrigeration equipment, evaporators, 
and partial condensers. Heat removal from nuclear reactors is an im¬ 
portant recent application of two-phase heat transfer. The use of cocur¬ 
rent gas-liquid contacting in chemical reactors is entirely practical when 
pure gas is used as a reactant, or when an irreversible chemical reaction is 
occurring in the liquid phase. A growing number of such potential applica¬ 
tions can be found in the organic and metallurgical processing industries. 

In many of these operations the engineer is concerned primarily with 
prediction of pressure losses. However, the heat transfer rate through the 
tube wall into the gas or the liquid phase is also of major concern in heat- 
exchange equipment. In the design of chemical reactors for heterogeneous 
gas-liquid systems, it is necessary to be able to predict not only pressure 
drops and rates of heat transfer into or out of the channel, but also the 
rates of mass transfer from the gas into the liquid phase. 

Although all the information necessary to accomplish the above pur¬ 
poses is far from being readily available, it will be shown in the succeed¬ 
ing sections that a reasonable beginning has been made in the under¬ 
standing, and therefore in the correlating, of transport processes in 
two-phase gas-liquid flow. 

Two-phase flow systems may be classified initially by composition, as 
containing a single component (a pure liquid and its vapor), or two or 
more components with any one component present in both phases or only 
essentially in one or the other phase. Systems may further be described 
as involving transfer of mass between phases, or otherwise; and as 
isothermal, or adiabatic, or as having some intermediate temperature 
behavior. 
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B. Characteristics of Two-Phase Flow 

An outstanding feature of two-phase cocurrent flow is the variety of 
possible flow patterns, ranging all the way from a small quantity of gas 
dispersed as bubbles in a continuous liquid medium, to the opposite 
extreme of a small amount of liquid dispersed as droplets in a continuous 
gas stream. The importance of these flow patterns can be shown when 
one plots the rate of a transport process as a function of a flow rate of 
one phase while the flow rate of the second phase is maintained constant. 
The flux will be found not merely to increase or decrease in a smooth 
fashion, but rather to show in different flow ranges minima or maxima 
demonstrating the presence of fundamentally different transfer processes. 
A comprehensive understanding of the flow processes is necessary before 
the nature of the flow pattern can be predicted for any given set of flow 
conditions. 

The apparent visual changes in flow pattern may not always coincide 
with an observed change in transport behavior. In addition, unstable 
regions of transition exist between one flow pattern and the next, making 
precise definition of these patterns based on visual appearance alone 
extremely difficult. At identical values of the flow variables, it is some¬ 
times possible to have two distinctly different flow patterns depending on 
such factors as the inlet arrangement. Presumably one of these configura¬ 
tions is unstable, but its transition to the more stable pattern may not 
be observable within the limited scale of an experimental apparatus. 
Further, the pattern must vary not only with flow rates and fluid proper¬ 
ties, but must depend also on the flow geometry as given by the pipe 
diameter and inclination. 

A well-known fact regarding two-phase cocurrent flow is that the gas 
and liquid velocities are rarely equal, although this may be assumed as 
an approximation in certain cases. If the gas and liquid velocities are not 
equal, and it has been shown that they can differ widely, then the volume 
fraction of a component flowing in the pipe will not be the same as the 
volume fraction of that component in the feed at the inlet. Thus the 
volume fraction is an unknown, which must depend on the same variables 
that govern flow pattern. A knowledge of this fraction of pipe volume 
filled by each fluid is necessary in many instances, e.g., in estimating 
steam quality, in neutron-capture calculations, or in determining an 
average fluid density. 

When one refers to the in situ gas-volume fraction, R G} the term “void 
fraction” is commonly used. The “holdup ratio,” (H R ) f is a related 
quantity, and is defined as the ratio of the gas-liquid volume ratio in the 
feed to the gas-liquid volume ratio in the flow section. Analogous to these 
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terms is the use of “slip velocity” (F/) which is the difference in the 
actual average lineal velocities of the gas and the liquid phases. 

These quantities may all be related by the following expressions, 


Void Fraction — Rg ~ 1 — Rl 
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The flow behavior which is observed is generally of a highly mixed 
character, that is, in only a few cases could it be called reasonably 
homogeneous. Bubbles, plugs, or slugs of gas or of liquid are usually 
found in the various flow patterns. Therefore, although it may be neces¬ 
sary and convenient to treat two-phase flow as a continuum having aver¬ 
age properties, such an approach can only be considered a rather arbitrary 
approximation. 

When two-phase flow is compared to the single-phase case for the same 
flow rate of an individual phase, it is an experimental fact that the 
frictional pressure drop will always be higher for two-phase flow. This 
higher pressure drop may be caused by the increased velocity of the 
phases due to the reduction in cross-sectional area available for flow, and 
also to interactions occurring at the extended gas-liquid interface which 
exists in most of the possible flow patterns. It is equally true that the 
heat flux will always be higher for two-phase flow than for the same 
situation in single-phase flow with the same liquid flow rate. On the 
other hand, mass transfer will depend upon both the extent of the gas- 
liquid interface and the relative velocity between the two flowing phases. 


C. Variables Governing Two-Phase Transport Processes 

The independent variables involved in the simultaneous flow of gas 
and liquid phases are the viscosities, densities, and mass flows of the 
individual phases and the interfacial tension between the two phases. 
To these variables the channel diameter and shape must be added, and 
the inclination; for horizontal flow the acceleration of gravity must be 
considered, and in vertical flow the elevation will be a factor. Finally, 
tube roughness may be an important variable. 

When heat transfer is to be considered, one must add to the above 
variables the thermal properties of each phase, such as thermal conduc¬ 
tivity and specific heat, and the temperature profiles of the system. When 
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mass transfer is taking place, additional factors will be the diffusion 
coefficient in each phase of each component to be transferred, the con¬ 
centration of each component in each phase, and equilibrium relation¬ 
ships between phases for each component. This very large number of 
factors makes it clear that a universal or general correlation for any 
transport process would be very complex. However, the possibility 
exists that certain of the variables given are of little significance, at least 
over limited ranges which may be of definite practical importance; this 
appears to be the case with respect to gas-phase viscosity and to surface 
tension in momentum transfer. There is not yet a sufficiently good theo¬ 
retical understanding to allow confident prediction of the variables that 
will be most significant in any given set of circumstances. 

D. Present Status of Investigations 

In the years since 1940, a voluminous literature has appeared on the 
subject of two-phase cocurrent gas-liquid flow. Most of the work reported 
has been done in restricted ranges of gas or liquid flow rates, fluid prop¬ 
erties, and pipe diameter, and has usually been specific to horizontal or 
vertical pipe lines. The studies have in most instances been isothermal 
when two components were being considered; nonisothermal cases were 
almost entirely single-component two-phase situations. Reports of in¬ 
vestigations of two-phase two-component cocurrent flow where one com¬ 
ponent is being transferred across the interphase boundary are nearly 
nonexistent. 

The primary purpose of most of the investigations was to arrive at 
workable correlations for the calculation of pressure drops, or for estimat¬ 
ing heat fluxes. In some instances, flow patterns and their dependence on 
system variables have been investigated, usually visually; in other cases, 
little attention has been paid to this aspect. Many of the correlations or 
relationships proposed are specifically limited to specific flow patterns. 
In the main, the interpretation of results has been from a macroscopic 
viewpoint, and has involved varying degrees of empiricism. Since 1955, 
however, an increasing effort has been made to gain a basic understanding 
of the mechanics of various two-phase flow patterns, and to apply this 
information to develop sound transport equations. 

Govier and Omer, in a recent article in the Canadian Journal of Chemical Engi¬ 
neering, have summarized the present (G4) state of knowledge concerning the calcu¬ 
lation of pressure drop and other quantities in two-phase flow: “The principal flow 
patterns are understood in a qualitative way and the effect on flow pattern of the 
major variables, mainly the lineal or mass velocities of the phases, is recognized. 
In nearly all cases the real significance of the viscosities of the phases, the possible 
separate roles of the densities of the phases, and the influence of the diameter of 
the pipe is not known. 
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“Extensive experimental data confirm the fact that the pressure drop for a 
two-phase system is influenced by the flow pattern, and indicate the need either for 
separate pressure drop correlations for each flow pattern, or for the incorporation 
into a master pressure drop correlation of these variables which in fact define the 
flow pattern. 

“A large number of correlations are available for the prediction of the pressure 
drop attending two-phase flow in terms of the major variables affecting it. Each of 
these has its own shortcomings, being restricted to certain flow patterns, to gases of 
specified densities, to certain ranges of liquid flow rates, to certain diameters of pipe, 
or the like. There is as yet no generally satisfactory universal correlation. 

“Only a limited number of attempts have been made to correlate the liquid 
hold-up or the equivalent in the pipe. Again it seems clear that the liquid hold-up 
will be significally influenced by the flow pattern, and that either separate correla¬ 
tions will be required for each flow pattern, or a master correlation incorporating 
those variables which influence flow pattern will need to be developed. With one or 
two exceptions the few existing correlations suffer from the same kind of disadvan¬ 
tage as those for the prediction of pressure drop.” 

In the following sections, major emphasis has been placed on recent 
literature, appearing in the years 1955-62. The term “literature” means 
those technical journals in which research or experimental conclusions are 
commonly published; much excellent data, and many useful correlations 
and observations, are available only in theses, or in institutional, indus¬ 
trial, or government reports. Although reports of this type which contain 
unique results are included in the present discussion, a deliberate attempt 
has been made to give priority in discussion to those articles which have 
been most widely circulated and are therefore most readily available. 

Three major reviews exist which give detailed coverage of the litera¬ 
ture available up to about 1955. In particular, the review by Gresham 
et al. (G7) may be consulted for empirical correlations limited to specific 
flow patterns, and the papers by Isbin et al (II) and by Bennett (B9) 
are particularly valuable for aspects of two-phase flow related to steam- 
water systems. Bennett has also given useful tabulations of available 
correlations (up to 1957) for the estimation of two-phase pressure drops. 


II. Descriptions of Two-Phase Gas-Liquid Cocurrent Flow 

A. Introduction 

It is necessary to distinguish at the outset between a physical or visual 
description of the state of flow in two-phase mixtures, and a phenom¬ 
enological one. A large variety of flow patterns which differ in visual 
appearance are possible; however, a change in the appearance does not 
necessarily mean that a significant change has also occurred in the basic 
mechanism whereby momentum, heat, or material is being transferred. 
For example, various flow patterns involving gas dispersed in a continu- 
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Fig. 1 . Examples of flow pattern terminology for vertical cocurrent flow [after Govier et al. (G6)l. 
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ous liquid phase (or vice versa) might well be supposed to have much in 
common from a phenomoenological viewpoint, however much they may 
differ in appearance. The large number of correlations which have been 
proposed by various workers have been based on one or the other of these 
classifications. 

A reasonable organization of flow types on the basis of the mechanism 
of transport requires detailed theoretical analysis and extensive data. 
Perhaps for this reason, the majority of investigators with less compre¬ 
hensive data have adhered to a classification based on visual observation 
of flow patterns. In the following sections both types of flow description 
will be used, and defined, with “pattern” referring to visual observations, 
and “type” or “regime” being applied to flow behavior which can be 
described by more quantitative expressions. 

The problem of two-phase-flow classification is complicated by the 
inevitable differences due to individual interpretations of visual observa¬ 
tions, and also by differences in terminology. Fig. 1, taken from the 
work of Govier et al. (G6), shows the variation in terminology used for 
vertical gas-liquid flow patterns. It includes a classification of flow 
regimes proposed by Govier et al. based on pressure-drop behavior rather 
than visual observations, as illustrated in Fig. 2. In the definitions adopted 
by the writer, which follow, an attempt has been made to select the most 



AIR-WATER VOLUME RATIO, R v , CU.FT. PER CU.FT. 

Fig. 2. Typical pressure drops, flow patterns, and flow regimes in vertical cocur¬ 
rent air-water flow [after Govier et al. (G6)L 
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WAVY 

Fig. 3. Flow patterns in horizontal flow. 


easily definable flow patterns, and to use the most widely preferred 
terminology. 

B. Flow Patterns in Horizontal Tubes 
1. Visual Appearance 

The classification made by Alves (Al) for two-phase flow in hori¬ 
zontal tubes appears to describe adequately the majority of flow patterns 
for this case. The following patterns are clearly observable, and are 
shown sketched in Fig. 3. 

(a) Bubble flow. Discrete gas bubbles move along the upper surface 
of the pipe at approximately the same velocity as the liquid. At high 
liquid rates, bubbles may be dispersed throughout the liquid, a pattern 
often referred to as froth flow. 

(b) Plug flow. The gas bubbles tend to coalesce as gas flow rate in¬ 
creases, to form gas plugs which may fill a large part of the cross- 
sectional area of smaller tubes. 

(c) Stratified flow. Complete stratification of gas and liquid, with the 
gas occupying a constant fraction of the cross-sectional area in the upper 
portion of pipe, over a smooth liquid-gas interface. It occurs at lower 
liquid rates than bubble or plug flow, and more readily in larger tubes. 

(d) Wavy flow. Increasing gas rate produces waves of increasing 
amplitude at the stratified gas-liquid interface, because of the higher gas 
velocity. 

(e) Slug flow. Wave amplitudes increase to seal the tube, and the 
liquid wave is picked up by the rapidly moving gas to form a frothy slug 
which passes through the pipe at a much greater velocity than the average 
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liquid velocity. Slug flow is also formed from plug flow as the gas flow 
rate is increased at constant liquid rate. 

(f) Annular flow . Gravitational forces become less important than 
interphase forces, and the liquid is mainly carried as a thin film along 
the tube wall. The gas moves at a high velocity in the core of the tube 
and carries with it some of the liquid as a spray. Film flow is a name also 
applied to this pattern. 

(g) Mist or spray flow. More and more liquid is carried in the gaseous 
core at the expense of the annular film, until nearly all of the liquid is 
entrained in the gas. This pattern has also been called dispersed flow or 
fog flow. 

At a constant low liquid-flow rate with steadily increasing gas flow, 
the patterns observed will tend to be stratified, wavy, annular and mist 
flow. At a somewhat higher liquid rate, stratified, plug, slug, annular, and 
mist flow occur; while at high liquid flows the patterns follow the order 
bubble, plug, slug, annular, and mist, as gas flow increases. 

2. Prediction of Flow Patterns 

A number of attempts have been made to prepare charts which would 
allow prediction of the state of flow from a knowledge of flow variables. 
Such charts usually take the form of a set of curves outlining regions in 
which various flow patterns might be expected to occur. Kosterin (K3) 
Hoogendoorn (H6, H7) and Hughes et al. (H10) used the volumetric 
fraction of the gas fed as ordinate and the mixture velocity as abscissa. 
Bergelin and Gazley (B12) Johnson and Abou-Sabe (J2) and Govier 
and Omer (G4) defined the flow patterns by plotting liquid superficial 
mass-velocity against gas superficial mass-velocity. Alves (Al) plotted 
superficial gas and liquid velocities. Baker (B2) used the data of Kosterin 
(K2), Bergelin (B12), and Alves (Al) and plotted gas mass-velocity 
against the liquid-to-gas mass-velocity ratio of the feed. Correction 
factors for fluids of differing densities, viscosities, and surface tensions 
were introduced in an empirical way. Flow-pattern diagrams of the types 
used by Baker and others serve a very useful purpose, in allowing de¬ 
signers to predict the nature of the flow pattern that might be expected 
in a given case, and thus to select the most suitable correlation for calcu¬ 
lation of transport fluxes. The boundaries on these charts represent transi¬ 
tion zones, often rather broad, between the clearly observable flow 
patterns. 

Tube diameter is clearly an important factor, as one can easily ap¬ 
preciate by considering wave flow in a small-diameter pipe where this 
pattern can hardly exist, and the same situation in a large-diameter pipe 
where conditions must approach those of a free liquid surface. Since the 
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existing correlations are not entirely dimensionless, it may prove possible 
to introduce this term explicitly. Apparently, the only investigation of 
flow patterns which has considered to some extent the effect of all varia¬ 
bles is that of Hoogendoorn (H6) and Hoogendoorn and Buitelaar (H7). 
In this work, it was stated that all gas-oil mixture patterns could be 
represented approximately by a single chart for tube sizes greater than 
about 1-in. in inside diameter. This same chart could also be used for 
gas-water mixtures by enlarging the wave pattern area. Additional charts 
were given for the flow of Freon 11 vapor and liquid, and also for Freon- 
water flow (H7). 



Fig. 4. Suggested flow pattern map for horizontal cocurrent flow (modified from 
that of Baker). 


The shape of the areas on the charts presented by Hoogendoorn is not 
particularly convenient, as fairly extensive and important ranges of flow 
behavior tend to be squeezed together in a small area of the plot. Plots 
given on a weight basis seem to yield a more equable arrangement of 
flow areas than do those on a volume basis. In Fig. 4, the type of chart 
given by Baker is reproduced, incorporating modifications to improve 
somewhat the agreement with the recent date of Hoogendoorn (H6) and 
of Govier and Omer (G4). The wave-flow area may be somewhat less 
extensive than shown when oils are the flowing liquids, and somewhat 
greater than shown for water. For pipes having a diameter less than one 
inch, the extent of the areas shown will tend to change rapidly as diame¬ 
ters decrease. 
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The empirical correction factors 



(for variations in densities) and 



(for surface tension and liquid viscosity) have not been completely 
verified and may not in fact be the correct parameters. For example, work 
by Kosterin and Rubinovitch (K4) and others indicates that the flow 
pattern shows very little dependence on surface tension unless emulsifica¬ 
tion results. Qualitative agreement with the flow-pattern areas on this 
chart has been shown by Wickes and Dukler (W2) and Davis and David 
(D2) for annular and mist flow, by Kordyban (Kl) for slug flow, and 
by Reid et al. (Rl) for larger pipe diameters. Hoopes (H8) has used this 
type of chart for downward flow in an annulus. Isbin and co-workers 
(17) have shown revisions to the Baker plot to give better agreement of 
the flow patterns in froth, annular, or mist flow, with their results for 
steam-water mixtures over wide ranges of temperature and pressure. 

On recalculation, the data of Govier and Omer (G4) for air-water 
flow, and of Hoogendoorn (H6) for air-water and air-oil, give reasonable 
agreement with the Baker plot, except for transitions from slug to annular, 
and of wave to annular flow. This transition to annular or film flow seems 
to be the least reproducible one, among various workers. Some evidence 
indicates that centrifugal effects, for example those due to return bends, 
may have a large influence. In a transition region, Hoogendoorn has 
produced either slug or wave flow in an oil-air mixture at identical con¬ 
ditions by variation of inlet conditions only. The two patterns differ by 
nearly 100% in pressure drop. 

In summary, the plot suggested by Baker (Fig. 4) appears to predict 
approximately the probable flow pattern, for horizontal flow in tubes. 
Additional investigation is still needed, to give more universally applica¬ 
ble flow-pattern charts. 

C. Flow Patterns in Vertical Tubes 
1. Visual Appearance 

The terminology used by various authors for visual description of 
upward vertical two-phase gas-liquid flow has already been given in 
Fig. 1. Typical pressure drop and hold-up ratio curves are shown in Fig. 2. 
Inasmuch as the liquid feed rate is constant in Fig. 2, the pressure-drop 
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behavior is characteristic of that observed as the gas flow rate is increased. 

Visual definitions of flow patterns in vertical flow appear to cause 
more difficulty than do those in horizontal flow. As the gas rate increases 
at a constant liquid rate, a dispersed type of flow will be reached at 
lower gas velocities in a vertical tube than in a horizontal one because 
of the influence of gravity in causing back flow of liquid. Also, vertical 
flow patterns tend toward radial symmetry, which is not the case in 
horizontal flow. A classification of vertical flow patterns based largely on 
air-water mixtures is given below. Surprisingly little work has been 
carried out for the vertical upward flow of components other than these, 
or steam-water mixtures. 

If the liquid flow rate is not too high, the following flow patterns can 
be described: These patterns are shown sketched in Fig. 5. 


MIST 


Fig. 5. Flow patterns in vertical flow [after Nicklin and Davidson (N3)l. 

(a) Bubble flow . Gas is dispersed in the upward flowing liquid in the 
form of individual bubbles of various sizes. As gas flow increases, the 
bubbles increase steadily in numbers and size. 

(b) Slug (or plug) flow. The gas bubbles coalesce to form larger bullet 
shaped slugs having a parabolic outline at the head. These slugs increase 
in length and diameter, and their upward velocity increases as the gas 
rate increases. The slugs are separated by liquid plugs which contain gas 
bubble inclusions. As the gas slug moves along the tube, liquid flows 
down through the thin liquid annulus surrounding it into the bubble- 
filled liquid plug beneath. 

(c) Froth flow. When back flow of the liquid around the slugs nearly 
stops, the slug becomes unstable, and gas slugs seem to merge with the 
liquid into a patternless turbulent mixture having the general nature of 
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a coarse emulsion. The elements of this structure are in a continual 
process of collapse and reformation. 

(d) Annular (or climbing film) flow. The gas travels up the core of 
the tube at a high velocity and the liquid forms an annular film around 
the tube walls. Initially, this film may be fairly thick, and have long 
waves on which are superimposed a pattern of fine capillary waves. As 
gas flow rate increases, the film becomes thinner and the amount of the 
liquid entrained as droplets in the central gaseous core increases. 

(e) Mist (spray, fog, fully dispersed) flow . At very high gas rates the 
amount of liquid entrainment increases until apparently all the liquid is 
carried up the tube as a mist or fog. Although a thin liquid film may exist 
on the wall, its presence is not obvious in this region. 

The transition from froth to annular flow, in particular, seems to 
cover a fairly wide range of flow conditions, and to lack reproducibility. 

2. Prediction of Flow Patterns 

Apparently no attempts have been made to prepare a complete chart 
for the prediction of flow patterns in vertical flow, analogous to Fig. 4. 
Kozlov (K5) has stated, on the basis of his experiments with air and 
water in a 1-in. diameter tube, that the flow pattern can be defined by 
plotting the volumetric gas fraction fed and the average Froude number, 
V M 2 /gD. He gives equations for the boundary lines between types of flow 
(assumed to be straight lines on a log-log plot of the type suggested). 



Fig. 5a. Flow pattern map for vertical air-water flow [as proposed by Griffiths 
and Wallis (G8)]. 
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Griffith and Wallis (G8) have presented a map of the flow patterns 
using the coordinates proposed by Kozlov (see Fig. 5a). All possible flow 
patterns are lumped into three areas classed as bubble, slug, and annular- 
mist. Most of the data used by Griffith and Wallis were in the slug and 
froth flow regions, and the boundary lines proposed in their map do not 
agree with those suggested by Kozlov. Apparently the pattern transition 
point obtained between bubble and slug flow is highly dependent on the 
method of introducing gas and liquid, and the distance from the entrance. 
In Griffith and Wallis’ experiments it was found that up to 300 diameters 
might be required to stabilize a slug flow pattern. On the basis of this 
result, some of the lack of agreement among other experimenters becomes 
understandable. 

D. Flow Regimes in Two-Phase Flow 

Govier et al (G5, G6, B14) have correlated flow patterns in terms of 
the location of the two minima and the maximum observed in the pressure 
drop vs. gas-liquid volumetric feed ratio ( R v ) curves (cf. Fig. 2). Gas- 
liquid ratios, gas flow, liquid flow, pipe diameter and gas-phase density 
were investigated for the air-water system in isothermal flow. From the 
correlations presented (as V L against a function, R v pa 1/3 D n } when n varies 
in every case) it is possible to predict the flow patterns varying from 
bubble to annular flow. Mist flow was not investigated in this work. 

Some detailed analyses of the mechanics of vertical slug flow (N4, 
G8) and vertical annular flow (A2, Cl, C6, LI) have appeared in recent 
years, and give a clearer picture of the microscopic behavior in these 
patterns. In general, this type of analysis is yielding better results with 
many vertical flow patterns because of their radial symmetry, than with 
horizontal flow patterns. 

Perhaps the simplest classification of flow regimes is on the basis of 
the superficial Reynolds number of each phase. Such a Reynolds number 
is expressed on the basis of the tube diameter (or an apparent hydraulic 
radius for noncircular channels), the gas or liquid superficial mass- 
velocity, and the gas or liquid viscosity. At least four types of flow are 
then possible, namely liquid in apparent viscous or turbulent flow com¬ 
bined with gas in apparent viscous or turbulent flow. The critical Reynolds 
number would seem to be a rather uncertain quantity with this definition. 
In usage, a value of 2000 has been suggested (L6) and widely adopted for 
this purpose. Other workers (N4, S5) have found that superficial liquid 
Reynolds numbers of 8000 are required to give turbulent behavior in 
horizontal or vertical bubble, plug, slug or froth flow. Therefore, although 
this classification based on superficial Reynolds number is widely used 
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because of its simplicity, it appears to be arbitrary and not enlighten¬ 
ing. 


Ilf. Pressure Drop and Holdup 


A. General 

Two approaches may be noted to the problem of predicting pressure 
drop and holdup in two-phase gas-liquid flow. Correlations could be 
sought by the general means used so successfully for single-phase flow, 
in the hope that equally widely applicable relationships in terms of 
dimensionless groups or other parameters might result. Such correlations 
based on analogy have been applied very extensively, in numerous forms 
such as the Lockhart and Martinelli method, the homogeneous flow 
method, and various so-called “friction factor” methods. Alternatively, 
one may consider the detailed hydrodynamics of individual flow patterns, 
or groups of related patterns; such a mechanistic approach will usually 
be more difficult to apply quantitatively. 

In the following sections, only the most useful of the “empirical” 
correlations will be reviewed. For fuller compilations of empirical rela¬ 
tionships, reference should be made to the reviews of Isbin, Moen and 
Mosher (II), Bennett (B9), or Gresham et al. (G7). Additional correla¬ 
tions based on operating large-diameter pipe lines have been given by 
Baker (B2, B3, B4). References to more recent relationships will be found 
in succeeding sections, and more detailed discussions of the mechanics 
of various flow patterns are given in Sections IV and V. 

B. Momentum and Energy Balances 

Differential momentum, mechanical-energy, or total-energy balances 
can be written for each phase in a two-phase flowing mixture for certain 
flow patterns, e.g., annular, in which each phase is continuous. For flow 
patterns where this is not the case, e.g., plug flow, the equivalent expres¬ 
sions can usually be written with sufficient accuracy as macroscopic 
balances. These equations can be formulated in a perfectly general way, 
or with various limitations imposed on them. Most investigations of two- 
phase flow are carried out with definite limits on the system, and there¬ 
fore the balances will be given for the commonest conditions encountered 
experimentally. 

For single-phase flow the momentum balance can be written to give 
the static pressure drop as the resultant of acceleration, hydrostatic, and 
wall-friction pressure-drop terms. 
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-dP = dP a + dP z - dPw ( 3 ) 

For one-dimensional steady-state flow, neglecting density changes, the 
above equation can be expressed as 

d(TFy) + — A dz + AdP = AdPw (4) 

Qc 9c 

where the term AdPw = t w C w dz , where r w is the wall shearing stress, and 
C w is the wetted-wall perimeter. This equation in turn can be expressed as 
the well-known mechanical-energy balance per unit time, by taking the 
product with the mean velocity. 

In two-phase flow, most investigations are carried out in one dimen¬ 
sion in the steady state with constant flow rates. The system may or may 
not be isothermal, and heat and mass may be transferred either from 
liquid to gas, or vice versa. The assumption is commonly made that the 
pressure is constant at a given cross section of the pipe. Momentum and 
energy balances can then be written separately for each phase, and with 
the constraint that the static pressure drop, dP y is identical for both 
phases over the same increment of flow length dz, these balances can be 
added to give over-all expressions. However, it will be seen that the 
resulting over-all balances do not have the simple relationships to each 
other that exist for single-phase flow. 

Writing a momentum balance for the gas phase in a two-phase mix¬ 
ture and assuming no mass transfer [see Lamb and White (L3)], we 
have 


“ —~ ~ AgPQ dz + AgdP = ( TlgClG + TwgCwg) dz 

Qc Qc \y) 

= TlgPLG dz + AGdPwG 

where the “frictional” pressure term now includes the effect of both inter¬ 
facial and wall shearing stresses (r L g and t W g), but neglects surface 
tension effects. 

For the same case, a mechanical energy balance gives the equation 
<WcAl l + £_ AoVo ' Pg dz + AoVo'dP = tlgCloVIo dz - dE a (6) 

£Qc Qc 

The first term on the right expresses the energy transferred from liquid to 
gas (V«? being the actual relative velocity at the gas-liquid interface), and 
the second term the energy dissipated in wall friction. 

If similar equations are written for the liquid phase, we have for the 
momentum balance, 
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—-—~ + ~ Alpl dz + AhdP — ( tglCgl + twlCwl ) dz 

9c 9c \t) 

= tglCgl dz + AlAPwl 


and for the mechanical-energy balance, 

d( y ^ L A l V l 'pl dz + A L V L 'dP = r glCglVIl dz - dE L (8) 
2 g c 9c 

If the equality of dP over the length dz is assumed, and the two 
momentum equations added, recognizing that r glCql = ~-t lg C lg , then 


wvi + mm + ^ + (p ^ + pc4g) i. * 

£ C ^ 9c 

= OvgCW + dz 

= (.A^riP^x, + Agc/P^g) (9) 

Similarly, if Eqs, (6) and (8), are added, using the fact that V[ L = V[ G , 
an over-all mechanical-energy balance results, 

d{Wg\9) + d(W L V' L 2 ) 

ZQc 


+ (A l Vl' + A Q V 6 f )dP 


+ (plAlV l -f- pgAqVg') ^ dz — —dEo ~ dEL — ~dE G L (10) 

9c 


For the common case when acceleration effects are negligible in 
Eq, (9), and kinetic-energy terms can be neglected in Eq. (10), the above 
equations can be simplified, 


AdP + ~ ( plAl pgAg) dz — dF gl 

= {AidPwi + AodPwG) (11) 

and 

(AlV l ' + A a V 0 ')dP + (W L + Wo) ~ dz = -dE aL (12) 

9c 

For two-phase flow, it is apparent that the over-all momentum equa¬ 
tion and the over-all mechanical energy balance are not readily trans¬ 
formed one into the other, because of the necessity for weighting the 
momentum terms by their respective velocities in order to form the 
correct energy quantity. Either one could be legitimately used as a 
basis for correlations of two-phase pressure drops, but if friction factors 
are formulated by analogy to single-phase flow by writing expressions for 
either dF GL or dE G L equivalent to an over-all Fanning equation, then 
these friction factors will have quite a different significance depending 
on their definition. 

If mass transfer occurs between phases, the appropriate momentum or 
energy terms must be introduced into the balances written for each 
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phase. Equations showing mass transfer have been given by Levy (L4). 
When the separate balances are added, however, Equation (9) and (10) 
will result, because all terms representing transfer of momentum or energy 
between phases will cancel out. For example, momentum balances with 
mass transfer of dW h from liquid to. gas will have the following forms, 
for the gas and liquid phases respectively, 

- d{W 0 V a ') + V L 'dW L + L A oPa dz + A a dP = dF ia (13) 

Qc Qc 

- d(W L V L ') - V L 'dW L + £ A lPl dz + A L dP = dF iL (14) 

9c 9c 

On addition, the above equations yield Eq. (9). 

The total energy balance can be derived in the same fashion, by 
writing the energy balance for each phase, and then adding the equations 
together. For a system as before, with constant mass-flow rates and no 
mass transfer between phases, but with heat transfer possible between 
phases, the total energy balance over a differential length of pipe has the 
form for the gas phase (see Vohr, Y5), 

Eo dp + WqVcMVcl + Wgg dz + WodUa + dW 0 L + dq 0 L = 0 (15) 

P<? Qc 

where dW QL and dq GL represent the work done by the gas on the liquid, 
and the heat transferred from the gas to the liquid respectively. The 
quantity dU G is the thermodynamic internal energy expressed as energy 
per unit mass of fluid. 

Similarly for the liquid phase, the total energy balance is 


WLdP + WlVOVjI + WL 9_ dz + Wl<IUl + dWL0 + dqLa = o ( 16 ) 

PL Qc Qc 

Adding the above two equations, and using the fact that dW GL = —dW L o 
and dq GL = — dq L0) then 


/Wo + Wl\ 

\PG PL / 


ff + wvw + M i w + (ff , +w i iI 

Qc Qc Qc 


+ W G dU G + W L dU L = 0 (17) 


A great deal of use has been made of the overall momentum, mechani¬ 
cal-energy, and total-energy balances in various forms. Some of these 
applications are mentioned in the succeeding sections. 


C. Physical Significance of Balances in Two-Phase Flow 

Because of the complexity of two-phase gas-liquid flow a qualitative 
picture of the different ways in which the equations just given specify 
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the various irreversibilities of the system as a whole would be very useful. 
Such a comparison has been given recently by Nicklin (N2), and his 
approach is described briefly below based on the general problem of 
cocurrent gas-liquid flow in a vertical pipe. 

If the volume change of the gas is neglected, and hence accelerative 
effects are also neglected, then for single-phase fluid flow, Equation (3) 
becomes 

-dP = L pdz- dPi = dP z - dP w (18) 

Qc 

and from the energy balance 

-dP = 1 = dP R - dPi (19) 

If the obvious equalities in the single-phase flow equations above are 
given separate designations, then these quantities can be compared to 
their counterparts when two-phase flow equations are written in the 
same form. Therefore, in Eq. (18), and (19), we define the following 
terms: 


— dP = static head pressure drop 

dP z = pressure drop due to the weight of the contents of a tube 

dPw = pressure drop due to wall friction 

dPi = pressure drop due to irreversible energy losses 

dPR = pressure drop due to reversible work done in lifting a liquid 

Obviously for single phase flow dPi — d P w and dP z = <1Pr. 

Considering the case of two-phase flow, with constant mass rates, no 
mass transfer and negligible accelerative effects, the total energy balance 
of Equation (17) can be rewritten, where W g /pg = Qq and W L /p L = Ql, 
to yield 


dP + 


£ 

Qc 




dz + H L dz + Hg dz ~ 0 


( 20 ) 


The quantities H L and H 0 are the time rates of heat generation per 
unit length of tube in the liquid phase and gas phase respectively. No 
attempt is made to separate the cause of these effects, or to attribute them 
to one phase or the other. 

Rewriting the previous equation in the same form as that of Eq. (19), 
by analogy, we obtain 


—dP = dP Rl + dP r q + dP iL + dP ia = dP r + dP ; (21) 

Again dP R represents useful work done, and dP* represents irreversible 
degradation of energy. 
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The momentum balance gives another way of defining the pressure 
drops; Eq. (11) for two phases can be rewritten to give 

-dP = PLdz + %- Agpo dz + dP w = dP t + dP w (22) 

g c a Qc 

Comparing Eq. (21) and (22), the division of pressure drops is not 
equivalent in the two, unless 

Ag _ Qg _ p 
A Qq + Ql 0 

Because of slip, Rq is always less than Qg/(Qg + Ql), and so in two- 
phase flow the irreversible pressure drop, dP*, must always be greater 
than the pressure drop due to wall shear alone, dP w > It follows that the 
hydrostatic component dP z must exceed the reversible pressure drop dP R . 

If now these facts are used to divide the energy loss due to irreversi¬ 
bilities into two parts, one part can be specified as being due to wall 
friction, and the other part due to relative motion between the phases. 
Defining this energy loss due to “slip” as (Qg + Q^dPg, we have 

(Qg + Q L )dP s = (Q q + Q L )(dPi - dP w ) (23) 

where dPi = dP 9 + dPw , and, from Eq. (21), 

-dP = dP R + dP 8 + dP w (24) 

These different interpretations of the momentum or energy balances 
are shown pictorially in Fig. 6. Defining a pressure drop due to inter¬ 
action of the two phases affords a link between these subdivisions. In 
Fig. 6, the interesting fact is shown that the total pressure drop may be 
less than the weight of the contents of the tube because of a negative 



CONSIDERATION OF SLIP WALL FRICTION 


Fig. 6. Representation of pressure drops in vertical cocurrent flow [after Nicklin 
(N2)]. 
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wall friction resulting from local downflows of liquid which give a “nega¬ 
tive” shear at the wall. 

From the above equations it is also apparent that in horizontal two- 
phase flow, all irreversibilities appear as wall friction, provided gas-liquid 
interfacial tension effects are neglected. 

IV. Correlating Methods for Two-Phase Pressure Drops and Void Fractions 

A. Introduction 

A variety of methods has been presented in the literature, for correla¬ 
tion of pressure-drops, or of in situ volume fractions for specified condi¬ 
tions of system geometry, operating conditions, or phase properties; but 
no completely generalized correlation yet exists. Only those methods 
which have been most widely used are discussed in the following section. 
For more complete listings, reference to recent reviews should be made 
(B9,G7). 

B. Lockhart-Martinelli and Martinelli-Nelson Correlations 

1. Lockhart-Martinelli Correlation 

This derivation is based on certain limiting assumptions, although the 
resulting correlations have been applied to all regions of two-phase flow 
both by the originators and by many other investigators. Briefly, the 
original assumptions were: 

(a) The static pressure drop for the gas phase is equal to that of the 
liquid phase, regardless of flow pattern. 

(b) The volume occupied by the gas plus that occupied by liquid at 
any instant equals the pipe volume. 

(c) Momentum and hydrostatic-pressure drops are neglected or are 
calculated separately. The extension of the Lockhart-Martinelli ap¬ 
proach which includes momentum and hydrostatic-pressure losses is 
commonly called the Martinelli-Nelson method. 

(d) Four types of flow were specified consisting of the four combina¬ 
tions possible with either phase being considered in turbulent or viscous 
flow. Boelter, Martinelli, et al. (B13, M3, M4) originally introduced 
correlations for turbulent-turbulent, and viscous-turbulent flow. (In the 
Lockhart-Martinelli nomenclature, the flow designation is for liquid and 
gas, in that order; turbulent or laminar flow is arbitrarily defined as 
greater than a superficial Reynolds number of 2000 or less than a value 
of 1000.) Martinelli et al. (M3) extended this work to viscous-viscous 
flow. A final correlation for all four combinations, as well as for void- 
fractions, was presented by Lockhart and Martinelli (L6). 
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The correlation is presented as a plot of an empirical function, <p , 
against a parameter X , with one curve representing each of the four flow 
regimes. The correlating quantities are defined as 


and 


_ (AP/AZ)tp 
~ (AP/AZ) 


2 — (AP/AZ) tp 
* L ~ (AP/AZ) L 


Y2 — (&P/AZ)l 
(AP/AZ) a 


(25) 

(26) 


In the above terms, the quantities (AP/AZ) L or ( AP/AZ) G are calcu¬ 
lated from conventional single-phase correlations on the basis that the 
liquid or gas is flowing in the pipe alone at the same individual mass-flow 
rate as in the two-phase case. Lockhart and Martinelli (L6) have given 
the appropriate expressions for X 2 , and the relationships between (p G , 
<Pl, Rg, and R l for the various flow regimes. The relationships are shown 
graphically in Fig. 7. 



Fig. 7. Pressure drop correlation of Lockhart and Martinelli for frictional pressure 
losses in horizontal cocurrent flow. 


2. Martinelli-Nelson Correlation 

These empirical correlations were originally based mainly on data 
obtained for isothermal horizontal flow at pressures close to atmospheric 
(to 50 psi), normal temperatures, and pipe diameters to one inch using 
air and eight different liquids. In order to apply these equations to single- 
component two-phase flow with mass transfer between phases, Martinelli 
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and Nelson (M2) devised an empirical procedure applicable for steam- 
water mixtures in turbulent flow. The parameters <p 2 and X 2 were taken 
to be point values rather than incremental, with the assumption that the 
steam quality x is zero at the inlet and varies linearly with tube length, 
and the Lockhart-Martinelli correlation was then integrated with pres¬ 
sure level as a parameter. The resulting values did not agree with experi¬ 
ments at intermediate pressures, or with requirements at the critical point, 
so corrections were applied to the calculations. In effect, an empirical 
pressure dependence was enforced on the factor <p 2 . Similarly, given 
values for Rq or R L as a function of X 2 at atmospheric pressure and at 
critical conditions (Rq = Rl), values for other pressures were arbitrarily 
interpolated. The resulting sets of curves given by Martinelli and Nelson 
(M2) allow calculation of frictional pressure-drops in the steam-water 
system. 

The momentum pressure-drop can often be neglected, particularly 
when no mass transfer occurs in a system. Three equations, all approxi¬ 
mate, are given below for calculation of these acceleration pressure losses, 
AP a , between two sections, 1 and 2, using the mean velocities of gas and 
liquid, 

AP _ GV r xl _ Si 2 (1 - S2) 2 _ (1 - 3 i ) 2 ~| (27) 

(Jc \_Polio, Polio, Pl(1 — lie,) Pl( 1 — li’O,) J 

For an inlet quality, x x = 0, (Martinelli-Nelson form) 


A P a = 


GVT 


+ 


(1 ~ Sa) 8 


- i l- 

PlJ 


r% GW 2 


Qc LR02PG2 1 (1 — Rgi)Pl 

For an assumption of “non-slip” or homogeneous flow, 


A p _ Gm* r ^2_+ —_—"I 

Qc LP<?a PGi PL PLJ 


(28) 


(29) 


Graphs giving the quantity, r 2 , as a function of quality and pressure have 
been given by Martinelli and Nelson, based on their empirical correla¬ 
tions. 

For no mass transfer between phases, the acceleration loss is approxi¬ 
mately, 

AP„ = Gj} [— - —] + Go 2 ( 3 °) 


3. Comparisons with Experiment 

Since 1949 the correlations of Lockhart and Martinelli, and of Marti¬ 
nelli and Nelson, have been used or checked by many investigators of 
two-phase flow phenomena. The assumptions made in the derivations of 
these correlations would seem to rule out certain flow patterns, e.g., 
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stratified, wave, slug, and mist flow; nevertheless this method has been 
tested for all flow patterns in both horizontal and vertical flow, for iso¬ 
thermal and non-isothermal systems, and at a wide variety of tempera¬ 
tures and pressures, and for a number of different fluids. Although widely 
used, these relationships have also been frequently criticized on both 
theoretical and practical grounds. For earlier work (prior to 1957) refer¬ 
ence should be made to the reviews mentioned already (B9, G7, fl). 

The original correlation showed a scatter of nearly ±50% in predict¬ 
ing two-phase pressure drops, and, in addition, a decided dependence on 
liquid rate (which the correlation averaged out). Much of this scatter 
seemed to be a systematic drift depending on total mass flow rate. This 
dependence on mass flow was pointed out by Gazley and Bergelin 
(L6) and by Isbin et al. (12). In the following summary, “satisfactory 
predictions” can be taken to mean prediction of pressure drops no worse 
than the above, and, in some cases, considerably better. 

(a) For horizontal small-diameter pipes, up to 5-in., better results 
are obtained for turbulent-turbulent flows than for the other three re¬ 
gimes, where the correlation tends to give pressure drops that are too 
high. For the turbulent-viscous, and viscous-turbulent regimes, agree¬ 
ment is generally satisfactory for values of X > 1.0; see Govier and 
Omer (G4), and Alves (Al). 

(b) Predicted pressure drops are high by 50% or more for horizontal 
turbulent-turbulent flow in large-diameter pipes, 6-in. and larger, at either 
high or low pressures. See Baker (B2, B3); Reid et al. (Rl); and Hoogen- 
doorn (H6). 

(c) At pressures considerably in excess of atmospheric, the predicted 
pressure-drops are high, with the error greater than at normal pressures; 
see Hoogendoorn (H6), Isbin et al. (17), and Chenoweth and Martin 
(C3). 

(d) For vertical flow, when applied for prediction of frictional pres¬ 
sure-drop in turbulent-turbulent flow, values are obtained which are too 
low for X < 10, but are satisfactory for X > 10 for air-water flow in 
small diameter tubes; see Davis (Dl), and Collier and Hewitt (C6). 
The fact that the calculation of the hydrostatic component of the pres¬ 
sure drop depends on a knowledge of the gas or liquid volume-fraction 
in the tube should be noted in connection with vertical flow. For all but 
the annular flow-pattern, this is the major term. An experimental knowl¬ 
edge of the void-fraction was required to test this correlation, because 
until recently no accurate prediction method was available for vertical 
flow. The possible error in calculating the frictional part of the observed 
pressure drop therefore can become quite large for all but the annular or 
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spray flow-regions. The behavior of the air-water system in vertical flow 
in terms of the Lockhart-Martinelli parameters has been shown recently 
by Hughmark and Pressburg (H12). 

(e) In small horizontal tubes carrying gaseous Freon 11 (trichloro- 
monofluoromethane) with water, or with liquid Freon 11, in turbulent- 
turbulent flow, the Lockhart-Martinelli curve gives values at least 40% 
too high; see Hoogendoorn and Buitelaar (H7), and Hatch and Jacobs 
(H3). 

(f) For any flow, the correlation does not account for the effect of 
pipe-wall roughness. However, the normal roughness variation does not 
cause an error in predicting pressure drops as great as that arising from 
other sources, according to Chisholm and Laird (C4), and Hoogendoorn 
(H6). 

(g) A dependence of the two-phase pressure-drop on liquid or total 
mass-flow rate, which is not allowed for in these correlations, has been 
shown by several investigators. In general, the variation of the pressure 
drop with Gu is nearly as great as its dependence on X. The Lockhart- 
Martinelli curve roughly averages this variation. 

(h) The Martinelli-Nelson method of predicting pressure drops be¬ 
comes increasingly less accurate as pressure increases, and as quality 
decreases. For steam-water flows in horizontal tubes, an extensive com¬ 
parison with experiment has been carried out by Isbin and coworkers 
(12, 15, 17). Their data covered wide ranges of pressure, quality, and 
flow rates, with most of the results lying in the annular or dispersed 
flow-pattern region. On the basis of this work, it was concluded by Isbin 
et al. that when accelerative effects became important, neither the Marti¬ 
nelli-Nelson method nor other proposed correlations was adequate. 

It should be remembered that these correlations as originally devised 
by Lockhart and Martinelli were based almost entirely on experimental 
data obtained for situations in which accelerative effects were minor 
quantities. The Lockhart-Martinelli correlation thus implies the assump¬ 
tion that the static pressure-drop is equal to the frictional pressure-drop, 
and that these are equal in each phase. The Martinelli-Nelson approach 
supposes that the sum of the frictional and accelerational pressure-drops 
equals the static pressure-drop (hydrostatic head being allowed for) and 
that the static pressure-drop is the same in both phases. When accelera¬ 
tion pressure losses become important (e.g., as critical flow is approached), 
they are likely to be significantly different in the gas and liquid phases, 
and hence the frictional pressure losses will not be the same in each 
phase. In these circumstances, the correlation must begin to show devia¬ 
tions from experiment. 

(i) Void fractions as predicted by the Lockhart-Martinelli or Marti- 
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nelli-Nelson correlations are applicable for horizontal flow only, and show 
large potential percentage errors at low values of R G . Improved expres¬ 
sions are available to aid in estimating void-fractions over wide ranges of 
conditions for both horizontal and vertical two-phase flow. (14, 15, N4, 
S5). At present it would appear necessary to use the Lockhart or Marti- 
nelli relationship only for horizontal flow with superficial liquid Reynolds 
numbers below 8000, or for void fractions exceeding 0.80; for these condi¬ 
tions, it gives a useful approximation. 

(j) These correlations have been reported to be applicable for pre¬ 
dicting pressure drops over certain ranges (usually annular and mist 
patterns or the turbulent-turbulent region), with varying degrees of suc¬ 
cess for the following flow cases: upward flow in tubes and annuli [Collier 
and Hewitt (C6)), horizontal flow in rectangular channels [Davis and 
David (D2)], upward flow in rectangular channels [Sher and Green 
(S7)], downward flow in annuli [Hoopes (H8)], and downward flow in 
tubes [Wright (W3)]. It has been suggested also that, when acceleration 
effects are significant, better correlation is obtained if the total two-phase 
pressure drop (i.e. friction plus acceleration losses) is used rather than 
just the frictional component [Schrock and Grossman (S2) ]. 

In summary, the calculation of pressure drops by the Lockhart-Marti- 
nelli method appears to be reasonably useful only for the turbulent- 
turbulent regions. Although it can be applied to all flow patterns, accuracy 
of prediction will be poor for other cases. Perhaps it is best considered as 
a partial correlation which requires modification in individual cases to 
achieve good accuracy. Certainly there seems to be no clear reason why 
there should be a simple general relationship between the two-phase fric¬ 
tional pressure-drop and fictitious single-phase drops. As already pointed 
out, at the same value of X in the same system, it is possible to have two 
different flow patterns with two-phase pressure-drops which differ by 
over 100%. The Lockhart-Martinelli correlation is a rather gross smooth¬ 
ing of the actual relationships. 

C. Chenoweth-and-Martin Correlation 

This correlation (C3) is intended to apply for turbulent-turbulent 
horizontal flow in pipes, and was developed to give better pressure-drop 
prediction for higher pressures and larger-diameter pipes. On an entirely 
empirical basis, the quantity AP T p/aPl* is given as a function of liquid 
volume-fraction of the feed, with a quantity *Pg*pl/$l*pg as a parameter. 
For this correlation A P* L is evaluated as the pressure-drop based on 
the total mass-flow using the liquid-phase properties. The parameter 
*l'G*pi/'l'*Lpa is defined as 
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^o*Pl _ A P G * _ [fo*Z/D + 2K]pl 

*L*PG A P L * [f L *Z/D + 2K] P0 K ' } 

where the /* are evaluated at the total mass flow from a Moody chart, 
and the term is an allowance for valves and fittings. 

The originators claimed an agreement with the experimental pressure 
drops of ^35% for this correlation. Only a few additional evaluations 
have been made of this relationship. For air-water in vertical annular 
flow, Collier and Hewitt (C6) found that the frictional drop was predicted 
as well by this relationship as by the Lockhart-Martinelli one. For an¬ 
nular and mist flow, however, Govier and Aziz (G3) found only a poor 
agreement for low liquid volume-fractions. Isbin et al. (17), for steam- 
water flows at pressures from 400-1000 psia, concluded that errors of 
over 100% occurred over much of the liquid volume-fraction range, pre¬ 
dictions being low at low volume-fractions, and high at high fractions. 
In general, when used for conditions removed from those on which it is 
based, this correlation gives results somewhat worse than the Lockhart- 
Martinelli methods. 

Recently, Hughmark (H13) has proposed a correlation which has 
essentially the same basis as that of Chenoweth and Martin. Hughmark 
plots the ratio of the friction factors for two-phase flow and the flow of 
a fictitious single phase fluid (see discussion of friction factor methods 
following) against the liquid volume fraction fed, but uses a slightly dif¬ 
ferent parameter, that is (ReTPu) ( Pg/Pl ) (0.085/D) as a third quantity. 
This choice of parameters amounts to using a fluid viscosity weighted for 
the quantities of the two fluids, rather than a ratio of viscosities as in 
Chenoweth and Martin’s work, and introducing a diameter ratio, inas¬ 
much as Hughmark’s work was based on 1 in, pipe. The correlation is 
claimed to be generally applicable for horizontal flow, but it is interesting 
to note that, of the comparisons made by Hughmark with other common 
two-phase pressure drop equations, the closest agreement is with the 
Chenoweth-Martin equation, and, on the average, the improvement shown 
by Hughmark’s modification is slight. 

D, “Friction-Factor” Methods 

By analogy to single-phase flow, the two-phase frictional pressure- 
drop can be expressed by the conventional Fanning equation, and thereby 
a “friction factor” is defined. These friction factors may be based on liquid 
properties, gas properties, or on a fictitious single fluid of mean properties 
obtained by some averaging procedure. Typical definitions, such as those 
shown in equation (32), have been given and discussed recently by Govier 
and Omer (G4): 
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Obviously, correlations of one of these friction factors with an analo¬ 
gous Reynolds number, or with two-phase pressure-drop, throws little 
light on the other variables concerned, and these quantities will appear 
as parameters in any proposed relationship. However, Govier and Omer 
point out that plots of such a form do give a systematic spread of data 
above the single phase lines and allow easy comparison of trends. 

The definition of friction factor using mean fluid properties has been 
most widely used because it reduces to the correct single-phase value for 
both pure liquid and pure gas flow. This technique is very similar to the 
so-called “homogeneous” model, because it has a clear physical signifi¬ 
cance only if the gas and liquid have equal velocities, i.e., without slip. 
Variations of this approach have also been used, particularly the plotting 
of a ratio of a two-phase friction factor to a single-phase factor against 
other variables. This approach is then very similar to the Lockhart- 
Martinelli method, since it can be seen that (G4) 



where f G and f L are the friction factors obtained from a conventional cor¬ 
relation for the gas or liquid flowing alone. 

The basic assumptions implied in the “homogeneous” model, which is 
most frequently applied to single-component two-phase flow at high ve¬ 
locities (with annular and mist flow-patterns) are that (a) the velocities 
of the two phases are equal; (b) if vaporization or condensation occurs, 
physical equilibrium is approached at all points; and (c) a single-phase 
friction factor can be applied to the mixture if the Reynolds number is 
properly defined. The first assumption is true only if the bulk of the 
liquid is present as a dispersed spray. The second assumption (which is 
also implied in the Lockhart-Martinelli and Chenoweth-Martin models) 
seems to be reasonably justified from the very limited evidence available. 

This model has met with some success, particularly at high flow rates 
and high qualities in small tubes. Isbin et al (17) show that it can give 
reasonable predictions for dispersed flow if the momentum pressure-drops 
are small. When momentum pressure losses are significant, Isbin et al 
(14) point out that the homogeneous model can predict such high mo¬ 
mentum losses that the frictional pressure loss becomes negative. Charts 
presented by Hoopes (H8) also show clearly that the error in evaluation 
of momentum or kinetic-energy terms caused by the “no-slip” assumption 
can be very large. 

As a correlating procedure, the friction-factor approach has been used 
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very widely, because it permits application of the mechanical-energy and 
total-energy balances in their familiar single-phase forms. The resulting 
equations may then be applied to cases involving mass transfer, with or 
without simultaneous heat transfer, by stepwise integration along a pipe; 
or, if appropriate assumptions are made, analytical integration may some¬ 
times be possible. Isbin et al. (II, 17) and Hoopes (H8) have given 
methods and appropriate forms of the equations for carrying out the 
calculation procedures. 

The partial success of homogeneous models for predicting pressure 
drops and void fractions in dispersed flow (the only pattern for wdiich 
the “no-slip” assumption may be justified) has led to some overstatement 
of the range of value; e.g., see Owens (01). However, this simple model 
has often given good correlations, though the choice of correlating para¬ 
meters varies widely and the resultant expressions are entirely empirical. 
In general, “friction-factor” methods do not require the assumptions 
made in the special case of the homogeneous model, and can be applied 
equally well to vertical or horizontal flow; such methods of “correlation 
by analogy” give good results, although they shed very little light on 
the fundamental behavior of two-phase systems. 

E. Other Correlation Models 
1. Momentum-Exchange Model 

Levy (L4) has recently proposed that if the frictional plus hydro¬ 
static head losses in the gas phase equalled the sum of the same losses 
in the liquid phase, then one could assume that momentum was exchanged 
between the phases rapidly enough to maintain this equilibrium. This 
condition then requires that any changes in quality, void fraction, or 
density of the phases results in such a momentum exchange. By writing 
a mechanical-energy balance for each phase, and then subtracting one 
from the other the necessary relationship between R G , and pl/po can 
be established so that the model will be satisfied. This relationship, in¬ 
cluding mass transfer between phases, is 

(1 - a) 2 , *1 PL _ 1 (1 - z) 2 = n ( OA ) 

(1 -Ro)^Rgpg 2(1 -RaY K ’ 

Equation (34) gives reasonable agreement with experiment, in hori¬ 
zontal tubes, only for high void volumes. In vertical tubes with heat trans¬ 
fer, agreement is generally better at low void volumes and low pressures. 
This correlation was improved by adding an empirical factor to allow for 
a momentum difference between phases at high heat fluxes. Pressure drops 
were calculated by using an approximate relation between R G and <p L) 
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(1 - R G y (35) 

This equation can be derived by supposing that the wall is in contact 
with liquid only, and that shearing forces are equal at the gas-liquid 
interface. Experimental pressure drops were predicted to -f 50% to —30% 
on the average, although larger individual variations existed. An attempt 
was made by Marchaterre (Ml) to refine this method by expressing the 
mechanical-energy balance in terms of <p L . 


2. Modified Lockhart-Martinelli Methods 


Davis (Dl) has suggested that the introduction of the Froude number 
into the Lockhart-Martinelli parameter, X , gives a description of gravi¬ 
tational and inertial forces so that this model can be applied to vertical 
flow. The revised parameter, X, is defined empirically for turbulent- 
turbulent flow as, 




this relation being based largely on low-pressure data from Govier et al. 
(G6) for air-water, and from Isbin etal, (13) for steam-water. Comparison 
with other sets of data give an agreement of ±20% for liquid Reynolds 
numbers above 8000, or, above 6000 if the Froude number exceeds 100. 

It should be noted that the frictional drop was calculated by sub¬ 
tracting the hydrostatic head and acceleration losses from the measured 
total pressure-drop; where void data were lacking, a homogeneous flow 
model was assumed. This modification of X by use of the Froude number 
appears very similar to the technique used by Kosterin (K2, K3) for 
horizontal pipes, in which the equivalent of was plotted against 
volume-fraction of gas flowing, with mixture Froude number as the cor¬ 
relating parameter. 


3. Slip-Velocity Methods 

The slip velocity itself (i.e., Vq — TV) has been used as a correlating 
parameter as well as the slip-velocity ratio, Vq /V l \ Lottes and Flinn 
(L7) used the latter to form a graphical correlation to allow determina¬ 
tion of the quality in boiling steam-water flow in vertical rectangular 
ducts. Hughmark and Pressburg (H12) have correlated vertical two- 
phase pressure drops with the slip velocity in a plot of (AfW ~ AP l ) /A Z 
against V/, obtaining a family of curves having as a parameter \j/ = 
V^l 0 ' 147 ^ 0194 Gm 0 07 . The quantity \p was determined by a statistical cor¬ 
relation of numerous data obtained by these workers as well as by others. 

The use of a slip-velocity in any relationship depends on the ability 
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to make a reasonably close estimate of the void fraction [see Eq. (2)]. 
Hence, pressure drop correlations of this type are often accompanied by 
suitable void fraction correlations (e.g., for that developed by Hughmark 
and Pressburg see Section IV, E, 5). 

4. Pipe Roughness as a Variable 

Another modification of the Lockhart-Martinelli approach has been 
proposed by Chisholm and Laird (C4) to account for the effect of pipe 
roughness. For the turbulent-turbulent region, it is suggested that the 
Lockhart-Martinelli correlations, which were presented graphically, can 
be represented by the equation 

(Pltt ~ 1 + + jp (37) 

If X > 0.4, the last term is negligible. On the basis that the exponents on 
the flow terms in the definition of X vary as a function of pipe roughness, 
it was found that plots of Pltt 2 — 1) against C/X M gave straight lines, 
where ra = 1.0 for smooth tubes, and 0.80 for the roughest tube; 1-in.- 
diameter horizontal tubes with roughness ratios e/D to 0.068 were used 
with air-water flow. The quantity C was found to be a function of liquid 
flow rate, and of tube roughness. 

An interesting comparison can be made of this work and that of 
Hoogendoorn (H6). The latter work covered plug, slug, and froth flow- 
patterns for air and various liquids (about the same flow-pattern range 
covered by Chisholm and Laird), pipe diameters from about 1 in. to 
5^ in., roughness ratios to 0.030, liquid-to-gas viscosity ratios from 60 to 
1500 and a gas-density variation of about 100% ( po/pl from 0.0016 to 
0.0030). For turbulent-turbulent flow, Hoogendoorn gives the correlation, 

Sr* - [‘+ 230 (in- “]° (38) 

where A P L * is the pressure drop for the total mass flow calculated as 
liquid, and a is a function of ( Gq/Gm ) and varies from about 0.90 to 1.0. 
This correlation applies for ( G g /G m < 0.05, that is for G M ~G L - If this 
factor is now taken into account, APx,*~APz,; the right-hand side of 
the above equation is very nearly equal to 1 + 21/X, and therefore these 
correlations are basically identical. Roughness was accounted for by 
Hoogendoorn by evaluating AP L * at the appropriate roughness factor 
from a Moody chart, while Chisholm and Laird have done the equivalent 
by giving C as a function of superficial liquid Reynolds number, and of 
the ratio of smooth- and rough-pipe friction factors. 

Chisholm and Laird also measured and correlated the in situ volume- 
fraction of liquid with an equation of the general form, 
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(39) 


For smooth tubes, a correlation also existed between 1 /R L and <Pltt 2 , but 
for rough tubes the liquid flow rate was a parameter, especially for 
X < 3.5. In general, it would appear that the parameter X correlates the 
void fraction over wide ranges better than it can correlate the quantity 
<Pltt, although the roughness ratio remains a separate parameter. An 
effect of roughness on the flow pattern is indicated, and this would also 
explain to some extent the observed effects of pipe roughness on pressure- 
drop. 


5. Miscellaneous Void-Fraction Correlations 

Hughmark and Pressburg (H12) have correlated statistically their 
void data and others for vertical flow, using a modified Lockhart- 
Martinelli parameter, X , given as 


/ WlY 9 ML 0 a 9 <r°’ 20 W >70 
\Wo) G m ° au pl oj2 


(40) 


An average deviation for the prediction of R G of ±0.038 was claimed for 
air and for a variety of fluids in vertical pipes from 0.4 to 2.34 in. 
diameter. 

A summary of data on void-fraction investigations, and tests of 
various correlations for the steam-water system have been given by 
Isbin et al. (15). These workers conclude that the variety of flow condi¬ 
tions possible make a single general correlation of void data unlikely; 
in any case, insufficient data are presently available. 

In a later publication (14) Isbin et al. show the effect of using different 
void-fraction correlations for the calculation of acceleration effects in 
horizontal steam-water flow when critical velocities are approached. 
In this work, additional void-fraction correlations are given: The Fauske 
model (for annular flow when velocities are very high) results in 


Rg = 



The Modified Armand equation, for void fractions > 0.8, is 


(41) 


Ra = (0.833 + 0.167a:) 7^~r~pr (42) 

Ua -r Hl 

It has been shown by Scott (S5) that the theoretical equation pro¬ 
posed by Nicklin, Wilkes, and Davidson (which is identical with Armand's 
(A7) empirical equation for steam-water flow) is applicable to horizontal 
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flow for the conditions of their derivation, i.e., for superficial liquid 
Reynolds numbers exceeding 8000, excluding wave and stratified flow- 
patterns, with void fractions up to 0.8. The Nicklin equation for horizontal 
flow is 

“ °' 833 qT+'qI (43) 

The corresponding equation for vertical flow, again for liquid Reynolds 
number above 8000 and for void fractions to 0.80, was given by Nicklin 
et al. (see Section V, A), and was shown to agree with experiment: 


Rg — 


_ Qo _ 

1.2(0* + Ql) + 0 .S5A(gDyi* 


(44) 


where A is the cross-sectional area of the pipe. 

A similar equation to that of Eq. (43) was proposed by Bankoff (B6) 
on the basis of a bubble-flow model for vertical flow. His derivations are 
discussed in the following section (Section V, B). Finally, it should be 
mentioned that the “momentum exchange” model of Levy (L4), and the 
“slip-ratio” model of Lottes and Flinn (L7) are more readily applied for 
the determination of void fractions than for pressure drops. In general, 
these methods seem to give rather poorer accuracy than those already 
discussed. 

Many of the void-fraction correlations which have been prepared for 
both vertical and horizontal flow of steam-water mixtures have recently 
been tested by Haywood et al. (H4) against their extensive experimental 
data for 1-in. and 1^-in. tubes. Additional valuable evaluation is given 
by others in the published discussion of this paper. 

Petrick and Swanson (PI) have measured the effect of sudden con¬ 
tractions and expansions on void fractions found in vertical air-water 
flow, for pressures from 150 psi to 600 psi. As might be expected, a change 
does occur in the void fraction due to the difference in relative gas- 
liquid velocities in the two sections. In an unstable zone extending for 
several diameters from the point of change of the cross section, the 
voidage may vary abnormally, particularly for an expansion, due to the 
jetting action of the fluid. Petrick and Swanson give a semitheoretical 
equation for estimating the downstream value of Rg at atmospheric 
pressure from a knowledge of the pressure ratio and area ratio, and the 
upstream void fraction. 

Liquid metals represent a special case in the estimation of two phase 
void fractions. Because of the great differences in vapor and liquid 
density, very low qualities correspond to high void fractions, and for the 
same reason very large slip velocity ratios occur. In a recent paper, 
Smith et al. (S13) review previous measurements of void fractions in 
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vertical channels made on liquid metals (mainly by Soviet workers), 
and suggest a void fraction correlation in which a slip velocity ratio, TV, 
is plotted against a “relative flow area” with an inlet velocity ratio as a 
parameter. The relative flow area is defined as the ratio of the actual 
area of flow to the flow area giving a Froude number of unity at the same 
total mass rate. Basically, this variable is proportional to the total mean 
liquid velocity. The results of Smith et al. y as well as those of others, 
are presented as a graphical correlation in terms of these quantities. 


V. Mechanics of Specific Flow Patterns 

A number of definite flow patterns have been investigated in varying 
detail, with those occurring in vertical flow receiving the most attention 
because of the radial symmetry existing in this case. In the following 
sections, brief reviews are given of some of the more significant work 
reported up to 1962. 

A. Slug Flow 
1. Vertical Tubes 

Careful theoretical analyses of fully developed (i.e., ideal) slug flow 
in vertical pipes have been made along related lines by Griffith and 
Wallis (G8), and by Nicklin et al. (N4). The latter approach appears 
to be more fundamental, and is therefore reviewed here. In fully 
developed slug flow, the slugs of gas bear a resemblance to so-called 
“Dumitrescu” or “G. I. Taylor” bubbles. These bubbles are described 
as “wakeless” bubbles, and are best pictured as resulting when a narrow 
tube full of liquid and sealed at the top is allowed to empty from the 
bottom. Both theory and experiment show that in a stationary liquid, 
the rising velocity of such bubbles relative to the tube wall is given by 

V B = 0.3 5(gD)w (45) 

It was shown by Nicklin et al. that long slugs (those several diameters 
in length) rise relative to the liquid ahead of them at exactly this velocity. 
If the liquid has a net flow ahead of the nose of the slug, then the slug 
velocity in space is given by Eq. (45), plus a component which must 
be added to account for the net liquid velocity. Downward liquid flow is 
more complicated than upward, because the slug shape becomes distorted 
in an effort to avoid the fastest downflowing liquid at the tube center. 
When a slug expands due to a change in hydrostatic head, the slug 
velocity is increased by an amount dependent on the velocity of the 
displaced liquid, and on the absolute pressure of the system. Usually the 
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velocity of bubble rise is not a function of slug length, thus there is no 
effect of wake on this velocity. 

For turbulent upward liquid flow, it was found experimentally that the 
slug velocity is given for superficial liquid Reynolds numbers over 8000 by 


V, = 1.2 V L + 0.35( gD)W (46) 

That is, the component of the slug velocity due to liquid upflow is very 
nearly the same as the maximum liquid velocity at the tube center for 
turbulent flow. 

By continuity, it can be shown that the average superficial liquid 
velocity, V L) is given by 

Qo±Qi m y L ( 47 ) 


In addition, the velocity rise of the slugs must also equal the true average 
gas velocity, that is, 


W = V,= 


Qg 

RgA 


(48) 


Incorporating these latter two expressions in Eq. (46), the gas volume- 
fraction in slug flow can be obtained. 


R ° 1 9 (, , 2A , 0-35^1 (ffZ» i;2 (44) 

1 H 1 + cJ + Qg 

This equation reproduces the work of several investigators over wide 
ranges of air and water flow rates and for pipe diameters to in., up to 
the point where annular flow begins. For comparison, Griffith and Wallis 
present a similar development using in place of Eq. (46) the expression 

V. = Fl + 0.35 C,{gD)w (49) 

where C 2 was correlated empirically. Nicklin et al also point out that if 
the buoyancy term in the denominator of equation (44) is omitted, then 
an equation which might apply to horizontal bubble flow results. 

Moissis and Griffith (M5) measured velocity profiles in a tube in the 
wake of a slug, and found that all disturbances died away within about 
5 tube diameters. Therefore, as long as slugs are separated by about this 
distance, they will not tend to coalesce, or to be distorted by the presence 
of other slugs preceding them up the tube. Further, if the expansion of the 
slug is not large, they will rise with a constant velocity, and remain a 
constant distance apart. 

The calculation of pressure drop in vertical slug flow requires an 
understanding of the distribution of shear stress and pressure around a 
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single slug rising in still liquid, and an extension of this analysis to a 
moving liquid. Except at very high flow rates, frictional effects are small 
relative to the pressure drop due to the weight of liquid in the tube. 
Therefore, pressure drops can be obtained to a close approximation for 
most conditions by a calculation of the average density of the fluid mix¬ 
ture, that is, 

Pav. — pl(1 — Ro ) + pqRq (50) 

At high flow rates, and for other transport processes, however, it is useful 
to have some information on the fluid mechanics of the system. There¬ 
fore, a semi-empirical description of this aspect of slug flow is given 
below, as developed by Nicklin et al. (N4) as an extension of the work 
of Laird and Chisholm (L2). 



Fig. 8. Sketch of a rising slug in vertical flow. 

Referring to Fig. 8, from a force balance between sections 0 and 3, 
Laird and Chisholm derived Equation (51) foi^a single slug rising in 
still liquid, 

Pz = Pq + gpL(h + A + x — l) — F s (51) 

Here A is the height of tube required to hold the volume of liquid sur- 
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rounding the slug, l is the slug length, and F 8 are the shearing forces 
between the tube walls and liquid, which must act upwards to balance 
the downward motion of the liquid around the slug. F a is usually deter¬ 
mined experimentally by measuring the change in P 3 when the slug breaks 
the surface. 

At the stagnation point at the nose of the slug, the pressure is Pi 
(also the pressure inside the bubble); applying Bernoulli's equation 
between sections 0 and 1, we obtain 

Pi = PL0h + ^ + Po (52) 

A quantity P B is defined as the pressure recovery in the wake due to the 
change in momentum of liquid between sections 2 and 3. This pressure 
recovery can be calculated from a momentum balance if the liquid 
velocity at section 2 is known. Applying Bernoulli's equation again at 
sections 1 and 3, remembering that the pressure around the slug must be 
constant, we have 

P 3 — Pi + plQ(x — l) + Pr (53) 

Combining Eq. (51), (52), and (53) gives 

F a = p L g\ - P* - \p L V? (54) 

By generating single slugs, and measuring liquid levels in the tube 
during and after the passage of a slug, Nicklin et al. determined the 
quantity A experimentally to be 10.2% of the slug length for long slugs. 
Tests on long, true Dumitrescu bubbles gave a value of 10.4%. 

The liquid at the nose region of a slug can be assumed to accelerate 
freely under gravity; near the tail of the slug a region of constant liquid 
thickness exists where gravity is just balanced by wall shear forces. 

At the nose, viscous forces can be neglected, and therefore the velocity 
in the liquid film can be calculated from Bernoulli's theorem. Nicklin 
et al. show that for these assumptions 

A = 0.495(I>Z) l/2 (55) 

For small values of Z, that is, 6 in. or less, the above equation agrees well 
with experiment. Therefore, A can be estimated for both long and short 
bubbles. From a knowledge of A and slug length, the velocity of the liquid 
entering the wake can be found, and P R can then be calculated as men¬ 
tioned above. Given these experimental results, F & can then be determined 
from Eq. (54). The equivalence of the experimental value and the value 
of F a obtained indirectly has been shown by Nicklin et al. The film thick¬ 
ness for a slug rising with a velocity of 0.566 ft./sec. in a 1.02-in. Perspex 
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tube was found to be 0.0262 in., for the region of constant thickness 
where the liquid is no longer accelerating. This value is somewhat less 
than that predicted by Dukler and Bergelin (D5). 

When liquid and gas are flowing concurrently in fully developed 
vertical slug flow, the liquid moves upward with a velocity given by 
(Qg + Ql)/A. The wall friction acts in a positive sense, and can be 
calculated from single phase flow data. In the region around the slug, 
shearing forces at the wall act upward, as already mentioned, so that the 
friction acts in a negative sense, and if interfacial shear stresses are small, 
just supports the liquid in the film. This liquid weight can therefore make 
no contribution to the total pressure drop. 

The resultant frictional pressure drop could be negative, so that the 
total pressure drop might be less than the weight of the liquid in the tube. 
The exact frictional drop is not easy to calculate because of the difficulty 
of determining the thickness of the liquid film around the slug, where the 
behavior approximates that of a wetted wall column being operated at 
very high liquid rates. 

One additional conclusion arises from the work of Nicklin, Wilkes, 
and Davidson. Eq. (44) and (48), when Q L == 0, transform to: 

V. = 1.2 & + 0.35 (gDy* (56) 

Thus, even with zero liquid flow, a bubble or slug rises at a rate greater 
than its basic rising velocity, given by 0.35 {gD) 1/2 . It can be concluded, 
therefore, that continuously generated bubbles or slugs rising through 
stagnant liquid rise faster than single bubbles or groups of bubbles which 
are not being continuously generated. An extra increment proportional to 
the superficial gas velocity must be added to the basic rising velocity. 
At high gas rates, this increment may be the major factor in determining 
bubble velocity. 

2. Horizontal Slug Flow 

A flow model for horizontal slug flow of steam-water mixtures has 
been proposed by Kordyban (Kl). This model supposes that the liquid 
flow is divided into two flow fractions, one of which flows along a sector 
of the tube bottom at one velocity (channel flow), while the remainder 
flows in the rest of the tube cross-section in the form of ideal flat discs 
(slug flow). The assumptions made are: (a) the vapor to liquid weight 
ratio flowing is small, and therefore the friction loss due to vapor flow can 
be neglected; (b) the liquid is turbulent in both the channel flow and 
slug flow; (c) the liquid in channel flow is negligibly influenced by shear 
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forces at its free surface; (d) for the liquid in slug flow, the shear stress 
at the interface equals the shear at the tube walls; and (e) no mass 
transfer occurs. 

The Bernoulli equation can now be written for the liquid in channel 
flow in the bottom part of the tube, and for the liquid in slug flow in the 
upper part. The acceleration terms are then neglected, and the friction 
factors for each type of liquid flow found from the Blasius equation and 
from true Reynolds numbers. The resulting equations cannot be readily 
evaluated because of the two hydraulic-radius terms involved in the two 
types of flow, and an unknown fraction defining the relative mass of 
liquid in each part of the tube. 

If it is assumed that most of the liquid flows in the form of slugs, 
then only one of the mechanical energy balances needs to be considered, 
and the cross-sectional area for slug flow becomes approximately the 
same as the tube area. The resulting expression is, 

APtp = A P L (l + ^ J ' 75 (57) 

where A P L is the pressure drop for the liquid flowing alone in the tube. 

In the region of slug flow, Chenoweth and Martin’s correlation of 
superficial liquid volume fraction against a pressure-drop ratio can be 
represented by an expression 



The similarity of this equation and that of Kordyban is obvious. How¬ 
ever, as Kordyban points out, the assumption that all the liquid flows 
in the slugs is not a particularly good one, and agreement of Eq. (57) 
or (58) with slug-flow data for steam-water in small tubes (0.420 in. 
or less) at lower pressures is not too good (± 70 — 100%). Comparison 
of Eq. (57) with the data of Reid et al (Rl) for slug flow in large diame¬ 
ter pipes gave considerably better agreement. 

3. Unstable Slug Flow {Froth, Turbulent, Semi-Annular) 
in Vertical Tubes 

The region in which vertical slug flow begins to show serious insta¬ 
bilities, with the slugs collapsing, or coalescing, has been described in 
various terms by different workers. It can certainly be specified as a 
transition region between two more definite patterns, slug and annular 
flow. There have been two recent attempts to analyze this unstable region, 
one by Moissis and Griffith (M5) and the second by Nicklin and David¬ 
son (N3), from quite different viewpoints. 
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Moissis and Griffith suppose that as short gas bubbles rise through 
the tube, they tend to be unstable because of the short separation dis¬ 
tances between them and hence of the consequent wake effects. They 
assume that coalescence of these bubbles will occur eventually to produce 
larger slugs, with a sufficient separation distance to give fully developed 
slug flow. For this reason, the unstable region was given the name 
“developing” slug flow, and assumed to be an entrance effect which 
could persist for long distances. This viewpoint is questionable in light 
of the fact that many investigators have found this froth or turbulent 
flow region to be quite constant in appearance, and to show little evi¬ 
dence at steady flow conditions that the nature of the flow pattern varied 
progressively along the tube. 

It is not clear from Moissis and Griffith's work exactly how they 
produced the so-called “developing” slug flows they studied. In fact, the 
conditions studied by Moissis and Griffith appear to be those of coales¬ 
cence of large bubbles, in what is really an artificially produced bubble 
flow. On the other hand, the work of Nicklin and Davidson seems to have 
been concerned with the instability developing from true slug flow as the 
gas flow rate increases. Further evidence in support of these conclusions 
lies in the fact that Moissis and Griffith in 1-in. pipe used a maximum 
superficial gas velocity of about 0.8 ft./sec. at zero liquid flow to produce 
their unstable conditions, and were apparently able to produce unstable 
regimes at even lower flow rates, whereas, Nicklin and Davidson found 
that for zero liquid flow in a 1-in. pipe, the change in flow pattern began 
between 5 and 6 ft./sec. superficial gas velocity. It would appear that the 
“developing” slug-flow results presented by Moissis and Griffith pertain 
to a transient region preceding the establishment of fully developed slug 
flow, which usually tends to disappear in about 20 diameters. 

As mentioned in the previous -section, the existence of a liquid film 
of uniform thickness around the base of a slug was pointed out by Nicklin, 
Wilkes, and Davidson (N4). In an extension of this work, Nicklin and 
Davidson (N3) have carried the analogy between this situation and a 
wetted-wall column to the instability point known to occur in wetted- 
wall columns at high gas-flow rates. 

Considering a section of a vertical pipe through the base of a gas slug 
where the liquid film thickness is constant, and calling the gas volume 
fraction at this point R$ and the true point gas flow Qq , we find from 
Eq, (46) that 

Qq' = Ro'AV, = R 0 'A[1.2(Qg + Ql)/A + 0.35(<7D) 1/2 ] (59) 

If bubble expansion is neglected between the entrance and the section 
under consideration, and if Q L ' is the true liquid flow in the film 
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Ql = Qq — Qq — Ql (60) 

Finally, the forces around a slug must be in balance, and therefore, 
in theory, a third equation can be written allowing Q 0 ' f Q L ', and R G to be 
determined. In practice, the liquid film is not sufficiently stable to allow 
calculation of the forces; thus, mutually compatible values must be found 
experimentally. This was done by Nicklin and Davidson in a wetted-wall 
column; they found that Rq was independent of the gas velocity, 
Qg/A, and a function only of Qjf/A. In addition, the flooding point was 
determined for both long and short columns. By combining Eq. (59) and 
(60), mutually compatible values of Qg , Q L \ and R G f were found, and 
these were solved graphically with the R G vs. Ql'/A plot to give a real 
solution. From flooding results, this solution could then show what condi¬ 
tions were within the stable region, and at what point flooding would 
begin for given gas and liquid flow rates. The point of instability in a 
slug-flow pattern was determined by Nicklin and Davidson for no liquid 
flow in a one-inch tube, and was found to lie between Qg/A = 5 and 
Qg /A = 6 ft./sec., whereas flooding results predicted instability at 
Q g /A = 5.5 ft./sec. 

When flooding occurs, liquid is prevented from running down the 
column around the slug, and therefore the slug following must also 
collapse because of insufficient liquid. Hence, a process of continuous 
collapse and reforming of bubbles begins. At higher gas flows, a more 
vigorous action would be expected. The flooding action should result in 
a sudden increase in pressure drop, just as it does in a wetted-wall 
column; reference to Fig. 2 shows that this does in fact occur. 

At low liquid rates, the onset of instability occurs at a constant value 
of the total superficial velocity, and is predictable from holdup and 
flooding data for wetted wall columns. As liquid flow rates increase, 
Nicklin and Davidson predict that unstable flow begins at lower values 
of the gas flow rate. For high liquid flow rates, however, the slug length 
becomes important, and the unstable flow will begin at higher values of 
gas flow rate. Therefore, a definite liquid flow rate exists at which an un¬ 
stable flow pattern appears with a minimum gas flow rate. 

Recently Bashforth et al. (B15) have made a study of the special 
region in which the transition from countercurrent to cocurrent liquid 
flow occurs with vertical upward gas flow. At this point, the liquid film 
is suspended, and the net liquid flow rate is zero corresponding to the 
limiting flooding case for wetted wall columns. 

By assuming a parabolic velocity gradient in the film, these authors 
have derived an equation relating the hold up of liquid in the tube to 
the change in pressure drop due to a change in film length. Hence, this 
holdup could be predicted, and these predictions compared favorably 
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to that measured at various film lengths. In addition, the liquid-gas 
interfacial shear was calculated, and a friction factor for skin drag was 
shown to be a linear function of the superficial gas Reynolds number. 
The liquid holdup was also found to vary linearly with this Reynolds 
number. 

From the relative magnitudes of liquid-wall and liquid-gas shearing 
forces, it was concluded that the circulation of liquid in the film must be 
such that two-thirds of the film is supported in upward motion by the 
gas flow, and one third is supported through downward motion by the 
wall of the tube. Hence, the net force on the tube wall is downwards 
against the air flow. 

For air and water, in a one inch tube, the superficial gas velocity 
limits for the film suspension region were about 31 ft./sec. to 41 ft./sec. 
(see Fig. 10 also). The value of 31 ft./sec. agrees with the value to be 
expected for the critical gas flooding velocity at zero liquid flow from an 
extrapolation of the results of Nicklin and Davidson. Hence, the approach 
of the latter workers in their analysis of unstable slug flow would seem 
to be valid for net liquid flows down to zero. 


B. Bubble Flow 


1. Vertical Tubes 


Many of the considerations discussed in the previous section can be 
applied to vertical bubble flow. Two cases are of interest; first, one in 
which there is no downward or upward liquid flow ( Q L = 0), for example, 
on a distillation tray. With a shallow liquid layer there will be no liquid 
velocity profile, and hence bubble-rise velocities for uniformly sized 
bubbles will be the same at each cross-section. It can be shown (see 
Nicklin, N2) that if the rising velocity of a swarm of bubbles not con¬ 
tinuously generated in a still liquid is V 0 , then the rising velocity relative 
to the tube of a swarm of continuously generated bubbles will be, for 
Ql = 0, 


V B = 


Qo 

RqA 



(61) 


Second, when a liquid is flowing in a long tube, a liquid velocity profile 
will develop, and bubbles near the center of the tube will rise more 
rapidly than those near the wall. In slug flow, all slugs rise with nearly 
the maximum velocity, but in dispersed bubble flow, the variations in 
speed tend to cancel and give a component to the bubble velocity due to 
the average liquid velocity. As before, from continuity, this mean liquid 
velocity at any cross section must be ( Q 0 + QlM, so that the bubble 
rise velocity is 
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Vb = R^A = V ° + ~ A ~ (62) 

The relative velocity between rising bubbles and liquid is also a 
matter of interest in transport processes. For bubbles in still liquid, 
this is given by Nicklin (N2) and by Wallis (Wl) as 


V — V I 

" 7 ° + A ” (1 - Rq) 


(63) 


In the case of a flowing liquid and continuously generated bubbles, 
the relative velocity is 

Vr = Vb - Vi = - — -= -—— (64) 

Vl R q A ( l-R 0 )A (1 -R g ) 

where V L ' is the true velocity of the liquid relative to the tube. Hence, 
for a given system and a given value of Rq, the relative velocity of the 
phases is a constant of the system, independent of the liquid flow rate, 
or whether the bubbles are generated continuously or not. 

In bubble flow, the pressure-drop is almost entirely due to the weight 
of the fluid, and thus pressure-drops can be approximated very closely 
from a knowledge of the in situ volume-fractions as given by Eq. (62). 


2. Horizontal or Vertical Tubes 

Another analysis of two-phase bubble flow has been given by Bankoff 
(B6). Further discussion of this approach can be found in the articles 
by Zuber (Z2) and Hughmark (Hll). Bankoff proposes, for the particu¬ 
lar problem of bubble flow, a model which substitutes a single-phase fluid 
having a variable radial density; this model might be used for either 
vertical or horizontal tubes. The radial density occurs because of the 
observed fact that the bubble population is greater in the center of the 
tube. Further assumptions are that the bubble everywhere moves with 
the liquid velocity, but because of the nonuniform radial distribution, 
the mean bubble velocity is greater than the mean liquid velocity. The 
above assumption also means that buoyancy components of the bubble 
velocity are neglected (about 0.83 ft./sec. for air in still water). Power 
function distributions for velocity and gas volume-fraction in the radial 
( y ) direction are assumed, viz., 
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where V' L ' or R' G are the point values, and V f l 9 or R Ge are the respective 
values at the tube centerline. 

If now the definitions of the average gas volume-fraction and of the 
mass-flow rates, W L and W 0 , are written, and Eq. (65) and (66) are 
substituted in them together with the definition of the quality, x = 
W G /{W L H~ Wq), then integration gives 


(-a 


where K is a “flow factor” defined by 

jc - 2(m + n + mn)(m + n + 2 mn) 

(u -f- 1)(2 u + l)(2m -f- 1) ^ 

Further, one can define a “slip-velocity ratio,” to show the difference 
between the mean true bubble velocity and the mean true liquid velocity : 


1 - R 0 
K — R g 


from which it can be shown that 


Rq 




(70) 


According to Bankoff, bubble flow occurs at gas volume-fractions to 
0.8, and for qualities above about 0.6. He showed that, over this range, 
Eq. (70) with a value of K = 0.89 gave good results in comparison both 
with experimental data and with the Martinelli-Nelson correlation; the 
fit given by Eq. (70) was somewhat better than that given by the 
momentum theory of Levy (L4). This agreement was also true for 
pressure-drops, when the wall shear stress was calculated as for a single¬ 
phase fluid having the mixture properties. 

Zuber showed that Eq. (70) corresponded to the result obtained ex¬ 
perimentally by Armand (A7), with K = 0.833, and that it could cor¬ 
relate gas void-fractions as a function of quality for values of R g to 0.8 
for vertical flow. 

It is interesting to compare the assumptions made by Bankoff to the 
restrictions operating in the investigation by Nicklin, Wilkes, and David¬ 
son for slug flow. In their work the velocity component of the slugs due 
to liquid flow approached the maximum liquid velocity at the tube 
center-line. If this is also true of the bubbles of Bankoff’s model and the 
bubble rise velocity due to buoyancy is ignored, then the velocity of the 
bubbles as given by Nicklin et al would be, 
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so that 


V B = 1.2 


(Qo + Ql) 
A 


Qo 

RqA 


0.83 Q 0 0.83 

(Qo + Ql) (Vo + V L ) 


(71) 

(72) 


a result practically identical to that of Bankoff. It may be concluded 
that the variable-density assumptions made by Bankoff effectively ap¬ 
proximate slug flow in vertical pipes; the success of his equation is 
largely due to the fact that over fairly wide ranges this serves as a 
reasonable model for vertical bubble flow. The slug and bubble models 
will give similar results as long as they are compared at sufficiently 
high liquid flow rates so that buoyancy differences can be neglected. Also, 
if the gas velocity component due to buoyancy is entirely neglected, then 
the horizontal and vertical models become identical. 


Hughmark (Hll) has extended this approach to obtain an empirical 
correlation covering wide ranges of data for the air-water systems in 
vertical flow. Basically the correlation consists of using Eq. (70) with a 
variable value of the coefficient K. This coefficient was expressed by 
Hughmark as a function of the mixture Reynolds number, Froude num¬ 
ber, and liquid volume-fraction. Hughmark’s approach gives 


where 


K=f(Z), 


C Re M ) m (Fr M ) m 

(Ru) 114 


(73) 


with the Reynolds and Froude numbers superficial values for the mixture. 
The quantity K was then found empirically from air-water data in 
vertical flow. An analysis of the terms involved in Eq. (73) indicates 
that the only strong effect not given in Eq. (70) is a variation in Z 
with 1/D 0 - 75 . 

Correlation of R 0 according to Eq. (73) is claimed for air-water and 
steam-water in vertical tubes, and for air with various liquids in hori¬ 
zontal tubes. Any fundamental significance of Hughmark’s dimension¬ 
less groups, with their small exponents, is not readily evident. No 
apparent reason exists why the coefficient K should have a value differing 
from 0.83, even though pressure, temperature, or fluid properties might 
vary, as long as the assumptions corresponding to a slug type of flow 
are met. The use of a variable coefficient in Eq. (70) may simply reflect 
the deviation of the system from slug-flow behavior. 

Zuber (Z2) has reported that Russian workers have used a similar but 
simpler approach to correlate their void-fraction data successfully for 
steam-water mixtures. The “modified Armand equation” described in 
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Section IV, D, also belongs in this category. While the equations of 
Nicklin et al for void fractions are firmly based on theory for slug or 
bubble flow, the extension of these equations to other flow patterns, or to 
void-fractions above 0.8, is empirical. 

A knowledge of the mechanics of vertical cocurrent bubble, slug, and 
froth flow is important for an understanding of the performance of gas¬ 
lift pumps. These devices will not be discussed here, but reference may be 
made to a recent article by Nicklin (Nl). 

3. Horizontal Bubble Flow 

An investigation has been reported by Wallis (Wl) in which finely 
dispersed bubbles could be injected into liquid in horizontal flow through 
porous walls, either to give a constant quality, i.e., at only one point, or 
continuously along the tube length to give a simulation of forced-convec¬ 
tion boiling. The latter experimental analogy is open to question, inas¬ 
much as there is a large amount of evidence that nucleation is suppressed 
at high liquid velocities. However, the correlations presented by Wallis 
apply only to bubble flow and, presumably, therefore, to relatively low 
velocities and qualities. If this is true, the model may apply in some 
ranges of forced-convection boiling. 

Wallis points out that, from continuity considerations and bubble 
dynamics, the cocurrent flow of uniformly dispersed bubbles as a dis¬ 
continuous phase in a liquid can always be made to occur in any system 
and for any void volume, (This is not true for countercurrent flow.) 
Coalescence of bubbles may occur, of course, and if this coalescence is 
sufficiently rapid, a developing type of flow is observed, usually from 
bubble to slug flow. Because of this behavior, the particular flow pattern 
observed in bubble flow is quite dependent on the previous history of the 
two-phase mixture. This would be true for both horizontal and vertical 
flow. 

Wallis states that if bubbles were uniformly dispersed, and nonrigid, 
then their effect at a constant total mass-flow rate would be simply to 
increase the stream velocity, and at a constant friction factor, the pres¬ 
sure-drop would be, 

A P T p = A P L (l + (74) 

where A P L is calculated as liquid at the total mass flow. This equation 
appears to be actually a close approximation, good for low gas densities 
or low qualities. 

The above equation was found to be inadequate; and hence Wallis 
suggests the following dimensional empirical form for horizontal bubble 
flow, 
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1 + 300 < 75 > 

where G M is expressed in lb. mass/(hr.) (sq. ft.). For the air-water mix¬ 
tures used, this correlation is equivalent to those of Hoogendoorn (H6) 
or Laird and Chisholm (L2), except that a specific term is included to 
allow for the fact that the Lockhart-Martinelli parameter X u is also a 
function of G M (see Section IV,E,4.) 

Experiments carried out with accelerating horizontal bubble flow, 
that is, with variable quality, were correlated by similar but separate 
equations for f-in., f-in., and J-in. diameter pipe. For the f-in. pipe, 



where u Q is the gas velocity normal to the pipe wall. The numerical 
constants differ for each pipe size. The equations correlate total pressure- 
drop, that is, the sum of frictional and acceleration losses. 

C. Annular (Climbing-Film) and Dispersed Flow 

These two flow-patterns should be considered together, because of 
the experimental evidence that liquid entrainment in the form of droplets 
is probably always present to some degree in annular flow, and because 
the transition from one flow-pattern to the other is very gradual. 

This flow-pattern is of great importance in heat transfer processes. 
Consideration is being given to cooling nuclear reactors by use of this 
type of two-phase flow. It occurs in the commonly used long-tube evapo¬ 
rator, in thermosiphon reboilers, and probably to a considerable degree 
in water-tube boilers as well. Because of these potential and current 
uses, a great many experimental and theoretical studies of this flow 
pattern are under way. The relatively few investigations carried out 
prior to 1958 have been reviewed by Bennett (B9). A recent, comprehen¬ 
sive review of this work has been given by Lacey et al. (LI), who list 57 
references mostly referring to work recently completed or still in progress. 

Superficially it would seem that the symmetry presented by upward 
annular liquid flow in tubes should offer a good opportunity for a rigorous 
analysis of the fluid mechanics. Indeed, a fair success has resulted from 
efforts in this direction, but many difficulties still remain. In the follow¬ 
ing section, a largely qualitative description of methods of analyzing 
annular and spray flow will be given. Discussion referring specifically to 
heat transfer will be given in Section VI. 

In upward or climbing-film flow, waves or ripples are always present. 
At low gas rates and low liquid rates, films are thin, wave amplitude and 
entrainment may be relatively small, and straightforward hydrodynamic 
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analysis ignoring these factors may give reasonable prediction of behavior. 
At higher gas flow rates, entrainment increases, and a high-velocity 
“ring” wave of large amplitude appears. If the amount of liquid entrain¬ 
ment becomes appreciable, then prediction of film thickness or pressure- 
drops will depend on a knowledge of the relative distribution of the 
liquid mass-flow between the two phases, which has not yet been given 
much experimental attention. Moreover, the mass-fraction of liquid en¬ 
trained may increase along the pipe. Anderson and Mantzouranis (A3) 
have found that entrainment increases exponentially with velocity; hence, 
since the gas velocity itself increases continuously due to pressure drop, 
entrainment equilibrium is apparently never reached. Further, the method 
of adding the liquid feed will affect this situation markedly, and it may 
require a thousand diameters (LI) to approach spray equilibrium. There¬ 
fore , at higher flow rates, experimental results may only be comparable 
for identical entrance arrangements , and theoretical analyses based on 
steady-state models may never be duplicated in practice. 

Pressure drops for these higher flow rates are very much larger than 
would be anticipated from a smooth-liquid-surface model, even if the 
fluid properties are modified to allow for the appreciable entrained- 
liquid content. A large additional dissipation of energy must occur 
because of (1) the behavior of the wavy film as a rough wall, (2) wave 
generation, and (3) liquid interchange between the film and the gas. 

Entrainment behavior may be summarized from the work of Wicks 
and Dukler (W2) and Collier and Hewitt (C6) in the following way, 
based on jet- or shock-type injection of liquid. Very little entrainment 
occurs until a certain pressure-drop is reached which, in general, is about 
twice the pressure drop which would have occurred if the gas had been 
flowing alone in the tube. At constant liquid rate and increasing gas rate, 
the film thickness decreases, and at the highest gas rates approaches a 
reasonably constant value. When the liquid rate is also high, the entrained 
liquid approaches 90% of the total. Presumably, at this point, the liquid 
film owes its existence to a process of continuous deposition and removal 
of liquid droplets. At constant gas rate, liquid-film thickness increases 
with increasing liquid feed rate, until at fairly high gas rates it becomes 
nearly independent of liquid rate; the entrainment increases steadily as 
liquid flow rate increases. Pressure drops increase steadily with increas¬ 
ing gas rates, but at constant gas rate they tend to be much less dependent 
on liquid rate. 

For the relatively simple case where entrainment need not be con¬ 
sidered, Calvert and Williams (Cl), Anderson and Mantzouranis (A2, 
A3), and Collier and Hewitt (C6) have attempted analyses of the 
mechanics of upward film flow. Calvert and Williams made use of the 
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Prandtl-Nikuradse treatment and considered the liquid film to involve 
a laminar and a turbulent layer. Anderson and Mantzouranis , work is an 
extension of the equations presented by Dukler and Bergelin (D5), and 
makes use of the von Karman universal velocity profile. In general, if 
any two of pressure drop, liquid flow rate, or film thickness are known, 
the third quantity can be calculated. 

Collier and Hewitt have compared results from the two approaches 
of Calvert and Williams, and Anderson and Mantzouranis, and give the 
following summary: 

(1) For very low values of r W} the wall shear force, the Anderson and Mantzou¬ 
ranis analysis predicts film flow rates from film thickness and pressure drop which 
are very much lower than are the actual values (down to about one-third). In this 
region, the Calvert and Williams theory predicts film flow rates quite close to the 
measured values. 

(2) For high values of r W) both theories predict much higher film flow rates than 
those observed (in the worst case by a factor of 4). 

Film thickness is predicted more closely from film flow rate and pressure drop, 
than is film flow rate from film thickness and pressure drop. This improvement 
results from the fact that the film flow rate is approximately proportional to the 
square of the thickness. 

(3) For most of the results, the values of yi-\- (dimensionless distance parameter), 
at the gas/liquid interface correspond to the buffer region 

(5 < yi + < 30) 

(4) The Anderson and Mantzouranis analysis always predicts lower values for 
film flow rate than the Calvert and Williams theory. This difference is accentuated 
at low values of t w and reached about 300%. For high values of r w the difference 
is only about 10%. 

More recently Hewitt (H5) has adapted a downward-film-flow 
analysis by Dukler (D4) based upon the Deissler velocity profile, to 
upward film flow; this approach, also requiring numerical solution, is 
claimed to give better correlation of film thickness with theory, over 
wider ranges than previous data, and for different types of liquid in¬ 
jections. The Deissler velocity profile was developed specifically to 
describe the velocity variation in the zone close to a solid wall, and, might 
be expected to give the best description of film flow. However, when 
gross wave motion or significant entrainment occurs, this correlation 
also shows deviations from experiment. 

The effect of the method of liquid injection is worth noting. In general, 
the higher the entrance shock when the two phases are mixed, the greater 
the amount of entrainment will be. Injection methods giving smooth 
annular films with a minimum of entrainment give higher pressure-drops 
(C6, W2). For example, pressure-drop decreases in the following order 
for different injection methods: porous walls > annular slots or rings 
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> radial jets > tees or ells. Entrainment decreases in the reverse direc¬ 
tion, suggesting that less energy is required to transport liquid as droplets 
than is required to move it as a wavy climbing film. 

Entrainment studies have been relatively few, as pointed out earlier. 
Anderson and Mantzouranis (A3) used the results of measurements of 
entrainment (which was small in their work) to correct their calculated 
liquid film thickness, and thus obtained somewhat better agreement with 
experimental values. Wicks and Dukler (W2) measured entrainment in 
horizontal flow, and obtained a correlation for the amount of entrainment 
in terms of the Lockhart and Martinelli parameter, X. The entrainment 
parameter, R, of Wicks and Dukler is given by 


_ (QL/Qa)We c E 
( dP/dL) G 


(77) 


where ( dP/dL ) has the usual significance, E is the mass of liquid en 
trained per unit time, and We c is the “critical” Weber number: 


We, = p G ^- V>u)i - (78) 

ctl9c 

Here Vg* and Vto are the true velocities at the entrance, of gas and liquid, 
respectively, and d c is the critical droplet diameter. The value of the We c 
depends on the degree of shock at the entrance section; e.g,, for smooth 
liquid injection, 22 was used, and for tee entrances, 13 to 16. Collier and 
Hewitt (C6) also measured entrainment in air-water mixtures, and have 
extended the same correlation to much wider ranges, using We c — 13 in the 
case of jet injection with the results shown in Fig. 9. Anderson et al. (A5), 
during mass-transfer studies in a water-air-ammonia system, found en- 



Fig. 9. Entrainment Correlation of Wicks and Dukler [after Collier and Hewitt 
(C6)L 
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trainment values that were in complete agreement with the Wicks and 
Dukler correlation. 

In a recent publication, Gill et al. (G12) present results of new 
studies of film thickness and entrainment for upward annular flow of air 
and water at constant rates in a long, l|-in. pipe. A porous inlet section 
for liquid was used, so that all entrainment arose from the annular film 
itself. These authors conclude that entrainment increases steadily along 
a tube, and arises from the continuous presence of film surface waves, 
so that a very long tube might be required to reach equilibrium (which 
might never occur if surface waves never disappeared). 

Inasmuch as the amount of entrainment varies continuously along 
the tube length, it is apparent that the Wicks and Dukler correlation 
cannot be completely general, as it does not contain any allowance for 
this effect. Gill et al. found from their results (also shown in Fig. 9), 
that this correlation gives an entrainment value corresponding to a 
position about 6-8 ft. along a pipe, for air and water. Depending on the 
point in the pipe and the degree of entrance shock, the predicted and 
measured values can vary by ±50%. However, for a given distance 
from the entrance, the type of correlation shown in Fig. 9 can be obtained 
for a given gas-liquid system. No data appear to be available for 
systems other than air and water. 

Gill et al. also measured both entrained liquid flow rates and gas 
velocity profiles across the core as a function of pipe length. The local 
mass velocity of entrained liquid varies as might be expected for smooth 
liquid injection. Close to the injection point the entrained water flow 
decreased from the wall toward the center, but at a position remote from 
the entrance the reverse was true and the liquid mass velocity in the 
gaseous core was greatest at the center. At intermediate positions, a 
reasonably uniform liquid flux existed across a diameter, as reported by 
others (A3, W2). Measurements of the gas velocity profile gave a fairly 
sharply peaked parabolic form, which was shown to follow the form of 
the classical velocity deficiency law for very rough surfaces, but with a 
new numerical coefficient. The combination of increased liquid mass 
velocity near the tube center and a peaked velocity profile resulted in a 
very uniform volumetric fraction of liquid existing in the core at any 
radial position. 

An interesting study of entrainment from horizontal liquid films has 
also been carried out by Van Rossum (VI). On the basis of a liquid film 
in laminar flow with a flat and smooth surface, he found that the mean 
actual film thickness was about 0.6 times the theoretical one. The 
critical Weber number corresponding to the onset of atomization was 
determined for five different liquids, with Weber number defined as 
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We = pgFg2y< (79) 

<*L 

where V R is the relative velocity between gas and liquid, and yx is the 
liquid-film thickness. For velocities above 82 ft./sec., and viscosities 
above about 4 cp, the critical Weber number was constant at about 17. 
For less viscous materials, the critical Weber number decreased, as sur¬ 
face tension increased and as viscosity decreased, from 17 to about 3. 
For all liquids, there is a velocity below which no entrainment will occur, 
regardless of film depth, and roughly this velocity in meters/sec. is 
given by, 

F m in. - *l/ 4 (80) 

with cr L in dynes/cm. In summary, the present correlations for entrain¬ 
ment are useful, but its basic mechanics is just beginning to be under¬ 
stood, and further testing will be needed to determine the ranges over 
which the correlations apply. 

A recent publication by Zhivaikin (Zl) has reviewed Soviet work on 
film thickness and entrainment from films, and has presented correlations 
both for the thickness and for critical entrainment velocities. The rela¬ 
tionships, given in terms of dimensionless quantities for downward cocur¬ 
rent flow, upward cocurrent flow, and gas-liquid counterflow, follow. 
For laminar flow of liquid alone vertically downward along a pipe wall, 
the Nusselt equation was found to apply, 

b - ^ T 1/3 cms. (81) 

\9P/l 

where r is the liquid flow in cm. 3 /(sec.) (cm. of film width), and n , p, g, 
are expressed in c.g.s. units. 

For the turbulent region, 

b = 0.317 (—y / 2 T 7/12 (82) 

\P9Wl 

The transition region falls at liquid-phase Reynolds numbers (4rp/V) 
between = 1800 and 4000. For downward cocurrent flow, in the region 
of no entrainment (V& < 4 meters/sec.), 

b = [1 — 0.022(Fg - 4 )](^) 13 r ‘ /s ( 83 ) 

The critical gas velocity, Vqcr, at the start of entrainment is expressed 
by three separate equations, for low, medium and high Reynolds numbers. 
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For Re < 0.85p L 2 /ml 2 , 

V 

For 0.85 Pl 2 /V < Re < 28.8 Pl /pl 

For Re > 28.8 pl/pl 


^ ocr — ^o. 25 ^o. 75 po .75 me ters/sec. 


70.8 (Tfxf 25 


VgCR — p^.25p0.25 


T/ _ 43.2/x^V 

* GCR ~ 1.25 

PL 


(84) 


(85) 

( 86 ) 


For velocities in excess of the critical velocity, that is, when entrainment 
occurs, 


b = [1 - 0.022(F g - 4 )](^) 13 rl ' 3 + 255 (^J ^ yi/^ ) 1 ' (87) 
For upward film flow of gas and liquid, 


Tcr = 


656jL&y- 2 


( 88 ) 


Zhivaikin obtains a correlation for the film-thickness data of several 
workers for upward cocurrent flow by plotting bVo 3/4: againt r (with b 
in cm. and Vq in meters/sec.). Two lines result, one for the region 
showing no entrainment, and one for the entrainment region with T C r 
about 0.575 cm. 2 /sec. and affected only slightly by gas velocity. The two 
lines are: 

For no entrainment, 


6 - 3 - 36 (t? T(w) 

For the entrainment region, 

6 - 5 '®(¥HvF*) 

All of these results are expressed graphically in Fig. 10. The equations 
apply to systems using air and water (or water plus glycerol) over a range 
of liquid viscosities. The effect of gas density and viscosity are not men¬ 
tioned by Zhivaikin. The applicability of Equation (81) through (90) 
to other systems is therefore not known. 


(89) 

(90) 


D. Stratified and Wave Flow 

This flow-pattern occurs only in horizontal flow, in larger pipes and 
channels, at low liquid rates. Few studies have been made of this type of 
flow in confined channels, as distinct from wave studies on a more 
extended liquid surface. The initial work was by Bergelin and Gazley 
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Fig. 10. Correlation of film thickness with gas and liquid flow rates for air-water 
system in vertical flow, according to Zhivaikin (Zl). 1, 2: limits for onset of en¬ 
trainment in downward and upward flow, respectively. 3, 3: limits for small effect of 
gas velocity on liquid flow (smooth wetted wall operation). 4, 4: region of film 
suspension. 5: limit for existence of film flow. 

(B12), and by Gazley (Gl), using air-water. It was shown that when a 
gas-liquid interface is smooth, energy transfer from gas to liquid is 
entirely dissipated in surface friction, but when a liquid surface is 
hydrodynamically rough, energy transfer from gas to liquid may amount 
to twice that to be expected on the basis of interfacial friction (Gl). 
Presumably this excess energy is dissipated in the formation and mainte¬ 
nance of surface waves. 

The first paper by Bergelin and Gazley (B12) analyzed the principal 
characteristics of stratified flow. An hydraulic gradient exists in the 
channel, which is a function of the ratio, W L /W 0y but this gradient may 
be positive (the liquid becoming deeper downstream), negative, or zero. 
If the gradient is negative, the liquid receives less energy from the gas 
than it loses due to wall friction. At a given point in a channel, average 
liquid depth always increases with an increase in liquid flow rate, and 
decreases with increasing gas flow rate. 

The transition from laminar to turbulent liquid flow was reported to 
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occur at a true liquid Reynolds number (using the hydraulic radius) 
between 7000 and 8000. In stratified flow, if an appreciable hydraulic 
gradient exists, the void-fraction varies along the pipe. Although data 
were presented for midpoint void-fractions by Bergelin and Gazley, these 
were not correlated, except roughly by the Lockhart-Martinelli curves. 

For a relatively thin liquid film flowing cocurrently with gas on a 
fairly wide surface of uniform depth, three types of waves have been 
described by Hanratty and Engen (HI). These wave forms are classified 
as “two-dimensional,” “squall,” and “roll” waves. The first of these seems 
to correspond to situations described as “ripple” or “capillary” waves by 
other workers. The “squall” surface has also been called “pebbled,” and 
seems to correspond to the “hydrodynamically rough” surface described 
by Gazley (Gl). The “roll” or “cresting” waves may, in fact, take the 
form of slug flow when generated in tubes, as suggested by Hanratty and 
Hershman (H2). 

Stratified or wave flow in horizontal pipes has unique features not 
reproduced in uniformly thick liquid layers. Liquid-film thickness is not 
uniform because of the pipe curvature, and wall drag effects are very 
appreciable. Hanratty and Hershman point out that at high gas rates, 
where wave-annular flow occurs, gravity should have a stabilizing influ¬ 
ence on waves on the bottom of a horizontal tube, little effect at the 
mid-point, and a destabilizing influence at the top. Surface tension should 
affect wave form only slightly at the bottom, but should act as a restoring 
force at the top. The waves observed in stratified pipe flow are generally 
not the same in form as those reported on flat liquid surfaces; however, 
for both cases, a hydrodynamically rough surface in air-water seems to 
appear at a gas velocity between 10 and 15 ft./sec. Entrance effects, 
vibration, and similar factors affect the point at which the first small 
ripples appear, but apparently not the point where a rough surface forms. 

Up to the present time, work has been done which allows prediction 
of the onset of large waves (H2), and of formation of other types of 
waves (VI, HI), but only on flat uniform liquid surfaces. The extent to 
which these results can be applied to pipe line flow is uncertain. Ap¬ 
parently, Gazley’s papers are still the only basic reports of stratified and 
wave flow in horizontal pipe; incidentally they also show a parallel be¬ 
tween liquid instability in pipe flow as evidenced by wave formation, 
and that evidenced in packed towers by flooding. 

VI. Heat Transfer to Two-Phase Mixtures 

A. Description of Boiling in Tubes 

Although equipment such as long-tube evaporators, thermosiphon re¬ 
boilers, and tubular steam generators has been used for many years, rela- 
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lively little analysis of the vaporization or heating process has been made. 
The boiling of liquids in vertical tubes is the most important application 
of two-phase heat transfer, and will now be considered. 

A common situation will be assumed in which a tube, long relative to 
its diameter, is fed at the bottom with an approximately saturated liquid. 
The temperature of the heating surface is not so high that so-called “film 


T 

SAT. 


WALL 
TEMP. I 

VAPOR !, 
TEMPT*] | 

L.---y 


$ 


\ 


hoo 


SAT. 


100% 0 


t 

STEAM 

I 


FLOW 

REGIONS 

I 

SINGLE 

PHASE 

STEAM 


REGIONS 


CONVECTIVE HEAT 
TRANSFER TO 
SUPERHEATED STEAM 


LIQUID DEFICIENT REGION 


SPRAY 

LIQUID 

DISPERSED 

REGION 


4 - 


FORCED CONVECTIVE 
HEAT TRANSFER 
THROUGH LIQUID FILM 


ANNULAR 

FLOW 


4 - 


SLUG, CHURN 
OR FROTH FLOW 


t 


NUCLEATE 

BOILING 


BUBBLE OR 
FROTH FLOW 


+ 


WATER | 


SINGLE 

PHASE 

WATER 


SUB-COOLED BOILING 

—f- 

CONVECTIVE HEAT 
TRANSFER TO WATER 


TEMP QUALITY 


Fig. 11. Single component vertical upward flow behavior in boiling [after Lacey 
et al (LI)]. 


boiling” can occur, and the pressure is low enough (less than ^ of critical 
pressure) so that upon vaporization appreciable volume changes occur. 
As the tube length increases, the flow-patterns observed will then pass 
successively through those described for vertical flow in Section II,C. 
This behavior is shown schematically in Fig. 11, together with the quality 
and temperature variations along the tube. 

Although there are several flow-patterns, hydrodynamically quite dif¬ 
ferent, only three heat-transfer regions really need to be defined. At the 
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bottom of the tube, where there is little vapor phase, nucleate boiling will 
occur. As the quantity of vapor increases, and therefore the fluid velocity, 
nucleation is suppressed by the fluid turbulence, and the hydraulic be¬ 
havior of the system gives rise to a forced-convection region of heat 
transfer. Because of the high heat-transfer coefficients for these two types 
of behavior, the wall temperature will remain relatively constant. As the 
quantity of vapor increases and that of the liquid decreases, annular flow 
occurs, and finally a point is reached at which a sharp rise in wall 
temperature is found, together with a corresponding drop in heat transfer 
coefficient. On the assumption that disruption of the liquid film has now 
occurred at this point, the ensuing region is known as “liquid-deficient.” 
Beyond this region, the liquid film disappears entirely, and “dry-wall” 
conditions are attained. The point in the liquid-deficient region at which 
a rise in wall temperature is observed is usually referred to as a “burn¬ 
out” position, and the corresponding maximum heat flux as the “burn-out 
flux.” 

In many applications of two-phase boiling heat transfer, the coef¬ 
ficients are so high that their precise evaluation is not a significant factor, 
in comparison to the importance of other thermal resistances of the sys¬ 
tem. However, there are many other instances where fairly exact predic¬ 
tion would be valuable. In all cases of two-phase boiling, if it is carried 
to high qualities, the prediction of burn-out is important because of the 
radical change in heat transfer behavior occurring at this point, whether 
or not this is accompanied by physical damage to the channel walls. 

The general aspects of nucleate boiling will not be discussed here. Per¬ 
haps the most important consideration is that it should be possible to 
specify the factors governing the transition from nucleate boiling to the 
forced-convection regions. In nucleate boiling, the heat flux increases with 
the temperature differential approximately as (AT 7 ) 4 , as does the heat- 
transfer coefficient. However, in the forced-convection region, the temper¬ 
ature differential remains relatively constant although the heat flux (or 
the heat-transfer coefficient) increases with increasing quality or mass 
flow. Quality and mass-flow changes, except at very low heat fluxes, have 
little effect on nucleate-boiling coefficients. 

The transition from nucleate boiling to forced-convection heat transfer 
is gradual. As fluid velocity increases, nucleation becomes more difficult, 
and therefore this boiling mechanism makes up a decreasing part of the 
total heat transfer. The transition will occur at higher velocities as pres¬ 
sure increases, and because the velocity at a constant quality decreases 
with pressure, a higher quality will also be required to suppress nuclea¬ 
tion. 
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Bennett et al (BI1) have represented this behavior graphically as shown in Fig. 
12. The following explanation of the boiling phenomena in two-phase flow is taken 
from their paper: 

In order to explain the reasons for the changes of heat transfer mechanism be¬ 
tween the regions, the following tentative and somewhat qualitative picture is sug¬ 
gested. Figure 12 shows the observed relationship between the heat flux and surface 
temperature difference for nucleate boiling at atmospheric pressure (line AB). Also 
shown are the lines for water in forced convection at various velocities and extrapo¬ 
lated to meet the boiling curve. The transition between the forced convective process 
and the boiling process is not sharp and the lines curve at the ends to blend smoothly 
with the boiling curve. 



Fig. 12. Representation of conditions for nucleate and forced convection boiling 
in vertical flow [after Bennett et al (Bll)L 

Consider a tube heated uniformly at a heat flux q/A fed with saturated water at 
the base at a velocity V 0 . For this velocity and heat flux, nucleate boiling will take 
place, and a temperature difference A To will be established. At some distance up the 
tube vaporization will occur and increase the volumetric flow of material and hence 
the velocity to, say, Vi. The line for forced convective heat transfer meets the boil¬ 
ing curve below the heat flux of q/A and so nucleate boiling will still be the mode' 
of heat transfer and the temperature difference A To, and hence the heat transfer 
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coefficient remains constant. This effect of constant heat transfer coefficient as the 
quality rises from zero has been experimentally observed and coefficients in the 
nucleate boiling region are solely functions of heat flux. 

Further up the tube, the vaporization increases the velocity further to, say, Vs. 
The forced convective line meets the boiling curve at the heat flux q/A. This point 
may be considered the point of suppression of nucleate boiling observed by a 
number of workers investigating boiling in tubes. The velocity Vs will correspond 
to a fixed degree of vaporization which, for the 0.623 in 0. D. heater, corresponded 
to between 7 % and 15% steam quality. Still further up the tube where the velocity 
is still greater, e.g., Fa, the heat flux line now crosses the corresponding forced 
convective line to give a temperature difference A T a lower than A To. Forced con¬ 
vection is now the main process of heat transmission and any increase in velocity 
yields a corresponding decrease in temperature difference or increase in heat transfer 
coefficient. This process will continue until the transition to the “liquid deficient” 
regime, where the thin statistical liquid film no longer totally wets the heating sur¬ 
faces. Heat transfer is no longer to a highly conducting thin film of water but to a 
poorly conducting gas (i.e., steam), so that the heat transfer coefficient drops pre¬ 
cipitously. This transition is clearly not related to any so-called critical temperature 
difference phenomena as is the transition from nucleate boiling to film boiling. 

Referring to Fig. 12, it is clear that not all the three regions need necessarily be 
present when a liquid is boiled in a tube. For instance, the exit velocity of the two- 
phase mixture may never exceed that required for two-phase forced convection to 
take place, or the heat flux may be such that with an inlet velocity F 8 , nucleate boil¬ 
ing cannot occur and only forced convective heat transfer takes place. 

The above explanation represents the picture qualitatively and if this is so, then 
certain predictions may be made regarding the effects of such variables as pressure 
and geometry. Many workers have investigated heat transfer in the nucleate boiling 
region and a number of generalized correlations including the effects of liquid prop¬ 
erties; pressure, etc., have been proposed. These indicate that, with an increase in 
pressure, the line AB in Fig. 12 moves to the left, i.e., to A'B' or A"B", so that a 
somewhat higher velocity would be required for the suppression of nucleate boiling. 

For the forced convective region, only limited data are available on the effects 
of the different variables involved, since the existence of this region has only been 
recognized recently. As previously mentioned, the velocity required for the suppres¬ 
sion of nucleate boiling increases with pressure; further, an increase in pressure re¬ 
duced the specific volume of the vapour and hence the linear velocity of the two 
phase mixture at a given quality will be reduced. Thus higher velocities and steam 
qualities would be required for the forced convective region to be entered at the 
same heat flux. The effect of diameter is, as far as can be seen from the work of 
previous experiments and from these experiments, that to be expected with con¬ 
vective heat transfer, namely, that the coefficient is proportional to the diameter or 
the equivalent diameter to the power —0.2. 

Very little quantitative measurement has been made in the liquid deficient region. 
The critical steam quality is known to be a function of heat flux and flow rate to¬ 
gether with pressure and also geometry. The effect of pressure would be to markedly 
increase the lower limit for the values of the coefficients to be found in this region. 

One additional feature of upward vertical flow with heat transfer 
needs to be mentioned. If subcooled liquid is present, local boiling may 
occur, that is, vapor bubbles may be formed at the wall which will col- 
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lapse upon moving into the bulk liquid. Hence the void fraction may not 
be zero, even though the quality (by energy balance) is zero. Sher and 
Green (S7), and Hubers (H9) have discussed the uncertainty of void 
measurements at low qualities. 


B. Correlations of Forced-Convection Heat-Transfer 
Coefficients for Two-Phase Flow 


1. Use of the Lockhart-Martinelli 
Parameters for Heat Transfer 

In order to achieve a meaningful correlation of heat transfer coef¬ 
ficients for two-phase flow, it is necessary to measure local heat fluxes 
and temperature differences. Relatively few studies have been made in 
this category. Dengler and Addoms (D3), Guerrieri and Talty (Gil), 
Bennett et al. (Bll), and Schrock and Grossman (S4) measured such 
coefficients for the boiling of liquids in vertical tubes or in a vertical an¬ 
nulus, Groothius and Hendal (G10) extended the earlier work of Stemerd- 
ing and Verschoor (S12) on heat transfer to nonboiling two-phase mix¬ 
tures in horizontal tubes. Johnson (Jl) and Johnson and Abou-Sabe (J2), 
have also reported data for the heating of air-oil and air-water mixtures 
in horizontal pipes. Davis and David (D2) have measured coefficients for 
water boiling in horizontal rectangular channels. 

In the forced-convection region, Dengler and Addoms and also Guer¬ 
rieri and Talty correlate their results by analogy to the Lockhart and 
Martinelli approach, and show that the following equations can be used: 

—^ = 3.5 (Dengler and Addoms) (91) 

hu \A u/ 

hrp / 1 \°‘ 45 

t = 3.4 ( - 7 —) (Guerrieri and Talty) (92) 

O'Lt \ A ttf 

where X t t is the Lockhart-Martinelli parameter for turbulent-turbulent 
flow, h TP is the heat transfer coefficient for two-phase flow, and h L% is the 
coefficient calculated from a Dittus-Boelter equation for the total flow, 
and h L2 that for the liquid flowing alone; that is, 


or 

h u = 0.023 (^ )(^^—^)° 8 (%^)° 4 ( 94 ) 

Only the Reynolds number differs in these two expressions. 

Bennett et al (Bll) used the same method of correlation, but allowed 



260 


DONALD S. SCOTT 


for a slight dependence on total heat flux with a relationship not entirely 
dimensionless: 


hrp 




= 0.64 


/^\ oi YJ_V 74 

W U J 


(95) 


Departure of results from these correlations in all cases signified an ap¬ 
preciable contribution by nucleate boiling to the heat transfer. 

Schrock and Grossman (S3, S4) also obtained a similar correlation for 
boiling in very small tubes (J-in. diameter), 


Jib 

hLx 



(96) 


However, an effect of total heat flux was also noted by these latter au¬ 
thors, who ascribed this variation to a contribution due to nucleate boil¬ 
ing, and therefore proposed the following over-all equation (S4), 


(Nu) b 

{Re)l\Pr) l L ^ 



+ 1.5 X 10“ 4 



(97) 


where (Nu) B is the Nusselt number for boiling = h B D/k L , the quantity 
q/Guh f o is called the boiling number and the Reynolds number is 
based on the liquid mass-velocity. The quantity q is the total heat flux, 
and h fG the enthalpy of vaporization. 

Wright (W3) has recently measured local boiling coefficients in verti¬ 
cal downflow systems, which have the advantage of being free of hydro¬ 
static-head effects. His results were correlated reasonably well by equa¬ 
tions of the type of (91) or (92), 


hrp 

hu 



(98) 


Better correlation over wide ranges was obtained by the use of the cor¬ 
relation of Schrock and Grossman given in Eq. (97), with a numerical 
coefficient of 320 rather than 170. Wright also gives modified empirical 
correlations for downflow, based on his experimental findings, that corre¬ 
spond to the general relationship: 


h T P cc GSfV* 8 z 0 - 4 (99) 

2. Dimensionless Group Correlations 

In addition to correlations of the above type, that is, where the ratio 
of a two-phase heat-transfer coefficient is compared to a fictitious single¬ 
phase coefficient, relationships in terms of dimensionless groups have also 
been presented. In general, these are of the form, 
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(Nu)tp = a{Re) L \Pr) L * 



where ( Nu ) T p refers to the Nusselt number for two-phase convective heat 
transfer. This type of equation, which has been found to apply success¬ 
fully for forced-convection single-phase flow, can be justified for mixed 
flow on the basis that the controlling heat-transfer mechanism in the two- 
phase case is the same—that is, forced convection transfer from the wall 
to the liquid, in this case usually present as a film. However, the Reynolds 
number must now be correctly specified. It may be calculated from a 
knowledge of slip ratio, or of void-volume in the channel. Alternately, a 
homogeneous model may be assumed, which may well be satisfactory at 
lower pressures and higher qualities, e.g. above 10%, as the bulk of the 
liquid will be in spray form. 

For water boiling in a horizontal rectangular channel at high quali¬ 
ties (above 30%) and low pressures (below 150 psia), Davis and David 
(D2) found that a model based either on the slip ratio or on the homo¬ 
geneous model gave nearly equally good correlations for the forced- 
convection region of two-phase flow. For the slip-ratio model, they gave 


W2- 0.060 

For the homogeneous model, 

m= o.o33 (^rr-fr 

&L \ HTP / \ k )l 


( 101 ) 


( 102 ) 


where fx T p was defined as for the homogeneous model, and D was taken 
as the hydraulic radius of the channel, that is, as for single-phase flow. 
Both equations fit the data to within ±15%. Equation (102) was shown 
by Davis and David to be practically the same as that obtained by 
Groothius and Hendal (G10) for heat transfer to boiling air-water mix¬ 
tures in vertical tubes, 


_ 0.029 (m a 

A 'L \ VTP / \ K /L \Hw/ 


(103) 


which is a modification of the Sieder-Tate equation for single-phase 
forced-convection transfer. 


3. Discussion of Correlating Methods 

The procedure of taking a ratio of two coefficients, as done in equa¬ 
tions (91) and (92), using a Dittus-Boelter equation for the hypothetical 
liquid-only case, leads to the relation: 
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Jitp __ hrp __ (Nu)tp _ 

^ " 0.023 (|)(S«)m)i-* ‘ ° 023 «W'' 

From the above relationships, the strong similarity between all the pre¬ 
ceding correlations is evident. For example, Eq. (101) may be rewritten, 
by substituting xG M = xGl/ (1 — x) } 


{Ml 


(Pr)i /3 (i?e)£- 8 


0 060 (2) (rh) (105) 


If the viscosity dependence, which is small, is neglected, then the obvious 
parallel with Eq. (91) or (92) is readily apparent. 

The physical meaning of these correlations for the forced convection 
region, and the observed occurrence of some nucleate boiling contribution 
at high heat fluxes has been discussed clearly by Schrock and Grossman 
(S4), in presenting their more general correlation, given in Eq. (97). 
The following explanations are offered by Schrock and Grossman: 


At sufficiently low values of the boiling number the local heat transfer coefficient 
is a function of Xu alone, while for large values of the boiling number the heat 
transfer becomes independent of Xu and depends solely on Bo over a wide range of 
exit qualities. This dependence may be explained by assuming that in the former case 
one has a two-phase flow established in an annular pattern with the liquid flowing on 
the wall while the vapor flows in the core. This occurs at very low quality at low and 
moderate pressures for water because of the large difference between vapor and liquid 
densities. If the thickness of the liquid layer is small enough so that the liquid can 
sustain the necessary temperature difference to transmit the heat without nucleation 
occurring, then there is evaporation at the interface but no boiling per se. It is this 
case where Xu is a sufficient parameter for correlating the heat transfer coefficients. 

Without nucleate boiling in the liquid annulus, the heat transfer coefficient is 
determined by the thermal resistance of the liquid layer which may contain laminar 
and turbulent zones, or may be entirely laminar. The wall temperature then de¬ 
pends on the temperature at the liquid-vapor interface, which is close to saturation 
temperature, and the thermal resistance of the liquid layer. Recalling that the physi¬ 
cal interpretation of Xu 2 is the ratio of pressure gradients of the liquid and the 
vapor, each flowing alone at the same rate in the same pipe, we see then that a 
correlation in terms of Xu alone is essentially a heat-momentum analogy. The heat- 
transfer coefficient ratio expresses the reduction in thermal resistance which is brought 
about by the vapor forcing the liquid to flow in a thin annular layer on the wall of 
the tube. The pressure gradient ratio mentioned above characterizes the relative 
velocity and temperature profiles. 

A direct numerical relationship between heat and momentum fluxes, as for the 
simple Reynolds’ analogy for a single phase, is not obtained in this case because of 
a basic and significant difference in heat transfer coefficient definitions. For single¬ 
phase flow in pipes, the mixed mean or integrated average temperature is used in 
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defining temperature difference, while in the boiling case the bulk fluid temperature 
is taken arbitrarily as the saturation temperature at the local value of the pressure. 
A similar problem would arise in defining a friction coefficient for the vaporization 
case, although here there is no convenient analog to saturation temperature. 

It is interesting to note that the heat transfer coefficients due to this forced con¬ 
vection effect, when it suppresses nucleation, may be higher than the coefficients for 
nucleate boiling with the same heat flux and no forced convection effect. 

Consider now increasing the heat flux after the condition described above is estab¬ 
lished. The temperature drop through the liquid layer will increase, thus increasing 
the wall temperature. Eventually the liquid superheat at the wall will be so large 
that nucleation will occur. When it does, it augments the forced convection effect. 
Now the heat transfer coefficient is higher than for cases where the heat flux is the 
same, but where the higher mass flux suppresses the nucleation. 

For sufficiently large heat flux to mass flow ratios, the nucleation mechanism 
predominates and the heat transfer becomes independent of the two-phase flow char¬ 
acteristics of the system. Thus at large values of the boiling number, the heat trans¬ 
fer coefficients are virtually independent of the Lockhart-Martinelli parameter, Xtt. 

C. Burn-Out in Film Flow 

The problem of burn-out prediction is a difficult one, and one on 
which a great deal of experimental work is being carried out, particu¬ 
larly in connection with nuclear-reactor development. Much of the earlier 
literature is rather confused, due to the fact that the mechanics of the 
burn-out were not carefully defined. Silvestri (S8) has discussed the defi¬ 
nitions applicable to burn-out heat flux. It appears possible to define 
two distinctly different kinds of burn-out, one due to a transition from 
nucleate to film boiling, and one occurring at the liquid deficient point 
of the forced-convection region. The present discussion treats only the 
latter type of burn-out fluxes. The burn-out point in this instance is 
usually determined by the sudden rise in wall temperature and the cor¬ 
responding drop in heat flux and heat-transfer coefficient which occur at 
high qualities. 

The assumption commonly made in the forced-convection boiling 
region is that heat is transferred to the liquid, and from the liquid to the 
vapor, with a close approach to thermodynamic equilibrium being main¬ 
tained at all times. Nearly all the evidence for steam-water systems not 
too close to critical conditions suggests that over most of the quality 
range, where fluid velocities are reasonably high, little heat transfer by 
boiling occurs, although there are indications that nucleation might not 
be entirely suppressed. At qualities over 10 % the flow is annular-mist, 
and the presence or absence of a liquid film may depend upon re-entrain- 
ment of spray, or upon droplet diffusion to the wall, much more than 
upon the mechanics of film flow. 

An excellent review of the burn-out phenomena in climbing-film flow 
has been given by Lacey et al. (LI). According to these authors, when 
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the liquid deficient region is first entered, a moderately high heat-transfer 
coefficient is still obtained, and this behavior might be ascribed to drop¬ 
let impingement on the wall. At higher temperatures, the droplets would 
bounce from the wall (the Leidenfrost point), and only normal convec¬ 
tive heat transfer would occur. Goldmann, Fristenberg, and Lombardi 
have developed this model (G2). Nevertheless, it suffers from a lack of 
knowledge of expressions for the rates of droplet diffusion. Further, the 
burn-out flux at constant burn-out enthalpy is found experimentally to 
decrease as the mass-flow rate increases, while the droplet diffusion model 
predicts the reverse. 

The decrease in film burn-out heat flux with increasing mass velocity 
of flow at constant quality has been explained by Lacey et al. in the 
following way. At constant quality, increasing total mass flow rate means 
increasing mass flow of vapor as well as liquid. It has been shown that 
above certain vapor rates increased liquid rates do not mean thicker 
liquid layers, because the increased flow is carried as entrained spray in 
the vapor. In fact, the higher vapor velocity, combined with a heat flux, 
might be expected to lead to easy disruption of the film with consequent 
“burn-out,” which seems to be what actually occurs at a constant steam 
mass velocity over very wide ranges of conditions—that is, the critical 
burn-out steam quality is inversely proportional to the total mass flow 
rate. 

Isbin et al. (16) have proposed a model which attempts to include 
both droplet diffusion and liquid flow along the wall. Empirical functions 
for droplet diffusion and re-entrainment were determined from a limited 
amount of data, and equal velocities for the two phases were assumed. 
The resulting correlation (based on material and energy balances for the 
liquid which were integrated numerically) predicted burn-out heat fluxes 
closely for narrow rectangular channels, small-diameter tubes, and also 
for uneven heat fluxes, all at pressures of 2000 psia. The assumptions 
made in this derivation would tend to give better results at high pres¬ 
sures. The method appears to predict correctly the observed reduction in 
burn-out heat flux with increasing flow rates. 

Another possible approach to burn-out prediction is to study film 
breakdown due to hydrodynamic effects. Presumably, if thin spots occur 
in a film for any reason, the film becomes hotter, the surface tension is 
reduced, and increased vaporization tends to cause a break in the liquid 
layer. Although studies of surface tension and wetting angle in thin-film 
flow have been made, no successful correlation of burn-out in these terms 
has yet been offered. 

Finally, it has been suggested that oscillations in the flowing film may 
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contribute to the occurrence of burn-out. The “upstream” history of the 
film is thus important, as is the conduit geometry. 

Lacey et al. (LI) summarize the present state of knowledge of film breakdown 
in the following paragraph: 

In film breakdown at burn-out, nucleation may be a factor together with loss by 
entrainment and evaporation (in excess of spray deposition), and instabilities as¬ 
sociated with surface tension. There is evidence for the existence of a critical vapor 
mass velocity, independent of pressure, above which the film is easily disrupted by 
heat flux; it is also clear that upstream conditions, including the inlet arrangements, 
must strongly influence the film breakdown at the exit. 

Specific studies of liquid-deficient burn-out have been reported for 
various situations. For internally heated annuli with upward flow, Lacey 
et al. (LI) have shown that burn-out occurs at a constant steam flow 
rate over most of the range of total mass-flow rates used. Burn-out in 
long tubes sealed at the bottom but connected to a liquid reservoir on 
the top (in simulation of accidental heater-tube blockage) has been 
studied by Griffith et al. (G9), who concluded that the burn-out heat 
flux can be predicted from the critical flooding velocity. For vertical 
upflow Bell (B8) has presented an empirical five-constant correlation 
for burn-out flux, based on high-pressure data for the high-quality region. 
Viskata (V4) gives burn-out fluxes for swirling flow, and states that they 
are higher for this type of flow. Although he does not state the cause of 
swirling-flow burn-out, it is probably film-boiling; this latter conclusion 
also seems to apply to data of Sonneman (S10). 

Levy et al. (L5) have studied the effect of eccentricity on the burn¬ 
out flux in upward vertical annular flow. Eccentricity does not affect the 
burn-out flux until the annular separation is about 20% or less of its 
concentric value. Burn-out fluxes for great eccentricities are increased 
about 30%, which is ascribed to poor fluid mixing; pressure-drop at the 
same conditions is reduced. The small effect of moderate eccentricity in 
downward annular flow of steam-water mixtures was also reported earlier 
by Stein et al. (Sll) in their study of pressure-drop and critical flow. 

VII. Mass Transfer in Cocurrent Gas-Liquid Flow 

A. General 

In the case of single-component two-phase flow, such as in vaporizing 
water, physical equilibrium is commonly assumed and seems to yield 
reasonable results, even though it might seem that supersaturation could 
occur. The rate of mass transfer between phases, therefore, is not a limit¬ 
ing process for single component flow. 
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For mass transfer in two-component cocurrent two-phase flow, very 
little work seems to have been carried on in systems analogous to those 
for which pressure-drops have been measured, that is, in tubes, pipes, or 
rectangular channels. Only two publications dealing with vertical flow 
(V2, V3), and two concerned with horizontal flow (A5, S6), have ap¬ 
peared. 

In carrying out heterogeneous gas-liquid reactions, there are many 
cases in which it is immaterial whether the gas and liquid flow are cocur¬ 
rent or countercurrent. If a pure gas is being used, or if the chemical 
reaction proceeding behaves irreversibly, nothing is lost by cocurrent 
operation. Intuitively, one would suppose that certain of the two-phase 
flow patterns might give high rates of gas absorption. Hence the use of 
“pipe line” reactors could easily supplant packed-tower or agitated-tank 
operations if design criteria were available. 

B. Vertical Flow 

The use of the gas-lift pump as a chemical reactor has been studied 
by Varlamov et al. (V2, V3) who used a variety of designs, including two 
with 2 and 7 vertical passes in series. According to this work, the condi¬ 
tions giving minimum pressure-drop correspond to a maximum value of 
the overall gas-absorption coefficient. This overall coefficient applies spe¬ 
cifically to the chemically reacting system studied by Varlamov and his 
coworkers, (solution of nitrogen oxides in 2.5 N sodium hydroxide), and 
is based on the wetted surface area of the tube. Also, it would appear 
that the effective lift in this work must have been essentially zero. Rec¬ 
tangular channels were also used; this change of shape made little dif¬ 
ference in the results, although somewhat higher pressure drops and ab¬ 
sorption coefficients resulted. According to Varlamov, the gas-absorption 
coefficients obtained exceed those for comparable packed-tower opera¬ 
tions by a factor of 100. 

Investigations have been undertaken by Baird and Davidson (Bl), 
and by Beek and van Heuven (B7) on absorption from rising gas bubbles. 
In the former work, the bubbles were large (0.8-4.2 cm.), rising in still 
water, and in the latter case, bubbles were formed in narrow gas lift 
tubes (0.48 and 0.238 cm.). For the large free bubbles, absorption rates 
for carbon dioxide in water were 50% greater than predicted for absorp¬ 
tion from the upper surface of a spherical cap bubble. The additional ab¬ 
sorption was credited to rippling on the rear surface of the bubble. The 
addition of surface-active agents which suppressed this rippling resulted 
in absorption rates approximately as predicted. Large bubbles (over 2.5 
cm. diameter) absorbed at an unsteady rate, due apparently to increasing 
saturation of the liquid carried up behind the bubble. 



PROPERTIES OF COCURRENT GAS-LIQUID FLOW 


267 


In the narrow tubes used by Beek and van Heuven, the bubbles as¬ 
sumed the shape of Dumitrescu (or Taylor) bubbles. Using the hydro¬ 
dynamics of bubble rise and the penetration theory of absorption, an ex¬ 
pression was developed for the total absorption rate from one bubble. 
The liquid surface velocity was assumed to be that of free fall, and the 
bubble surface area was approximated by a spherical section and a hyper¬ 
bola of revolution. Values calculated from this model were 30% above 
the measured absorption rates. Further experiments indicated that ve¬ 
locities are reduced at the rear of the bubble, and are certainly much less 
than free fall velocities. A reduction in surface tension was also indicated 
by extreme curvature at the rear of the bubble. 

C. Horizontal Flow 

Mass transfer controlled by diffusion in the gas phase (ammonia in 
water) has been studied by Anderson et al. (A5) for horizontal annular 
flow. In spite of the obvious analogy of this case with countercurrent 
wetted-wall towers, gas velocities in the cocurrent case exceed these used 
in any reported wetted-wall-tower investigations. In cocurrent annular 
flow, smooth liquid films free of ripples are not attainable, and entrain¬ 
ment and deposition of liquid droplets presents an additional transfer 
mechanism. By measuring solute concentrations of liquid in the film and 
in entrained drops, as well as flow rates, and by assuming absorption 
equilibrium between droplets and gas, Anderson et al. were able to sepa¬ 
rate the two contributing mechanisms of transfer. The agreement of their 
entrainment values (based on the assumption of transfer equilibrium in 
the droplets) with those of AVicks and Dukler (W2) was taken as sup¬ 
porting evidence for this supposition. 

Results of experiments in annular flow showed that the over-all mass- 
transfer coefficient, K G , based on the tube surface area and the liquid-film 
compositions, was a function of both gas and liquid superficial Reynolds 
number, but depended much more strongly on that of the liquid. AVhen 
plotted as j D factors, that is, 

j D = (Sc)% /3 (106) 

{JG 

against the gas Reynolds numbers, nearly parallel straight lines were ob¬ 
tained with liquid Reynolds numbers as parameters, and these lines in 
turn were parallel to the Reynolds analogy for mass transfer, 

jn = | = 0.0395 (Re)S 1/4 (107) 

It was shown by Anderson et al. that the increase in mass transfer, 
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over that expected if transfer were from gas to liquid film only, was en¬ 
tirely a function of the amount of exchange of liquid between film and 
droplets. The percentage interchange of liquid was found to be nearly 
constant at from 3% to 5% per foot of contactor for Rea from 30,000 to 
150,000, and for Re h from 2750 to 12,000. For liquid Reynolds numbers 
below 2750, entrainment becomes much less significant, and interchange 
decreases. Hence the amount of transfer occurring in this type of annular 
flow can be correlated by the same relationships as those used for wetted- 
wall towers, but with an additional contribution directly proportional to 
the liquid Reynolds number provided it is greater than 2750. 



Fig. 13. Typical result for absorption of pure carbon dioxide in water in hori¬ 
zontal cocurrent flow for two liquid rates. Tubing: 0.0575 ft. inside diameter; 7.7 
ft. long test section; 15°C.; outlet pressure 1 atm. abs. 

Results for the absorption of pure carbon dioxide in water for a va¬ 
riety of flow patterns in horizontal tubes with diameters up to 1 in. have 
been reported by Scott and Hayduk (S6). In this case there is only a 
liquid-phase resistance to mass transfer. Typical absorption data are 
shown in Fig. 13, in terms of the number of transfer units in a test sec¬ 
tion 7.7 ft. long, as a function of the gas volumetric feed rate. These data 
apply to a smooth tube 1.75 cm. inside diameter, for two liquid rates, 
and for bubble, plug, slug, and annular flow regions. Pressure-drops over 
the same test section are also shown. In the slug and annular regions the 
length of a transfer unit was found to depend only slightly on the liquid 
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rate, to vary almost inversely as the gas rate, and to be a moderate 
function of tube diameter. An empirical correlation based on these facts 
is shown in Fig. 14, and covers three tube diameters, gas superficial 
Reynolds numbers from 100 to 15,000, and liquid Reynolds numbers from 
about 500 to 10,000. 



Fig. 14. Partial correlation of absorption results for the liquid phase controlling, 
slug, and annular flow, for C0 2 in water. 


A qualitative explanation of these observations was given by Scott 
and Hayduk, based on the following assumptions: 

(1) Transfer coefficients for the liquid phase can be described by 
the kind of dimensionless relationship commonly obtained from 
wetted-wall tower experiments. 

(2) Void-fractions in slug and annular flow can be estimated from 
the Lockhart-Martinelli correlations. 

(3) The amount of interfacial transfer area created by the action of 
the flowing gas on the liquid is proportional to some fraction 
of the power transferred from the gas per unit volume of liquid. 

On the basis of these assumptions and the experimental evidence given 
in Fig. 14, an approximate relationship was derived, 
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<io8) 

Additional work under way in the author's laboratory will be directed 
toward further examining the effects of variables other than gas or liquid 
flow rates and tube diameter on the rate of absorption in horizontal slug 
or annular flow. 

Again referring to Fig. 13, the same general trend is apparent in both 
the pressure-drop and number-of-transfer-unit curves. This suggests that 
another empirical correlating procedure could be arrived at; for example, 
an approximate relationship exists between the length of a transfer unit 
(LTU) and the Lockhart-Martinelli parameters, X. 


VIII. Miscellaneous Considerations 

A. Flow of Two Liquid Phases and a Gas Phase 

One relatively recent investigation of multiphase flow has been car¬ 
ried out in pipelines. Sobocinski and Huntington (S9) used air, water, 
and gas-oil having a viscosity of 3.38 cp and a surface tension of 23.5 
dynes/cm. (both measured at 100°F,). Stratified, wave, and annular flow- 
patterns were observed in horizontal 3-in.-inside-diameter plastic pipe. 
The feed ratio of gas-oil to water was kept constant, a constant total 
liquid mass velocity was used, and the gas mass-velocity was varied. 
Under these conditions at low gas velocities [below 2000 lb./(hr.) (sq. ft.) ] 
stratified flow occurred; gentle ripples were visible on the oil-air surface, 
but the oil-water interface w r as smooth. The oil layer moved at 1.5 times 
the velocity of the aqueous layer. As the gas mass-velocity increased to 
3000-4000, deep waves appeared on the oil surface, and smaller ones oc¬ 
curred at the oil-water interface. The oil layer moved 2.27 times as fast 
as the water; the relative velocity was a maximum in this region, ac¬ 
companied necessarily by a maximum for the in-place ratio of water 
to oil. Further increases in gas velocity caused wave motion on both 
liquid surfaces, and emulsification began. At high gas velocities, complete 
emulsification occurred when the flow became semiannular or annular, 
both liquid phases moving with equal velocity. Pressure-drop in pipes 
carrying two liquid phases is always higher than that occurring if only 
one liquid phase is flowing at the same total mass-velocity. The pressure- 
drop becomes a maximum at the point where oil emulsion dispersed in 
w 7 ater changes to a water dispersion in oil. In Sobocinski and Hunting¬ 
don's work this occurred at a liquid-feed mass-ratio of water:oil of 4.0, 
and at this point the pressure drop was 3 to 5 times as great as that 
expected for flow of gas and one liquid phase. 
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Pressure-drop data obtained in these tests were correlated empirically 
by defining a friction-factor based on gas-phase properties and super¬ 
ficial gas-flow rates. This friction-factor was plotted against the group 
Gliil/Gqpg with the water-oil feed mass-ratio as a parameter. 

B. Plow in Inclined Tubes 

In the original work on two-phase pressure-drops at the University of 
California (B13), tests were made in tubes inclined at 1:6, as well as in 
horizontal tubes. In general, these data for small inclinations also fitted 
the correlations proposed finally by Lockhart and Martinelli for hori¬ 
zontal tubes. 

Kosterin (K3) investigated the effect of tube inclination on flow pat¬ 
terns for air-water systems. As tube inclination increases, the flow pat¬ 
terns become more dispersed; tube slope is an important variable at the 
lower liquid or gas rates. At high gas rates, when annular or dispersed 
flow normally occurs in horizontal tubes, tube inclination has little effect 
on flow-pattern. 

Pressure pulsations for incremental flow-patterns are of the least 
amplitude in horizontal tubes, and increase steadily with tube inclina¬ 
tion to become a maximum in vertical tubes. Apparently no correlations 
for pressure-drops which allow specifically for the effect of tube inclina¬ 
tion have yet been developed. 

C. Two-Phase Flow in Long Pipelines 

Baker (B3, B4) has discussed design considerations and operating 
experiences with two-phase pipeline flows. Flanigan (FI) has outlined a 
procedure for obtaining test data from operating multiphase-flow pipe¬ 
lines. 

In a recent article (B5), Baker reviews two-phase flow in long pipe¬ 
lines, and presents individual empirical equations for estimating pressure- 
drop for the major flow patterns. These equations are based on actual 
operating experience with large diameter pipelines, and should be used 
only for their valid range of variables as given by Baker. In general, the 
correlations are based on those of Lockhart and Martinelli with the 
parameter X modified as required to give a fit to experimental data. 

The effect of hills is interesting, in that no credit can be taken for the 
downhill side of the pipeline. The sum of all the uphill elevations appears 
as a pressure loss in actual operating practice. Baker includes an “eleva¬ 
tion correction factor” which attempts to allow for the fact that the fluid- 
mixture density in the inclined uphill portion of the line is not accurately 
known. The gas mass-velocity seems to be the major variable affecting 
this correction factor, although liquid mass-velocity, phase properties, 
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and tube inclination have some effect. A correlation due to Flanigan (FI) 
is recommended for estimating this elevation correction factor, F E . Hence, 
the elevation pressure drop, A P TP z, is given by 

^ Ptfz = e ui^ 2hi ( 109 ) 

where h t is the height of each hill. Apparently, froth flow is an exception, 
and behaves like single-phase flow with respect to elevation pressure- 
drops. 

As a consequence of this type of behavior by two-phase flow in long 
pipelines, it might be expected that such lines in hilly country would 
show very high pressure-drops, and the elevation pressure-drop would be 
the major factor. This appears to be the situation in actual practice. 
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Nomenclature 


In the text, the force-mass-length-time system of units has been used, with excep¬ 
tions noted. Primed symbols refer to actual average values, as distinct from superficial 
or apparent values. A double prime indicates a point value. 


A 

Area 

k 

Thermal conductivity 

b 

Film thickness 

K 

Mass transfer coefficient 

Bo 

Boiling number, dimensionless, 

l 

Length of tube 


defined in text 

M 

Molecular weight 

C 

Wetted perimeter 

Nu 

Nusselt number 

V 

Diffusion coefficient 

P 

Pressure 

D 

Diameter 

AP 

Pressure differential 

Eg, El 

Energy dissipated by gas or liq¬ 

Pr 

Prandtl number 


uid in wall friction 

Q 

Rate of heat transfer 

E 

Mass of liquid entrained by gas 

Q 

Volumetric rate of flow 


per unit time 

r 

Radius 

/ 

Friction factor 

Re 

Reynolds Number 

F 

Force, or momentum per unit 

R 

Volume fraction 


time 

R v 

Volumetric gas-liquid feed ratio 

Fr 

Froude number 

Sc 

Schmidt number 

g 

Acceleration of gravity 

u 

Velocity in a direction normal to 

Qc 

Conversion factor 


the flow velocity 

G 

Mass Velocity, mass per unit area 

U 

Thermodynamic internal energy 


per unit time 

V 

Velocity in the direction of flow 

h 

Heat transfer coefficient 

w 

Mass rate of flow 

h t0 

Enthalpy of vaporization 

We 

Weber number 

Hr 

Holdup ratio 

X 

Quality, mass percent vapor 

Id 

j factor for mass transfer 

X 

Dimensionless Lockhart- 
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Martinelli parameter 
y t Film thickness 

y\ Dimensionless distance parameter 
Z Length of tube 
a Constant 

T Volumetric film flow rate per unit 
width of film 
p Mass density 


Subscripts 


a 

b 

B 

C 

G 

L 

iG 

iL 

LG or GL 
WG 


Acceleration 

Bulk 

Boiling (heat transfer) or 
bubble (velocities) 

Critical 

Gas phase 

Liquid phase 

Interface-gas 

Interface-liquid 

Gas-liquid 

Wall-gas 


r Shearing stress 

cp Lockhart-Martinelli dimension¬ 
less parameter 

Correlating parameter, various 
definitions (given in text) 

X Tube length, or density correc¬ 
tion term 

<t Gas-liquid interfacial tension 
(i Viscosity 


WL Wall-liquid 
i Irreversible 

M Gas-liquid mixture property 
o Entrance condition 
R Reversible or relative (ve¬ 
locities) 

S Slip (velocity) or slug (ve¬ 
locity) 

TP Two-phase 
W Wall 

Z Elevation or hydrostatic 
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I. Introduction 

Multistage separation operations have received the attention of chem¬ 
ical engineers for many years now, and their importance in chemical 
processing is apparent from the tremendous number of papers written on 
the subject. The ability to achieve rational design of distillation columns 
contributed greatly to the early success of the petroleum industry, and, 
in turn, the continued emphasis placed on study of the separation opera¬ 
tions has aimed mainly at improving or simplifying the design methods 
used by the petroleum industry. 

The first realistic and practical method of solving separation problems 
was the stage-by-stage analysis shown by Sorel in 1893 (S3). The only 
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assumption made by Sorel was that equilibrium was established between 
the exit phases from each stage, an assumption which is unfortunately 
still a part of almost every calculation procedure today. Heat balance 
was included in vapor-liquid processes, and the method was capable of 
providing much accurate and detailed information about separation 
processes. As later elaborated by many people, this basic method of 
calculating from stage to stage has become the standard tool of chemical 
engineers for design of multistage systems. 

The stage-by-stage procedure has defects. It is difficult to use with 
many processes, and more important, in the period before computers 
came into general use, it was extremely laborious and time-consuming. 

Because of the tedious nature of stage-by-stage calculations, much 
effort was spent to devise “short-cut” methods, correlations, and analyti¬ 
cal methods which determined whole sections of a column of stages in 
one calculation. These methods have much utility, in that they are in 
most cases fast and simple, and are accurate enough for many purposes. 
However, again, they have many defects. They are available only for a 
few simple multistage processes, notably, distillation, absorption, and 
stripping. The analytical methods involve severely restrictive assump¬ 
tions whose effect is impossible to determine. The correlations are trust¬ 
worthy only over the range of systems which were used to obtain the 
correlation. In general, the engineer who uses such simplified calculational 
means is left with considerable doubt about his results. 

The advent of high-speed digital computers has again changed the 
picture during the last few years. Without question, the great majority 
of problems on stagewise operations will be solved on computers in the 
future. Stage-by-stage calculations are no longer tedious and expensive. 
Performed on the computer, they are often less costly than the engineer’s 
time to obtain much less accurate answers. In addition, a whole new 
group of methods identifiable as “iteration methods” has been highly 
developed and widely used on the computer. Despite the fact that they 
were introduced in 1933, the iteration methods were so prohibitively time- 
consuming that before computers became available, they were essentially 
not used at all. 

Programs are presently available which can be used to obtain rapid 
and cheap solutions to many problems. There is still a considerable art 
in the use of the programs, however, and techniques have not been well- 
established for the computation of unusual processes or unusual systems. 
Frequently, existing programs for stage-by-stage calculation or iteration 
calculation cannot be applied to a process without extensive and knowl¬ 
edgeable modification. Further, too often, the programs fail to yield a 
solution when applied to unusual cases, since the techniques used to 
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obtain convergence are inadequate. Under such circumstances, computer 
calculation can be exceedingly costly. The computation time to discover 
that the technique will not yield an answer is costly, and the time to 
develop a new technique is even more so. 

In this article, the authors present still another method of solution, a 
“relaxation” method, which can be used for any multistage separation 
process, and which is conceptually extremely simple. The relaxation 
method is most useful for certain processes, just as the stage-by-stage 
and iteration methods are most useful for certain other processes, and 
for certain types of problems on those processes. In order to clarify the 
usefulness of each method, a general classification of problems on separa¬ 
tion processes is briefly discussed; but, since space will not permit show¬ 
ing each method in detail, only the relaxation method is given along with 
a highly flexible program which allows calculation of vapor-liquid 
processes of great complexity. It is hoped that the program will provide 
the readers who do not specialize in multistage calculation with an effec¬ 
tive means of solving essentially all vapor-liquid problems without 
modification of the program, or with only slight and simple modification. 
For those well-acquainted with other methods, it should yield solutions of 
problems that cannot be solved by other methods. Moreover, it is hoped 
that this presentation will stimulate additional work on the development 
of techniques on relaxation solutions that will result in even faster solu¬ 
tion of problems. 


II. Calculation Methods 

A. Problem Description and Variables 

The description of any operation or design problem in a multistage 
separation process requires assigning numerical values to, or “setting,” 
a certain number of independent variables. The number of variables to 
be set depends on the process, and is usually determined easily by the 
method the authors have called the description rule (HI). Alternatively 
the number of variables to be set may be determined by writing all of the 
independent equations which define the process, then counting the num¬ 
ber of variables and the number of equations. In order to solve the equa¬ 
tions, a sufficient number of independent variables must be set so that 
the number of dependent variables remaining equals the number of 
equations. 

As an illustration of this method of determining variables, consider 
a distillation column with a partial condenser. The complete set of equa¬ 
tions for this column is shown in Table I. The equations are self-explana¬ 
tory, but a few points about them should be noted. First, even if written 
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TABLE I 



Equations for Distillation Column with Partial Condenser 



Component material balance 
around each stage 
(xR) 

Energy balance around each stage 

Condenser 

V t y t — rx r = Dyn 

Vt-iyt-i — L t x t = V t y t - rx T 

V t-itt-t — Lt-iXt-i = V t-iyt-i — LtXt 

V t H * - rK - Md + Q c 

,_i - L,A f - - rA r 

Vt-zHt~2 — Lt-\ht-\ = F t~iH t _i — Lth t 

Feed Stage 

VfVf — Lf+iXf + i = V f+l y f+ i — L/+tXf+t 
V/_i2//_i — LfXf + Fxf = Vsy/ — L f+ iX/ + i 

Vf^y/-t — L/_iX/_i — Vj-xyj-x — LfXf 

V/Hf — L/ + ih /+ i = V> + iff /+1 — Lf +z hf+t 

- L/hf + - F/ff, - L /+1 A /+1 

— Lf_ih f _i = Vf„iHf-i — L/hf 

Reboiler 

V ttys, — L 1 X 1 = V\y\ — Ltxt 
—bxb = V Ryu — L&i 

VrHr - Li/u = F,ffi - L 2 A 2 
~ — VrHr — Z/ 1^1 


P 
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Component 

equilibrium 

relations 

(xR) 

Defining 
equations for 
component 
equilibrium 
relations 
(xR) 

Defining equations for molal enthalpy 



y D = K c Xt 
y% = K t xt 
yi- 1 — Kt~\x t -\ 

K e = 4>(Tc, P ) 
x, = «(r„ P) 
if,., = <*>(7Vi, P) 

Hn = <£(7*0 *//>) 

H* = 4>{T h y t ) 

Ht- 1 = 0(7Vi, Vt-i) 

Ar “ 0(7 'ey #r) 

A* = 0(7\, X|) 

A«_i = 0(7 7 f_i, x*_i) 

Zy D = 1 

Syt = l 

Sj/i-i = 1 

Ex r = 1 
2x* = 1 
2x<_! = 1 

y/+ 1 = Kf+iXf+i 
y f = K f x f 
y/~ i = Rf-iXf-i 

■K/+i = 4>(.T/+ 1, P) 

X/ = P) 

Kf-r = P) 

H/+ 1 = 4>(Tf+ 1, 2 //+ 1 ) 

H f — 0(7/, 2//) 

H/-i = 0(7/_i, t//_i) 

^/+i = 0(7/+i, Xf+i) 
h f — 0(7/, x/) 

A/_i = 0(7/_i, x/_i) 

Sj//+i = 1 

Sj// = 1 

2J//-1 = 1 

2x /+ i = 1 
2x/ = 1 
2x/_i = 1 

yi - HiXi 
yjt = 

= 0(Pi, P) 

K b = 4>(T«, P) 

Hi — 0(7\, 2 / 1 ) 

Hr = 0(7^, ?/«) 

Ai = 0(7 T i, Xi) 

hb = 4>{T Xt Xb) 

S yi = 1 

2y B = 1 

Zxi = 1 
Zx b = 1 
Sa* = 1 
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in other ways, they would consist basically of a mass balance for each 
component around each stage, an energy balance around each stage, 
and a relation between the concentrations of each component in the 
phases leaving a stage. In the equations shown, this last set of relations 
has been taken to be thermodynamic equilibrium. Second, the relations 
defining the equilibrium constants (A?s) could have included composition, 
and the enthalpy relations could have included pressure; but since no 
new variables would have been introduced, the results would be the same. 
Third, the pressure has been assumed constant for all stages. The pres¬ 
sure in each stage could have been made a function of the pressure at one 
point in the column; an additional set of equations would be necessary to 
define these pressures, but no new variables except the pressures would 
be introduced, and again the results would be unchanged. 

The number of equations can now be counted. If R components exist 
in the feed, n stages are above the feed stage, and m stages are below 
the feed stage, the number of equations is: 

[R{n + wn T" 3)] -t~ [ft -f- Tti -f- 3] + [i2(ft H- ?ft + 3)] -T [R(n + wi -h 3)] 
+ [ft + m -|- 3] + [ft -b m + 3] -b [ft 4” fti + 3] 

■f* [ft ~b m -f- 4] = [(312 5)(ft -f- m + 3)] + 1 

Similarly, the number of variables is: 

[B(2)(n + m + 3) + 12 + 2(n + m + 3) + 1] + [2 in + m + 3) + 3] 
+ [R(n + m + 3)] + [n + m + 4] 

= [(312 + 5) (ft + m + 3)] + R + 5 

For the column shown in Table I, then, 12 + 4 variables must be 

assigned values in the set of equations in order to describe a meaningful 
problem. Actually, in writing the set of equations, two other variables, 
ft and m, must also be assigned values; so that, in defining problems for 
this column, 12 + 6 variables must be set. 

The variables that are to be set must of course be independent. The 
first one set is naturally independent, but all other variables that are 
assigned values could be dependent on those previously set. Thus, care 
must be exercised in choosing the variables to be set; fortunately, in most 
problems which can be solved directly, it is relatively easy to determine 
which variables are independent. 

The result just obtained by writing the equations defining the process 
and counting both equations and variables could have been obtained 
much more easily by means of the description rule. The description rule 
states that the number of independent variables is equal to the number 
of variables that can be arbitrarily set in construction or through opera¬ 
tion. For the same example, ft and m can be arbitrarily set in construe- 
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tion, i.e., one can build as many stages above the feed and below the feed 
as desired. In operation, one can feed as much, Fx f , as he desires of any 
component (R variables). The total molal enthalpy of the feed, h F , can 
be arbitrarily set; the column can operate at an arbitrary pressure, P; 
and the reboiler and condenser loads, Q R and Q c , can be arbitrarily 
adjusted. Listing these variables, one has 

n; m ; R values of Fx f ; h F \ P ; Q*; Qc. 

Counting them, one obtains R + 6, the same result as before. 

Thus the description rule simplifies the counting of the number of 
independent variables to be set for any process. However, few problems 
of interest are described by the list obtained through counting with the 
rule, and it is usually necessary to replace these independent variables 
with others of more interest. Again, it is necessary that the variables 
introduced as replacements be independent, and that the variables be 
set within their allowable limits. Although independent variables may 
always be arbitrarily set, there will usually be limits within which they 
must be set. These limits are often difficult to determine, and the list of 
problems which can be directly solved is severely restricted because of 
this. For example, no one would define a problem by replacing n, m, Q Ry 
Qc in the above list with four consecutive stage temperatures in the 
column, even though the temperatures are independent. Such a problem 
would be prohibitively difficult to solve directly because the allowable 
limits on the temperatures would be too small. 

Counting variables is of obvious importance in setting up problems, 
but it is relatively simple. Ensuring that the variables of interest are 
independent may be difficult for complicated processes, and determining 
the allowable limits of these variables can be extremely difficult. 

Fortunately, in almost all problems of interest, certain variables are 
always set. To enumerate, in vapor-liquid processes, usually all feeds to 
a column and their enthalpies are set. Also, the column pressure is set. 
Setting these variables reduces the number left to be set to a relatively 
small number, small enough to be manageable. 

B. Stage-by-Stage Solutions 

As the name implies, stage-by-stage calculations are useful for calcu¬ 
lating from a composition and set of flows in one stage to the composi¬ 
tion and flows in an adjoining stage. By successive repetition of the 
procedure it is possible to calculate from one end of a column of stages 
to the other end. 

From the nature of the calculations, the problems which can be solved 
straightforwardly by this method are those in which a partial separation 
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of a mixture is part of the list of variables set. As the majority of design 
problems in separation processes are of this type, this method is ideally 
suited to design. 

As an example, consider the distillation column of Table I with a feed 
of six components, A, B , ( 7 , JD, E, F. If one sets the amounts of each of 
these in the feed, along with the enthalpy of the feed and the column 
pressure, then four variables remain to be set. In the present problem, 
one might choose to set the fraction of component C recovered in the top 
product and the fraction of D recovered in the bottom product. The 
third variable set would probably be the reflux. The fourth variable, 
the arbitrary location of the feed stage, would be set during the calcu¬ 
lation. 

The list of these four variables would be 

(/C) d 

(/D) b 

r 

Feed stage location 

Thus the number of stages, the answer sought, becomes a dependent 
variable. Other problems, unless very similar to that above, would be 
difficult to solve and would best be done by a parametric solution, plot¬ 
ting answers to the problem above, to obtain the particular solution of 
interest. 

The general method of stage-by-stage calculation for multicomponent 
systems was first shown by Lewis and Matheson (LI) and by Underwood 
(Ul) in 1932. The method of Lewis and Matheson was further improved 
by Robinson and Gilliland (Rl), but substantially unchanged. In its 
most basic form, the concept of the method is simple. Consider the 
example cited above. If the amounts of each component in both of the 
products could be exactly calculated, it would only be necessary to start 
at one end and calculate until a stage was reached at which the com¬ 
position matched that of the other product. 

However, the products cannot be calculated exactly and the procedure 
outlined is difficult to accomplish. Instead, calculations are made from 
both ends of the column to a match on an internal stage, perhaps first 
neglecting certain components, and later correcting the calculation by 
adding those components. The method has been well described by Robin¬ 
son and Gilliland, and is certainly useful for simple distillation columns. 
Greenstadt et al. (Gl) have shown its application to computers. 

Extension of the method to more complicated columns presents more 
problems; if more than one column and/or feed is present, the calculation 
becomes formidable. 
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C, Iteration Solutions 

Iteration methods are best-suited for solution of almost the reverse 
problem for which stage-by-stage methods can be used. Consider again 
the column of Table I with the feed variables and column pressure fixed. 
Four variables remain to be set, and these must inevitably be the num¬ 
ber of stages in both sections of the column, the total amount of either 
top or bottom product, and the reflux (or some other flow). Thus the list 
of set variables is 


n 

m 

d 

r 

Here the answers sought are the fractionation of each component which 
will be obtained under the set conditions. Solution of other problems must 
again be done parametrically. 

Iteration solutions were first proposed by Thiele and Geddes (Tl) 
in 1933. In this method, all temperatures and flows must be estimated 
before the solution can begin. The solution is broken into three parts: 
first, solution of the mass-balance equations under the estimated flows 
and temperatures; second, correction of the temperatures; and third, 
correction of the flows. Assuming values for all temperatures and flows 
reduces the set of mass-balance equations shown in Table I to a linear 
set of equations which can be solved for the compositions at each point. 
Because the starting assumptions are completely arbitrary, the composi¬ 
tions will undoubtedly be wrong (the liquid and vapor mole-fractions 
will not sum to unity), and better values of temperature and flows must 
then be obtained for use in the next iteration. 

Either the temperatures or flows could be adjusted first. The common 
choice is to correct the temperature. Correction of temperatures is usually 
done through either bubble-point or dew-point determinations on the 
calculated stage compositions. After correcting the stage temperatures, 
the liquid and vapor enthalpies may be obtained from the calculated 
compositions, and the flows corrected by solution of the now linear heat 
balance equations of Table I. 

Many recent workers have contributed to the development of itera¬ 
tion solutions, especially in the method of solving the mass balance 
equations. Amundson and Pontinen (Al) have proposed a general method 
of solution through matrices. Edmister (El) has solved the equations 
through development of a series expression relating the amount of a 
component at a stage to the amount in a product. Matching relations at 
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the junctures of sections of the column then allow calculation of the 
products. Thiele and Geddes used essentially the same technique. Smith 
(SI, S2) and Hanson et al. (HI) have solved the equations by a method 
which assumes the amount of a component in a product and calculates 
to the other end of the column, tracking the error made at each stage. 
After the end of the column is reached, the initial error made in the 
assumed amount can be calculated and precise corrections applied at 
each stage. Lyster et al. (L2) and Holland (H2) have developed correc¬ 
tion methods to improve the calculated product compositions for com¬ 
plicated columns, and have worked extensively on convergence tech¬ 
niques. 

The solution of the mass balances and the temperature correction 
has been heavily studied, and is now quite rapid. In distillation columns, 
the correction of flows through solution of the stage heat-balances is 
also simple and well developed. Even for complicated columns, distilla¬ 
tion processes are readily solved by the present iteration methods, 
convergence often being reached after only a few iterations. 

Many vapor-liquid multistage processes besides distillation are in 
common use, however, for which the iteration solutions are not so re¬ 
liable. Reboiled absorption is a familiar example of an intractable process. 
Here the difficulty lies completely in the heat balance, the mass balance 
still being readily solved for any process. Also, in certain processes, the 
number of variables to be set will not permit setting the total amount of 
product; for these processes, the simple heat balance can predict flow 
changes in the wrong direction. An ordinary stream stripper shows this 
effect. Since the top and bottom products cannot be set if all feeds are 
set, they must be guessed initially and corrected through use of the over¬ 
all heat balance around the column. If the initial flows are assumed such 
that the calculated temperature rises down the stripper, the bottom 
product will be too high in enthalpy, and more enthalpy will be leaving 
the column than entering. As the heat balance predicts new product 
amounts, it will lower the amount of high-enthalpy product, thus decreas¬ 
ing the bottom product and predicting new product flows in the wrong 
direction. 

Iteration methods thus are very useful for problems on many proc¬ 
esses, but their failure to converge in problems on other processes can 
result in considerable waste of computer time. 

D. Relaxation Solutions 

Relaxation solutions are conceptually the most simple methods of 
solution for any multistage separation process. They were first proposed 
by Rose et al. (R2) in 1958 and Duffin (Dl) in 1959. Both authors in 
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effect proposed that the unsteady-state equations be solved for each 
stage in turn, through sufficient time that the steady state is approached 
as closely as desired. Both authors also considered only the mass-balance 
solution, fixing all flows in the column by postulating that the necessary 
amount of heating or cooling be done at each stage to hold the set flows. 
Extension of the relaxation method to include heat balance was proposed 
by Hanson et al. (HI). 

The relaxation method is restricted to the direct solution of the same 
type of problem as the iteration methods; other problems must again 
be solved parametrically. The relaxation method possesses one distinct 
advantage and one distinct disadvantage in comparison to the iteration 
solution. The disadvantage is one shared by all relaxation methods; 
convergence is slow, because of asymptotic approach to the steady-state 
conditions. However, the development of more rapid computers is fast 
reducing the cost of even the slow solutions. Also, it has been observed 
that processes such as absorption and stripping, which do not possess 
large internal recycles, solve rapidly. Reboiled absorbers and refluxed 
strippers are slower, and distillation columns can be quite slow. Fortu¬ 
nately, the majority of processes which solve slowly are usually readily 
attacked by the iteration methods. 

The advantage of the relaxation method over the iteration methods is 
simply that, in the experience of the authors, any process can be solved. 
Processes for which the iteration methods will not converge, inevitably 
converge by the relaxation method. Because of the surety of solution 
the authors wish to stress the relaxation method in this article and have 
presented a general program on vapor-liquid processes for the use of 
engineers who need solutions to separation process problems. 

Although simple, the conceptual base of the method should be dis¬ 
cussed. Consider a stage P somewhere in a column of stages. In general, 
for a vapor-liquid process, a vapor stream would enter the stage from 
stage P — 1 and a liquid would enter from stage P *F 1. The differential 
equation for the mass balance on component i would be 

A + a ^r = Lp +^ p + 1 + - M*i)p - Vp(y x )p 

where L and V are liquid and vapor flow rates, x and y are mole frac¬ 
tions in liquid and vapor, A and a are the stage holdups of vapor and 
liquid, and 0 is the time! If a knowledge of the time behavior of the stage 
or column were desired, a set of these equations for all components and 
all stages along with a set of equations for energy balance would have 
to be solved. 

However, if only the steady-state result is desired, the holdups on the 
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stages may be assumed to be zero for calculational purposes, and the 
equation written above simplifies to 

Lp(xi)p + Vp{y l )p = Lp+i(zi)p+i + Vp-i(yi)p-i 

If it is further assumed that the exit streams are in thermodynamic 
equilibrium this equation reduces to the familiar flash equation, 


Lp{x x )p 


Lp+i(xj)p + i + Vp-i(y%)p~i 
[Vp(Ki)p/Lp] + 1 


Any other streams could enter and would join the entering vapor and 
liquid streams from the adjoining stages to constitute a “feed” to the 
stage. Also the flows leaving the stage could be split into side streams 
plus flows to the adjoining stages without changing the basic equations. 

Thus a very simple concept is apparent; it is only necessary to 
answer the question, “if a known feed is brought into the stage, what 
will be the resulting streams leaving the stage?” For a vapor-liquid 
process consisting of stages in which equilibrium is reached, the question 
can be answered by an isenthalpic flash of the total feed to the stage. 
A new estimate of exit flows, compositions, and temperature for the 
stage will result. The new flows from this stage can be used in calculat¬ 
ing the feed to the adjoining stages, and isenthalpic flash calculations 
on these stages will yield new flows which are feeds to other stages, etc. 
The stages can be considered in any order; the authors have found no 
particular benefit in any specific order of consideration of the stages. 
Complicated connections between stages and columns pose no problem 
since the calculation concerns itself with only one stage at a time. 
Furthermore, it is not necessary to converge the isenthalpic flash calcu¬ 
lation, itself a trial and error calculation, on any given stage. Partial 
calculation of the flash and prediction suffice. 

In a process such as liquid-liquid extraction the enthalpy balance is 
usually unimportant, and the temperature can be assumed constant 
through the column of stages. Here the question is simply how do the 
components of the input feed streams distribute. Any other process, such 
as washing, isotope separation, etc. for which the enthalpy balance is 
unimportant, requires only the answer to the same simple question. 

The relaxation method is certainly slower than the other methods of 
calculation. However, because of its simple nature, any process can be 
calculated and the complexities of the process cease to be a major con¬ 
cern. If future attention were directed toward performing an exact 
calculation of the individual stage, these more exact calculations could 
replace the flash calculations of the theoretical stages, and the calculated 
process would then fit much more closely the actual process operation. 
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Nomenclature 


A 

Holdup of vapor in a stage 

P 

Column pressure 


(moles) 

Q 

Heat duty in a reboiler or 

a 

Holdup of liquid in a stage 


condenser (B.t.u./hr.) 


(moles) 

R 

Number of components fed 

b 

Bottom product (moles/hr.) 

r 

Reflux (moles/hr.) 

D 

Vapor top product (moles/ 

T 

Temperature 


hr.) 

V 

Vapor flow from a stage 

F 

Total feed (moles/hr.) 


(moles/hr.) 

H 

Molal enthalpy of a vapor 

X 

mole fraction of a compo¬ 


(B.t.u./mole) 


nent in a liquid 

h 

Molal enthalpy of a liquid 

V 

mole fraction of a compo¬ 


(B.t.u./mole) 


nent in a vapor 

K 

Component equilibrium con¬ 

<t> 

Function 


stant, = y/x 

0 

Time 

L 

Liquid flow from a stage 

</0» 

Recovery fraction of a com¬ 


(moles/hr.) 


ponent in the bottom prod¬ 

m 

Number of stages between 


uct, = b(xi)b/F(xi) f 


reboiler and feed stage 

(/»)« 

Recovery fraction of a com¬ 

n 

Number of stages between 


ponent in the top product, 


feed stage and condenser 


= d(xt)d/F(xi) r 


Subscripts 



b 

Bottom product 

V 

Stage or plate in general 

c 

Condenser 

R 

Reboiler 

D 

Vapor top product 

r 

Reflux 

d 

Liquid top product 

t 

Top stage or plate in column 

F 

Feed 

1, 2, 3 . . . 

Plate number in column, 

f 

Feed stage 


numbering up 

i 

Component in general 




III. Description of the Program 

A. Problem Formulation 

A general program for vapor-liquid processes has been written and is 
presented as Program genvl. The program is written in Fortran language, 
for any number of components up to 20, for any number of columns up 
to 5, and for any number of stages in a column up to 40. These ranges 
can of course be altered by simply changing the dimension statement. 

An external feed of any amount, of one or more components, can be 
fed to any stage in the system of columns. This stage may be a plate, a 
reboiler, or a condenser. All external feed compositions, flows, and en¬ 
thalpies are independent variables that are set in the problem descrip¬ 
tion. A side stream of either vapor or liquid (or both) may be withdrawn 
from any stage except a reboiler or condenser, and either removed as 
product or sent to any stage of any column. The flow of each side stream 
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of this type is treated as an independent variable (its total amount is 
set). The flows leaving the end stages of the columns would normally 
be the products from the system of columns. However, in the program, 
each of them may alternatively be sent to any stage of another column; 
these flows may or may not be independent variables whose amounts 
are fixed. 

Provision has been made for intercoolers between any two stages in 
a column. Each intercooler introduces another degree of freedom into the 
equations; and requires that an independent variable be set. In the pro¬ 
gram this independent variable has been taken to be the temperature to 
which the stream is cooled. The intercoolers could obviously also func¬ 
tion as interheaters, but the program will calculate such heaters as if no 
vaporization occurs in the heating; this is correct if the pressure in the 
heater is high enough to prevent vaporization. Provision also exists for 
introducing or removing a specified amount of heat on any stage—a feed 
of zero mass and a positive or negative enthalpy equal to the desired 
heating or cooling load is introduced into the stage concerned. 

1. End Stage Flows 

Each reboiler or condenser introduces a degree of freedom and re¬ 
quires setting an independent variable. In the program, this variable 
may be either the liquid flow or the vapor flow from a reboiler, or either 
the reflux or product amount from any type of condenser. Again, the 
“product” may not be a product, but can be sent to another column. 

Three types of condensers are provided for: a partial condenser in 
which the two streams produced are reflux and a vapor product, both 
saturated; a total condenser in which the two streams are reflux and 
liquid product, both at their bubble point; and a two-product condenser 
in which reflux is produced, along with both a vapor and a liquid product, 
if both are possible. The two-product condenser introduces one additional 
degree of freedom over the other types of condenser. The temperature of 
a two-product condenser can be arbitrarily set, thus controlling the ratio 
between vapor and liquid in the product. There is no lower limit on speci¬ 
fication of this temperature, since at a low enough value the product (as 
well as the reflux) will simply be entirely subcooled liquid. However, there 
may be an upper limit on the temperature; if reflux amount has been 
chosen as the independent variable to be set, the highest temperature 
permissible will be the dew point of the product, the product being now 
completely vapor. If the condenser temperature has been specified above 
this limit, the program will correct it downward to the highest permis¬ 
sible value. A temperature specification intermediate between the dew 
point and bubble point of the product will produce two products, one 
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vapor and one liquid. In the program, the total of these products may 
be set, if desired, rather than the reflux. Again, either or both of the 
products can be sent to other columns rather than being removed as 
product. 

It might be well at this point to summarize briefly the variables which 
must be set in order to define problems to be solved by Program genvl. 
Other problems can be solved parametrically or by rewriting the program 
to accommodate them. 

The variables set are : 

(1) Amount of each component in each feed. 

(2) Enthalpy of each feed. 

(3) Number of stages in each column (includes reboiler and con¬ 
denser, if used). 

(4) Pressure of each column (set through constants in equilibrium 
expression for each component). 

(5) Amount of each side stream. 

(6) Destination (stage and column) for each side stream that is not 
a product removed from the system of columns. 

(7) Temperature to which liquid is cooled in each intercooler. 

(8) Destination (stage and column) for each flow from an end stage 
if the flow is not a product removed from the system of columns. 

(9) Reboiler vapor or liquid flow from each reboiler. 

(10) Reflux or vapor flow from each partial condenser; reflux or 
liquid “product” flow from each total condenser; temperature 
and reflux or total “product” flow from each two-product con¬ 
denser. 

This list of variables completely describes any problem in the system 
of interlinked columns which can be solved by Program genvl. Following 
the description rule, (3), (6), and (8) are set by construction, the others 
by operation. 

2. Independence of Variables 

The only choices of independent variables allowed by the program 
come from the degree of freedom introduced by the reboiler, (9), and 
one of the degrees of freedom introduced by the condenser, (10). Again 
it should be emphasized that the variables set in these two instances must 
be independent. For example, if the column system consists of the single 
column of Table I and one sets the liquid bottom product from the re¬ 
boiler, the vapor top product is no longer an independent variable and 
hence cannot be set under (10). Instead the reflux must be set as the 
last independent variable. 
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Whether or not a variable is independent may be more difficult to 
determine in other cases. For example, a distillation column with a side 
stripper is shown in Fig. 1. The side stripper in Fig. 1(a) has a reboiler 
and that in Figure 1(b) is stripped with steam. Under the program, the 
liquid side stream which feeds the side stripper must be set. Also, in the 
column arrangement of Fig. 1(b) the amount and enthalpy of the steam 
fed must be set, since it constitutes an external feed. For illustration, we 
assume that the bottom product from the reboiler of the main column has 



Fig. 1. Process arrangements for illustration of dependence of variables. 


been set in both cases. In the column system of Fig. 1 (a), it might appear 
that either the bottom product from the side stripper or the top product 
from the main column is independent, but not both. However, while the 
bottom product from the side stripper can be independent, the top prod¬ 
uct from the main column cannot. In the column system of Fig. 1(b), 
neither the bottom product from the side stripper nor the top product 
from the main column is independent. If doubt exists as to whether or 
not the flow leaving an end stage is independent (whether it is actually 
a product or goes to another point in the system of columns is imma¬ 
terial), the safest procedure is simply to use reboiler vapor and reflux 
as the set variables, since they are of necessity independent. 
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3. Variable Limits 

In the discussion of the description rule, it was also pointed out that 
limits exist on the possible values of independent variables. These limits, 
for a particular variable, depend on the values assigned to all variables 
previously set; as stated, determination of the limits is often prohibitively 
difficult. Taking the variables in order, there are obviously no limits on 
the amounts of components in the feed streams, or essentially on the 
enthalpy of the feeds. Again there are no limits on the number of stages 
in the columns, or on the linkages between columns in terms of the stage 
and column from which the streams come or to which they go. However, 
limits are possible on the amounts of side streams and of streams emanat¬ 
ing from end stages of columns. A few illustrations will show the way 
in which the limits occur. 

For the first of these illustrations, Fig. 2(a) shows a reboiled absorber. 



Fig. 2. Process arrangements for illustration of limits on variables. 


One degree of freedom is provided by the reboiler; a choice of setting 
either the bottom product or the reboiler vapor is thus provided. If the 
bottom product is chosen, the lower limit would be zero and the upper 
limit generally something less than the total of the two feeds, since the 
center feed would normally be vapor, and the absorptive capacity of 
the lean oil feed for this vapor would not usually be high enough to ab¬ 
sorb it all, even if the reboiler vapor shrank to zero. This limit would 
be relatively easy to determine by calculating this same case as a simple 
absorber, i.e., without the stripping section. 
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Figure 2(b) shows a simple distillation column with two degrees of 
freedom provided by the reboiler and condenser. For example, for liquid 
feed, the top product might be set at an intermediate value between 
zero and the amount of feed; although no upper limit would exist on 
reboiler vapor, a lower limit would exist corresponding to zero reflux. It 
would be quite easy to set the reboiler vapor below this limit, unless a 
calculation had been made to determine what the limit was. Such a calcu¬ 
lation would not be too difficult in this case. 

Figure 2(c) shows a distillation column with four degrees of freedom 
provided by the two reboilers, the condenser, and the liquid side stream 
from the main column. Many possibilities of limits exist, depending on 
what variables have been set first. One example might be taken in which 
the liquid side stream was set last. The limits on the amount of this 
stream would then be, as a lower limit, the amount of bottom product (or 
reboiler vapor) in the side stripper; and, as an upper limit, the total 
amount of liquid flow off the stage from which the stream was drawn. 
(The latter of these limits would not be easy to determine.) 

Any problem involving variables that are set outside the allowable 
limits cannot be solved. If the solution of such a problem is attempted, 
much computer time can be wasted, since the fact that the problem is 
impossible may be difficult to recognize. Also, to determine the allowable 
limits on variables in complex processes is essentially impossible. 

4. Problem Alteration by the Program 

Program genvl has been designed to circumvent these difficulties. If 
during the solution of the problem, the program finds the problem speci¬ 
fications impossible, it will reset to the nearest possible problem for solu¬ 
tion. This procedure is also time-consuming, but after solution the limit 
which has been exceeded is clearly indicated. Thus, in the example on 
Fig. 2(a), the amount of bottom product would be reset to as much 
product as could be produced, and the reboiler vapor would be set to 
zero. The stripping section of the column would operate essentially as a 
pipe for the transport of liquid and would be calculated as such. In the 
example on Fig. 2(b), the amount of top product would be reset down¬ 
ward to that which could be made at the stipulated reboiler vapor, while 
the reflux would be cut to zero. In the example on Fig. 2(c), the amount 
of the liquid side stream would be set to all liquid available, producing 
a zero liquid flow in the main column between that point and the feed 
plate. If this amount were not sufficient to produce the specified bottom 
product, say, of the side stripper, this product would be reduced to that 
available and the reboiler vapor in the side stripper would be reset to 
zero. 
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Thus, Program genvl has been designed to insure, in every way pos¬ 
sible, the obtaining of a solution. All problems which have been at¬ 
tempted to date have been solved, although several have been solved 
to only a low degree of accuracy because of time limitations. One prob¬ 
lem has been solved to an accuracy of 1 part in 100,000 in the total mass 
balance close to the maximum accuracy allowed by the significant figures 
carried in the computer. Many problems have been solved to an accuracy 
of 1 part in 1000 in the total mass balance, and this accuracy appears to 
be reasonable in terms of time consumption. 

B. Basic Program 

The basic program performs the function of using the existing esti¬ 
mates of component flows and stream enthalpy values to predict a new 
stage temperature and the flows of components from the stage. This is 
accomplished partly by calculation in the basic program and partly by 
calling for calculation in various subroutines. 

At the beginning of the basic program, the arbitrarily chosen func¬ 
tions for calculation of component equilibrium constants and component 
enthalpies are shown; 

k = exp [a/(t + 460) + b + c(t + 460)] 
h = yt + z 

where a, b, c, y, and z are component-dependent constants to be sup¬ 
plied as data to the program. Both of these functions are independent of 
composition, but any other functions could have been used. If it is desired 
to add activity coefficients and/or heats of mixing, the program could 
easily be changed to include them. 

1. Stage Sequencing 

The first step in the basic program is to call subroutine input which 
reads in the program specifications. Next, the iteration counter, iterat, 
and a calculational variable, kinven, are set to zero. The amount of each 
component entering the system of columns is summed up in sumfd(i) 
where the subscript (i) refers to component. Subscript (j) refers to stage, 
and subscript (k) refers to column. Also the total feed of all components 
is summed in totfd. 

At statement 3 the calculation of the stages begins. After every itera¬ 
tion, the program returns to 3 to start the next interation. A calculational 
variable, kalter, is set to zero, to be reset to 1 later in the iteration if 
the program changes the original problem specification in order to ob¬ 
tain a workable problem. The program then calculates each column in 
turn, performing all calculations through statement 140. For the particu- 
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lar column being calculated, the number of stages, including a possible 
reboiler and condenser, is set up as the index jt. The stage index, j, is 
set to 1, and a calculational variable jdelta is set to +1. The program 
has been written to calculate the stages in the following order: starting 
at stage 1, up through stage jt, reversing direction and recalculating 
stage jt-1, recalculating down through stage 1. This order is completely 
arbitrary and could be changed at will. However, calculating in this way, 
2(jt)-1 stage calculations will be made for the column in an iteration, 
and hence a dummy counter, ktimes, is set to this number to be used in 
the next loop. The loop starting at statement 4 calculates through state¬ 
ment 114 ktimes number of times, thus twice for all stages in the column 
except the top stage. 

2, Stage Feeds 

For any one stage, the first step is to determine the total amount of 
each component entering from all possible sources, and the total energy 
entering the stage. The total amount of each component entering is 
summed up in a variable called flfeed, flash feed, since this is in essence 
the feed to a flash calculation to be performed on the stage. The total en¬ 
thalpy input is summed in qin. The program first sets flfeed at any 
external feed of component I to the stage and qin at the enthalpy of 
the external feed to the stage, plus any load associated with an inter¬ 
cooler immediately above the stage. The possibility of one or more 
streams entering the stage from another column or from another stage 
in the same column is examined next. Statement 6 examines the array 
ksvfro at the position j, k where j is the number of the stage being cal¬ 
culated and k is the column number in which the stage exists. If this 
number is zero, no side vapor stream comes into the stage from any 
point in the column system. If the number is positive, a vapor side stream 
does come in. The calculation then branches to statement 7 where the 
stage and column from which the stream is coming are set up as the 
variables jv and kv. The amount of the side vapor flow from jv and kv 
is examined; if it is zero due to a reset from the original specifications 
on the amount of the stream, the program branches to statement 10; but 
if the side stream is positive the program branches to statement 8, where 
the amount of each component in the sidestream is added to flfeed 
and the enthalpy is added to qin. 

All other possibilities of streams entering the stage are examined in 
the same way. At statement 10 possible liquid side streams entering the 
stage are examined. At statement 14 the possibility of a vapor flow 
coming from an end stage (either a condenser or an ordinary stage) is 
considered. At statement 18 the possibility of a liquid stream coming 
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from an end stage is considered. The liquid stream could come from 
either a reboiler or an ordinary stage, if the end stage from which the 
stream comes is at the bottom of a column, or it could come from a 
condenser, jv is examined to see if it is unity. If so, unless the column 
from which the liquid stream comes consists of only a condenser, the 
liquid flow comes from the bottom of the column and is labeled as quid. 
If the stage number is greater than unity, the stream must come from a 
condenser, and is quitop for the column from which it comes. 

2. Necessity of Flash Calculation 

After all possible feeds to the stage have been determined, the calcu¬ 
lation goes to statement 26 where a variable kextfd is set to zero. The 
program then determines whether a flash calculation should be done on 
the stage. If an external feed (from outside or through a stream coming 
from another point) enters the stage, or if there is heating or cooling on 
the stage, or if both a liquid and a vapor stream enter from adjoining 
stages, a flash calculation should be done. If, on the other hand, no 
streams come from outside and no heating or cooling takes place, and no 
liquid stream enters from the stage above, but a vapor stream enters 
from the stage below, then nothing will happen to the vapor stream in 
the stage being considered, and the stage will simply act as a pipe for 
transit of the vapor. This possibility, and the reverse possibility, are 
allowed for. 

In the next statement below statement 26, qin is examined. If it is 
not zero, the stage is being heated or cooled or an external feed is enter¬ 
ing. If so, kextfd is set to 1. If qin is zero, kextfd is left at zero. Next 
the number of the stage is examined to see if the stage is the lowest 
stage in the column, namely stage 1. If it is, no vapor can come from 
the next lower stage. If not, the program branches to statement 31 and 
the vapor coming from the next lower stage is examined. If the vapor 
flow is not zero, all of the component flows in the vapor are added to the 
feed to the stage, the enthalpy is added to qin, and the variable kvin is 
set to 1, indicating that a vapor flow enters the stage from the stage im¬ 
mediately below. 

The liquid flow from the stage immediately above is treated in the 
same way, except that the calculation is slightly different if the stage 
above is a condenser. At statement 40, the entire feed of components to 
the stage is added up in flfees and the data necessary to calculate an 
isenthalpic flash on the stage is complete. 

3. Reboilers and Condensers 

At the statement immediately above statement 42, and at statement 
44, the index of the stage being calculated is examined to determine 



300 


D. N. HANSON AND G. F. SOMERVILLE 


whether the stage is the bottom or top stage in the column. If it is either 
of these, either jretyp or jcotyp for the column is examined to deter¬ 
mine whether the stage is an ordinary stage or a reboiler or condenser. 
If the stage is either a reboiler or a condenser, the calculation of the 
stage is done in the appropriate subroutine, reboil or conden. If the 
stage is an ordinary one, the program goes to statement 47 to calculate 
the isenthalpic flash on the stage. 

At statement 47 the program sets a variable, ktrans, to be used in 
determining how the flash of the stage will be calculated. Next the total 
amount of material fed to the stage is examined. If it is zero, all flows 
out of the stage and their enthalpies are set to zero and the stage is not 
calculated further. If material is entering the stage, there is still the 
possibility that only one stream enters, either liquid or vapor from an 
adjoining stage. This possibility is checked at statement 50. If vapor 
comes from the stage below kvin = 1 ; if not, kvin = 0. If liquid comes 
from the stage above, klin — 1 ; if not, klin = 0. If an external feed 
from any source enters the stage or if the stage is heated or cooled, 
kextfd = 1 ; if not, kextfd = 0. The stage will act as a pipe only if 
either kvin or klin = 1 and all others are zero. The program then de¬ 
termines which stream is being transported through the stage and sets 
the stage conditions and flows to simply pass the flow through. 

4. Flash Calculation 

If the stage does not act as a pipe, the program transfers to state¬ 
ment 56. The program from this point to statement 65 sets up initial 
estimates of the vapor and liquid flow rates from the stage, using the 
existing values of the flows. Since the total input to the stage will change 
from iteration to iteration, the flows leaving this stage cannot be the 
same. If values exist for exit flows of both liquid and vapor, the program 
estimates new flows in the same proportion as the old flows (statements 
63 and 64). If one or both phase flows are zero, the program estimates 
new flows respectively either by using a small percentage of the feed 
for the missing flow or by dividing the input in two. 

The program then predicts a new set of conditions and exit flows for 
the stage by one of two methods, one starting at statement 65, the other 
starting at statement 75. The choice of methods is controlled by kmode, 
as described later. In the first method, the existing temperature of the 
stage is accepted, and a complete isothermal flash is calculated on the 
total input of material to the stage at the stage temperature. The amount 
of each component in the resulting vapor and liquid phases is then 
known. The temperature is next set either 1° higher or lower, the direc- 
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tion being chosen to increase the smaller phase, and the flash calculation 
is repeated. A complete knowledge of two isothermal flashes is then ob¬ 
tained. In the second method, the relative flows of vapor and liquid are 
accepted, and a flash calculation is done at the estimated flows to deter¬ 
mine the amounts of the individual components in the flows together 
with the temperature. Again, a second flash calculation is done with the 
smaller flow increased by 1 % of the total input, and two complete flash 
calculations have been obtained. 

In either procedure, the enthalpy of the streams resulting from the 
first flash is calculated as qout. At statement 80, the enthalpy of the 
streams resulting from the second flash is calculated as toth. In addition 
the enthalpy of the streams of the first flash at the temperature of the 
second flash is calculated as sensh. The temperature of the first flash is 
called t, the temperature of the second flash is called ti . In the same way 
the vapor phases resulting from the two flashes are flv and flvi . In the 
ordinary case flvi would not equal flv, nor would ti equal t. These 
differences are then used to predict temperature and flow amounts at the 
solution to the isenthalpic flash, totcp is the amount of energy which must 
be added to the system to raise the temperature by 1°F. and is calcu¬ 
lated by (toth — qout)/(t1 — t). Similarly the amount of energy added 
to produce one more mole of vapor (and hence one less mole of liquid) 
is totmcp — (toth — qout)/(flvi — flv) . senscp is the amount of sensi¬ 
ble heat which would have to be added to raise the temperature 1°F. if no 
vaporization or condensation occurred in changing from t to ti. 

The predicted change in temperature, delt, to be added to t is then 
(qin — qout) /totcp, and the predicted vapor change, delvs, to be added 
to flv, is (qin — qout) /totmcp. These corrections, since they are linear, 
only solve the isenthalpic flash approximately. As convergence is ap¬ 
proached, however, the amount of correction to t and flv becomes smaller 
and smaller, and linear corrections suffice. The isenthalpic flash could of 
course be solved as exactly as one desired, but the authors have found 
the partial solution and linear extrapolation used here to be quite satis¬ 
factory for the purposes of this program. 

In the program section from the statement just below 81 to statement 
85, precaution is taken against those systems in which ti = t and flvi 
= flv. Both circumstances can occur because of the way in which the 
program is written, but the normal case, starting at statement 85, will 
show changes in both temperature and vapor amount. 

The amount of each component in the predicted flows of vapor and 
liquid is obtained by a separate prediction for each component in the 
loop ending at statement 97. If the amount of any component in either 
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phase is less than 1 x 10“ 20 , its amount in the phase is arbitrarily set 
at 1 X 10" 20 . The summations of the amounts of the components in the 
two phases, sumvy and sumlx, are then obtained; if either of these is 
less than 1 X 10 -6 of the total input to the stage, that phase is set to 
zero. Enthalpies of the phases are also determined. 

5. Determination of Flash Type 

Lastly, at statement 103, the result of the calculation is used to deter¬ 
mine which method of flash calculation should be used on the stage in 
the next iteration. If the input to the stage is essentially pure component, 
a very inaccurate calculation would result from arbitrarily moving from 
t to t + 1.0 in the two flash calculations. Similarly, if very little change 
in vaporization will occur on moving the temperature, the calculation of 
the temperature shift by moving flv by 1% may yield a very inaccurate 
extrapolation. In short, a system in which changes in sensible heat pre¬ 
dominate when heat is added should be calculated by movement of tem¬ 
perature, while a system in which changes in latent heat predominate 
should be calculated by movement of the phase amounts. At statement 
103, if the sensible heat capacity is more than half of the total heat ca¬ 
pacity of the system, kmode for the stage is set at 1, and if less than half, 
kmode is set at 2. When the stage is next calculated, kmode will direct 
the calculation to the better path. 

The predictions of the flash calculation show only the total amounts 
of vapor and liquid resulting. If a side vapor or side liquid flow has been 
specified from the stage it must be subtracted from the total phase, the 
remainder constituting the flow to the adjoining stage. This is done be- 
between statements 106 and 111. If it is found, for example, the predicted 
amount of liquid is less than the set amount of side liquid flow, all of 
the predicted liquid phase will be used as side flow and the flow of liquid 
to the stage below will be set at zero. The vapor is treated in the same 
way, but in either case the program notes that the problem has been 
altered. 

At statement 111, the number of the stage being calculated is ex¬ 
amined. If the stage is the top stage, the program goes through statement 
112 at which jdelta is changed from +1 to —1. When jdelta is added to 
j, the next lower stage is next calculated, and in this way the order 
of treatment of stages is made to go from the bottom to the top stage 
and back to the bottom. 

The next section, statements 115 through 140, is used to calculate the 
heat unbalance on each stage, the input of energy minus the output of 
energy. If the stage is a reboiler or condenser, the unbalance is of course 
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zero and the reboiler or condenser load is calculated instead. Intercooler 
loads are also calculated. 

The program repeats the entire calculation through statement 140 for 
each column in turn and then proceeds to the next section in which the 
calculated amounts of each component in all products leaving the system 
of columns are summed in prdsum. Each side flow or flow from an end 
stage is examined to determine whether it goes to some other point in 
the column systems; if not, it is a product. The over-all unbalance for 
each component is calculated as cunbal, equal to the total input of the 
component to the column system minus the total output. 

6. Accuracy Check 

In the section titled output, the iteration counter is raised by unity 
and a variable, prserr, is generated to indicate the extent of error in the 
over-all mass balance, prserr is taken as the sum of the absolute values 
of the component unbalances, since the simple sum of component un¬ 
balances would often give a falsely low answer for the error due to 
cancellation of plus and minus terms. Provision is made to print the 
value of prserr along with the iteration number by depressing sense- 
switch 1. By this means the calculation can be followed quite well, and 
this feature has proved quite useful to the authors. At statement 169 
prserr is checked against the acceptable limit of accuracy of the calcula¬ 
tion, prderr, which is read into the computer in the input data. If prserr 
is below the limit, the program will write a complete output of answers 
and return to statement 1 which calls the input subroutine and starts 
the calculation of a new problem. 

However, if the accuracy of the calculation is not good enough the 
program will examine sense switch 5 and sense switch 6. If 6 is depressed, 
a complete output will be written; if 6 is depressed, a short output will 
be written. In either case, the program then goes on to statement 175. 
The last section of the basic program is used to call a subroutine for the 
correction of the column inventory of components which are not in bal¬ 
ance. The program examines sense switch 2; if it is depressed, the pro¬ 
gram will call the subroutine, but only under the conditions that the 
energy balance is reasonably correct, i.e., if the sum of the absolute 
values of all stage unbalances is less than 1% of the heat loads in the 
reboilers and condensers of the columns). If the subroutine is called, a 
variable, kinven, is set to 1; if not, the variable is set to 0. kinven is 
used in the on-line printing of results to show whether or not the sub¬ 
routine was used. The program then returns to statement 3 to perform 
the next iteration. 
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C. Subroutine Input 

The first step in the basic program is to call subroutine input. The 
subroutine serves two purposes; to bring in the data defining the problem, 
and to set up the conditions under which the first iteration will be calcu¬ 
lated. 

The reading in of data requires only a little explanation. The first 
two data cards have been specified as cards on which any statement can 
be typed in columns 2 through 72. The statements typed in these columns 
are read into formats 1000 and 1001 and immediately written out to 
serve as a label or identification of the problem. Column 1 of the cards 
can be used to control the spacing of the identification, as suggested by 
the 1 and 0 of the formats shown. 

Next, the number of components, number of columns, and all physical 
data are read, followed by the two preset error-limits used by the pro¬ 
gram. prderr is the highest acceptable sum of component unbalances, and 
is expressed in moles, bdferr is the accuracy to which bubble-points, 
dew-points, and flashes are calculated, expressed as a fractional error. 
The authors have found a tight limit on this error is beneficial, and have 
commonly used 1 X 10~ 6 . 

The external feeds to the columns are read; first the stage and column 
to which the feed goes, then the amount of each component in the feed, 
and last the total enthalpy of the feed. 

Next, side streams are read as shown in the program, and possible 
linkages through streams from end stages being sent to other points are 
read. The liquid stream from the bottom of a column, for example, will 
be considered a product leaving the system of columns unless it is speci¬ 
fied as going to some other point. Since such a stream could be a de¬ 
pendent variable with its amount unknown, it cannot be sent back to the 
same column. 

Any intercoolers are specified by reading the numbers of the stage 
and column to which the cooled flow goes and by reading the temperature 
to which the flow will be cooled. The flow is always taken to be the 
liquid flow from the stage above, quid in the program nomenclature. 

Any reboilers are specified next. If a reboiler exists, either the vapor 
flow or liquid flow leaving it, respectively fixrv or fixbl, must be 
specified. Both are read in from the input card, but only the one which 
corresponds to jretyp will be used, so that the other can simply be read 
in as zero. 

Any condensers are specified in the same way. Here several choices 
of variables can be made for each condenser. Again only the one or two 
numbers corresponding to jcotyp need be punched; the others can simply 
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be zero, but the numbers needed must be in the field on the card which 
corresponds to their position in the list of statement 33. 

The last data required are an estimate of top and bottom tempera¬ 
tures for each column. 

The program then writes out the input data to provide a record of 
the constants used and specifications made, zeroes certain variables used, 
and sets up a maximum temperature 300° higher than the highest esti¬ 
mated end temperature and a minimum temperature 200° lower than the 
lowest estimated end temperature. In calculation, the program will not 
predict temperatures outside this range. 

D. Subroutine Output 

The output subroutine is used to write out either the final converged 
results of the calculation or, if desired, the results at the end of any 
iteration. A complete set of results is written when the problem is con¬ 
verged, including compositions of both phases on every stage. The short 
output, which can be obtained by depressing sense switch 6, omits these 
compositions, but writes all other pertinent data. It might be noted that 
the output subroutine will report that the originally specified problem 
has been altered if any of the flows specified in the problem description 
have been changed from their set values during the last iteration. 

E. Subroutine Reboil 

Any reboiler is calculated in the subroutine written specifically for 
this purpose. The subroutine first checks the variable flfees which is 
the total mass input to the reboiler. If flfees is zero, the exit streams 
from the reboiler are set to zero, it is noted that the problem has been 
altered, and the calculation returns to the basic program. 

If flfees is not zero, the value of jretyp is examined to find which 
of either the reboiler vapor or bottom liquid has been set in the problem 
description. If reboiler vapor has been set, the program examines flfees 
to see if it is less than the fixed amount of reboiler vapor, fixrv. If so, 
all of flfees is taken as reboiler vapor, the bottom liquid is set at zero, 
kalter is set to 1, the temperature is determined by a dewpoint calcula¬ 
tion on the reboiler vapor, and the calculation returns to the basic pro¬ 
gram. On the other hand, if flfees is more than large enough to supply 
fixrv, the remainder is taken as bottom liquid and the temperature and 
compositions are obtained by calculation of a flash for which the total 
vapor and total liquid are known (isovfl) . If the bottom liquid is speci¬ 
fied, exactly the same procedure is followed except that in the case of a 
mass input less than the specified bottom liquid, fixbl, all of the input 
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is taken as this liquid, reboiler vapor is set to zero, and the temperature 
is determined by a bubble point calculation. 

F. Subroutine Conden 

Subroutine conden is used to calculate all condensers. It operates in 
very much the same fashion as subroutine reboil, except that more pos¬ 
sibilities occur. If reflux has been fixed, the amount of flfees is examined 
to see if it is larger than fixre. If not the product is set to zero and 
temperature is determined by bubble point. If the condenser is a two 
product condenser with a set temperature, tcset, this temperature is ac¬ 
cepted if it is below the bubble point, indicating subcooled reflux. If 
flfees is large enough, the remainder after subtraction of fixre is taken 
as the appropriate product, and temperature is determined either by 
isovfl or bubpt for the cases of partial and total condenser respectively. 
For two-product condensers, the division of the total product at tcset 
must be determined and calculation transfers to statement 21. 

If the end (or “product”) flow has been specified, the calculation, at 
either statement 14 or statement 18, is simply the reverse of the calcula¬ 
tion for fixed reflux. Again, for two-product condensers, the calculation 
transfers to statement 21. 

Two-product condensers must be considered differently from the other 
condensers, since the temperature has been specified and will determine 
the relative amounts of vapor and liquid product along with their com¬ 
positions. This analysis is performed from statement 21 through state¬ 
ment 53. The temperature specification may be such that it will pro¬ 
duce superheated vapor product or subcooled liquid product, or any ma¬ 
terial in between. Superheated vapor product, however, is outside the 
realm of possibility if reflux is to be made; the program has been written 
to lower the condenser temperature arbitrarily to the dew point of the 
product, if this circumstance occurs. The analysis of a two-product con¬ 
denser is additionally complicated by the fact that a flash of the total 
mass input at tcset may produce less liquid than the amount fixed as 
reflux. If so, the program arbitrarily changes the condenser temperature 
to yield an amount of liquid equal to the fixed reflux, assigning the re¬ 
maining product as vapor. Neither of these temperature changes is re¬ 
ported as an alteration of the problem specifications. 

G. Subroutine Inven 

The relaxation calculation, as mentioned previously, converges quite 
slowly after the component unbalances in the individual stages have be¬ 
come small. Other circumstances can also cause the calculation to proceed 
slowly. For example, if the internal flows of material (reflux and reboiler 
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vapor) are high compared to the product amounts, the initial iterations 
can build up high inventories of a component in the column which are 
reduced only slowly to the steady-state amounts if the amounts of the 
component in the products are small. Subroutine inven is designed to 
speed up the depletion of such inventories, by calculating through the 
column several times in an approximate and rapid fashion before re¬ 
turning to the next iteration. 

Each component is calculated in turn. It is assumed that the relative 
split of the component on a stage is correct as reported from the itera¬ 
tion just calculated. A simple mass balance then gives new estimates for 
the amount of the component in the phases without any calculation of a 
flash. If the component is in exact balance at all points, no change will 
be made in its flow amount at any point by this procedure. However, if 
there is an unbalance at any point, this unbalance will be lessened and 
propagated outward. 

The program calculates each component completely through the sys¬ 
tem of columns five times before returning to the basic program. The 
five is arbitrary, but there is not sufficient evidence to justify any particu¬ 
lar figure. The subroutine has proved to be of great value in some cases, 
but also may have been harmful in others. Whether or not it is of benefit 
in a particular case can best be determined by following the calculation 
on the on-line printer. By depressing sense switch 2 the subroutine can 
be called. After a few iterations, if it appears to be aiding the calcula¬ 
tion, its use can be continued; if not, it can be removed by raising the 
sense switch. In any event, there is no question that the use of the sub¬ 
routine changes the pattern of the calculation, and its sporadic use may 
be of value if the convergence is slow. 

H. Subroutines bubpt, dewpt, isovfl, isotfl 

These subroutines are used to calculate respectively, the bubble tem¬ 
perature of a liquid composition, dew temperature of a vapor composi¬ 
tion, equilibrium temperature and composition of the phases produced by 
the flash of a particular stream at known values of total vapor and liquid, 
and the composition and amount of the phases produced by the flash of 
a particular stream at a known temperature. All are done at the column 
pressure which applies. 

The first three subroutines, bubpt, dewpt, and isovfl, are very 
similar in form. Using an estimated temperature, 2 (Kx), 2 (y/K) } or 
2(U^/F a98umed ) together with 2 (LT/L ft88umed ) is calculated. This (or these) 
summation must be within bdferr of unity; if not, the temperature is 
moved by tint (10° originally) in the correct direction until the sum¬ 
mation crosses unity. The correct temperature is then estimated by inter- 
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polation, tint is reduced by a factor of 10 and the process repeated. In 
the subroutine isovfl, the slope given by the smaller of the two flows is 
used for the interpolation. 

Subroutine isotfl calculates in similar fashion, except that the smaller 
phase is changed by a fraction of itself, the fraction being 10% at the 
start and diminishing by a factor of 10 each time the calculation crosses 
the correct solution. A flash calculation at a set temperature can result 
in all vapor or all liquid, if the temperature is above the dew point or 
below the bubble point of the feed; this possibility is provided for by 
setting the small phase to zero if it falls below one millionth of the feed. 

I. Examples 

Many problems of varying size and complexity have been solved with 
Program genvl. The most difficult problem solved (with a slightly altered 
program to allow for the large number of components) was a crude distil¬ 
lation unit containing four side strippers. The total number of stages was 
57 and the number of components considered was 76. Sixteen solutions 
under varying conditions were obtained on an IBM 7094 computer with 
an average solution time of 20 min., successive solutions being derived 
from the data of the previous solution. 

To illustrate the use of the program, two short examples are shown 
below. 

1. Example L Reboiled Absorber 

The column is a nine-stage reboiled absorber, fed with a vapor of 
seven components, the feed entering stage 3 of the column. The feed 
consists of: 


Component 

Moles 

1 

245.5 

2 

31.6 

3 

221.8 

4 

131.4 

5 

7.5 

6 

2.1 

7 

7.4 


647.3 


A lean oil (pure component 7) is fed to the top stage in the amount of 
1055 moles. 
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The feed enthalpy is 3,606,728 B.t.u. The lean oil is almost at a tem¬ 
perature of 0°F and its enthalpy is 5,330,915 B.t.u. 

An intercooler is to be placed between stages 4 and 5 and will cool 
the liquid flow back to 2°F. 

The equilibrium-constant coefficients at the column pressure are 


Component 

A 

B 

c 

1 

0 

5.0 

0 

2 

-226.106 

1.11346 

0.002865 

3 

-2782.98 

7.7319 

-0.003341 

4 

-1995.21 

4.60582 

-0.000686 

5 

-4289.97 

9.47394 

-0.004080 

6 

-6017.13 

13.1817 

-0.007132 

7 

-5930.29 

6.38204 

-0.000142 


and the enthalpy coefficients (with liquid enthalpy equal to kt 4* l and 
vapor enthalpy ut + w) are: 


Component 

K 

L 

U 

w 

1 

6.80 

1310 

6.80 


2 

15.20 

2990 



3 

16.80 

3250 



4 

17.30 

3330 



5 


4330 

22.60 


6 


5740 



7 

36.40 

4980 

23.90 



The total feed to the column is approximately 2000 moles. The calcu¬ 
lation will be done to an accuracy of 2 moles, bdferr =1x 10 -6 will 
be used. 

The separation desired is between components 2 and 3. The total feed 
of component 3 and heavier components is 1425.2 moles. On this basis the 
bottom product was set at 1420 moles for the calculation. The top tem¬ 
perature was estimated to be 50°F. and the bottom temperature 225°F. 

The results of the computer calculation are shown in the next two 
pages. (The program was altered to produce only a short output, omitting 
the mole fractions.) It is apparent that the number of iterations to the 
converged solution, 80, is large. The time of solution on an IBM 704 
computer was 10.3 min., which when roughly translated into operation 
on a more modern machine at prevailing industrial rates costs about 
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$13.00. Actually, the example represents a problem which was particu¬ 
larly difficult by other methods probably due to the rapid changes in 
temperature near the feed plate, but which was solved with no difficulty 
on the present program. 

2. Example 1A . 

As a further example, the same problem was solved with the reboiler 
vapor set instead of the bottom product. The reboiler vapor chosen was 
that calculated in Example 1, hence the two calculations should yield 
identical results. The pages which follow show that the same results were 
obtained within the error of the calculation. Also they show that Example 
1A converged in 22 iterations as compared to 80 for Example 1. Since 
the time per iteration is the same, the cost of solving with a set reboiler 
vapor is obviously much less, not just in this case but for many systems. 
If a flow such as reflux or reboiler vapor is not set, the program uses 
many iterations to finally adjust the internal flows, since the energy - 
unbalance driving-forces become much smaller near convergence. From 
the design standpoint, it is usually more desirable to set products and 
leave the reflux or reboiler vapor unset; nevertheless, if many cases are 
to be run to provide a parametric solution to a problem, it is advan¬ 
tageous to set the reboiler vapor or reflux in the various runs. 

3. Example 2 . Distillation Column with Side Stripper 

Example 2 shows a distillation column of 13 stages with a side strip¬ 
per of 5 stages. The side stripper receives liquid from stage 9 of the 
main column and returns vapor from its top stage to stage 10 of the main 
column. 

The feed, introduced into stage 6 of the main column, is 1635.3 moles. 
The reboiler vapor of the main column is fixed at 1200 moles; the reflux 
is also fixed at 2500 moles. The liquid side stream is set at 1210 moles, 
and the bottom product from the side stripper is fixed at 945 moles in 
order to recover component 3 in fairly pure form in the side stripper. 

The input data and results of the computation are shown in the fol¬ 
lowing sheets. The calculation required 22 iterations to converge to an 
accuracy of 0.5%, and took 4.5 min. on an IBM 704, 

J. Program Nomenclature 

a(i, k) = component dependent constant appearing in the equilibrium rela¬ 

tion (equilkf). 

b(i, k) = component dependent constant appearing in the equilibrium rela¬ 

tion (equilkf). 

bdferr = limit of accuracy on bubble point calculation, XKx must be 

within bdferr of unity; on dew point calculation, 2 y/K must 
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BOTT 

BUBPT 


C(l, K) 

CHECK 

CIN 

CON DEN 

condld(k) 
coold(j, k) 

COOLH 

CUNBAL(l) 


DELL 

DELT 

DELV 

DELVS 

DEWPT 


DUTY 

enthk(i) 

enthl(i) 

ENTHU(l) 

ENTHW(l) 

EQK(l) 

EQUILKF 
(A, B, C, K, T) 

ex P | 

EXTFD 
(i, J, K) 
EXTFDH 

(J, k) 

fd(j) 

fixbl(k) 

fixbe(k) 

fixbv(k) 

fixsl(j, k) 

FIXSV( J, k) 
fixtl(k) 


be within bdferr of unity; on isothermal flash calculation, 
2 (Vy) calc/F assumed must be within bdferr of unity; on set V 
flash calculation, 2(Vy) c *i c /V must be within bdferr of unity. 

= initial estimate of bottom stage temperature (°F). 

= subroutine for calculation of bubble point. Calculates equilibrium 
temperature and vapor (vapy) for a liquid composition given by 
QUIDX. 

= component dependent constant appearing in the equilibrium rela¬ 
tion (equilkf). 

= code number to determine length of output printout. 

= summation of feed streams to a stage (moles). 

— subroutine for calculation of condenser. 

= condenser heat load for column k (B.t.u.). 

= intercooler heat load for stage j of column k (B.t.u.). 

= enthalpy of liquid leaving intercooler at tcool(j, k) (B.t.u.). 

= mass unbalance of individual components over entire system; 
that is, the difference between the amount of i entering the system 
and the amount leaving the system (moles). 

= predicted change in amount of a component in the liquid from 
a flash calculation (moles of i). 

= predicted temperature change of stage (°F). 
zz predicted change in amount of a component in the vapor from 
a flash calculation (moles of i). 

— predicted increase in vapor flow from a flash calculation (moles). 

— subroutine for calculation of dew point. Calculates equilibrium 
temperature and liquid composition (quidx) for a vapor composi¬ 
tion given by vapy. 

= set intercooler load (B.t.u.). 

rz component dependent constants for enthalpy of liquids appearing 
in the relation thalpf. 

= component dependent constants for enthalpy of vapors appearing 
in the relation thalpf. 

= value of the equilibrium constant of component i. 

= equilibrium function defined by the equation 

TEMP (J *K)+460.0 + B(I ’ K) + C(I ’ K)(TEMP(J ' K) + 460 - 0) ] 

= array for external feed flow of any component i to any stage J 
of a column k (moles of component i). 

= array for enthalpy of total external feed to each stage J of 
column k (B.t.u.). 

= summation of feed streams to stage J (moles). 

= fixed liquid flow from reboiler of column k (moles). 

= fixed liquid reflux for column k (moles). 

= fixed reboiler vapor of column K (moles). 

= fixed amount of liquid arbitrarily withdrawn from a side stage 
j of column k (moles). 

= fixed amount of vapor arbitrarily withdrawn from a side stage 
j of column k (moles). 

= fixed nonreflux liquid from condenser of column k (moles). 
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fixtv(k) 

fixtvl(k) 

FLINT 

FLL 

FLLIS 

FLLISO 

FLLO 

FLL1 

flliq(i) 

FLLIQl(l) 

FLV 

FLVAS 

FLVASO 

FLVO 

FLVI 

FLVAP(l) 

FLVAPl(l) 

flfeed(i) 

FLFEES 

GENLX 
(i, J, K) 
GEN LXN 
GENVY 
(i, J, K) 
GENVYN 
HL 
HV 
I 

INPUT 

INVEN 
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= fixed vapor flow from condenser of column K (moles). 

— fixed sum of nonreflux liquid and vapor from condenser of 
column k (moles). 

factor used to alter vapor and liquid streams in isotfl. 

= assumed total liquid flow in iterative flash calculation of a stage 
(moles). 

= general calculational variable for sum of individual component 
amounts in liquid (moles). 

= old value of calculated total liquid flow from a stage used to 
predict movement of liquid (moles). 

=: old value of assumed total vapor flow in iterative flash calculation 
of a stage (moles). 

= assumed total liquid flow in iterative flash calculation at condi¬ 
tions slightly altered from fll (moles). 

= calculational vector used for the liquid amount of individual 
components resulting when flfeed(i) is flashed one step in an 
iterative flash calculation (moles of i). 

= predicted value of component i in liquid from a flash calculation 
(moles of i). 

= assumed total vapor flow in iterative flash calculation of a stage 
(moles). 

= general calculational variable for sum of individual component 
amounts in vapor (moles). 

= old value of calculated total vapor flow from a stage used to 
predict movement of vapor (moles). 

— old value of assumed total liquid flow in iterative flash calculation 
of a stage (moles). 

= assumed total vapor flow in iterative flash calculation at conditions 
slightly altered from flv (moles). 

— calculational vector used for the liquid amounts of individual 
components resulting when flfeed(i) is flashed one step in an 
iterative flash calculation (moles of i). 

= predicted value of component i in vapor from a flash calculation 
(moles of i). 

= vector set aside for amounts of individual component feeds to a 
flash process (moles of i). 

= sum of individual amounts of components to a flash calculation 
(2 flfeed(i)). 

= amount of component I in liquid on any stage j of column k 
( moles). 

= predicted value of component liquid amount of any stage (moles). 
= amount of component i in vapor on any stage j of any column K 
(moles). 

= predicted value of component vapor amount on any stage (moles). 
= enthalpy of component I in liquid on any stage (B.t.u.). 

— enthalpy of component i in vapor on any stage (B.t.u.). 

= component index. 

= subroutine for reading all problem input into arrays. 

= subroutine that may be used to correct the component mass 
balance. 
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ISOTFL 

ISOVFL 

ITERAT 

J 

jcool(j, k) 
jcotyp(k) 

JDELTA 

JELFRO(j, K) 

JELTO (j, K) 

JEVFRO(J, K) 

JEVT0(J, K) 

JFROM 

jretyp(k) 

JSLFRO 
(J, K) 

JSLTO 
(J, K) 

JSTAGE 
JSVFRO 
(J, K) 

JSVTO 
(j, K) 

JT 

JTO 

JV 


= subroutine to determine the liquid and vapor amounts of an 
isothermal flash calculation. 

— subroutine for calculating the flash temperature when the vapor 
and liquid amounts are known. 

= counter used by program to tally the iterations. 

= stage index. 

= array set aside for indicating if there is an intercooler at stage J 
of any column k. 

= vector set aside for indicating type of condenser, if any, used 
with a column k. 

code number for indicating whether calculation is proceeding up 
or down a column. 

= array set aside for storing jfrom value of a liquid stream leaving 
the end stage of any column. It is stored in the array at a point 
corresponding to where the flow is to go; that is, at the (jto, kto) 
array position. 

= array set aside for storing jto value of liquid stream leaving the 
end stage of any column. It is stored in the array at a point cor¬ 
responding to where the flow is from; that is, at the (jfrom, 
kfrom) array position. 

= array set aside for storing jfrom value of a vapor stream leaving 
the end stage of any column. It is stored in the array at a point 
corresponding to where the flow is to go; that is at the (jto, kto) 
array position. 

— array set aside for storing jto value of vapor stream leaving the 
end stage of any column. It is stored in the array at a point 
corresponding to where the flow is from; that is, at the (jfrom, 
kfrom) array position. 

= number specifying which stage of a column an interconnecting 
stream is from. 

= vector set aside for indicating type of reboiler, if any, used with 
a column k. 

= array set aside for storing jfrom value of slflo at a point in the 
array corresponding to where slflo is to go; that is, at the (jto, 
kto) array position. 

= array set aside for storing jto value of slflo at a point in the 
array corresponding to where slflo is from; that is, at the (jfrom, 
kfrom) array position. 

= counter set to current value of stage number. 

= array set aside for storing jfrom value of svflo at a point in the 
array corresponding to where svflo is to go; that is, at the (jto, 
kto) array position. 

“ array set aside for storing jto value of svflo at a point in the 
array corresponding to where svflo is from; that is, at the (jfrom, 
kfrom) array position. 

= index set to number of stages in column k, i.e., set to nstgs(k). 

= number specifying which stage of a column an interconnecting 
stream is to go to. 

= calculation stage index set to the number stored in jsvfro, jslfro, 
jevfro, jelfro, at the j. position in the array. J then gives the 
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K 

KALTER 
KCOUNT 
KELFRO 
(j, K) 


KELTO 
(J, k) 


KEVFRO 
(J, K) 

KEVTO(j, K) 


KEXTFD 

KFROM 

KINVEN 

KLIN 

KMODE 
(J, K) 
KSLFRO 

(J, k) 

KSLTO 
(j, K) 

KSVFRO 

(j, k) 

KSVTO 

(J, K) 

KTIMES 

KTO 

KTRANS 

KV 

KVIN 

NCOLS 

NCOMPS 


stage to which the flow comes and jv gives the stage from which 
the flow comes. 

= column index. 

= code number used to note whether the problem set can be solved. 
= variable counter used during calculation up and down a column. 
= array set aside for storing kfrom value of a liquid stream leaving 
the end stage of any column. It is stored in the array at a point 
corresponding to where the flow is to go; that is, at the (jto, kto) 
array position. 

=z array set aside for storing kto value of a liquid stream leaving 
the end stage of any column. It is stored in the array at a point 
corresponding to where the flow is from; that is, at the (jfrom, 
kfrom) array position. 

s= array set aside for storing kfrom value of a vapor stream leaving 
the end stage of a column. It is stored in the array at a point 
corresponding to where it is to go; that is, at the (jto, kto) 
position. 

= array set aside for storing kto value of vapor stream leaving the 
end stage of any column. It is stored in the array at a point 
corresponding to where the flow is from; that is, at the (jfrom, 
kfrom) array position. 

= code number used to note if there is any feed stream to a column, 
zr number specifying which column an interconnecting stream is 
from. 

= code number used to note whether inven has been used. 

= code number used to indicate presence of liquid stream entering 
a stage. 

== array used in determining how flash calculation will be done. 

= array set aside for storing kfrom value of slflo at a point in the 

array corresponding to where slflo is to go; that is, at the (jto, 
kto) array position. 

= array set aside for storing kto value of slflo at a point in the 
array corresponding to where slflo is from; that is, at the (jfrom, 
kfrom) array position. 

= array set aside for storing kfrom value of svflo at a point in the 
array corresponding to where svflo is to go; that is, at the (jto, 
kto) array position. 

= array set aside for storing kto value of svflo at a point in the 
array corresponding to where svflo is from; that is, at the (jfrom, 
kfrom) array position. 

= fixed number used during calculation of a column. 

= number specifying which column an interconnecting stream is to 
go to. 

= general code number used in calculation. 

= calculation column index used with jv. 

= code number used to indicate presence of vapor stream entering 
a stage. 

= number of columns in the system. 

= number of components fed to the system. 



NCOOLS 
NFEEDS 
NLFLOS 


NQUIDS 

nstgs(k) 

NTIMES 

NVAPOS 

NVFLOS 


OUTPUT 

PRDERR 

prdsum(i) 

PRSERR 

QIN 
QOUT 
QUID 
(j, K) 

QUIDX(l) 

QUIDXS 

QUIMOH 
(j, K) 
QUNBAL 
(J, K) 

quitop(k) 

rebld(k) 

REBOIL 

rfsum(i) 
SEN SOP 

SENSH 

SLFLO 

(J, k) 
slope 
sumfd(i) 

SUMLD 
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= total number of intercoolers in system of columns. 

= total number of feed streams entering the system of columns. 

— total number of fixed side liquid streams leaving the system 
and/or interconnecting any stage in any column with any other 
stage in any column. 

— total number of liquid streams interconnecting the end stage of a 
column with any stage of any column. 

= vector for storing number of stages in each of k columns. Includes 
a stage for reboiler and/or condenser if either is used. 

= variable counter used during calculation up and down a column. 
= total number of vapor streams interconnecting the end stage of 
any column with any other stage in any column. 

— total number of fixed side vapor streams leaving the system 
and/or interconnecting any stage in any column with any other 
stage in any column. 

— subroutine for printing solution to problem. 

= limit below which prserr must be in order for mass balance to 
be satisfied. 

== the sum of the amounts of component I in all product streams 
leaving the system of columns. 

= sum of absolute values of individual component unbalances; i,e. 
2 j cunbal (i) | (moles) 

= total enthalpy input to any stage (B.t.u.). 

= total enthalpy leaving any stage (B.t.u.). 

= array set aside for variable liquid flow from stage J of column k 
( moles). 

= calculation vector used for liquids. 

= sum of calculated liquid mole fractions for a given feed and set 
temperature. 

= molal enthalpy of liquid from stage j of column K (B.t.u./lb. 
mole). 

= energy unbalance at stage p of column k, input-output (B.t.u.). 

= vector set aside for liquid top product amount from the condenser 
of a column k (moles). 

= reboiler heat load for column k (B.t.u.), 

= subroutine for calculation of reboiler. 

= sum of recovery fractions of component i in all product streams 
leaving the system of columns. 

= combined heat capacity of vapor and liquid at any stage tempera¬ 
ture (B.t.u./lb. mole °F.). 

= combined enthalpy of vapor and liquid streams at a temperature 
above assumed stage temperature (B.t.u.). 

= fixed amount of vapor withdrawn from stage J of column K as a 
product or for interconnecting stream. 

= slope used in predicting new values in bubpt, dewpt, isovfl, isotfl. 
= vector for amounts of all external feeds of component i to the 
system of columns (moles of i). 

= sum of condenser and reboiler loads for entire system of columns 
(B.t.u.). 
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SUMLX 

SUMVY 

SUMX 

SUMXO 

SUMY 

SUMYO 

SVFLO 

(J, K) 

T 

Tl 

TCOOL 
(J, K) 
tcset(k) 

TEMp(j, K) 
TINT 

TMAX 

TMIN 

TO 

TOPT 

TOTCP 

TOTFD 

TOTH 

TOTMCP 

TUNBAL 

VAPMOH 
(J, K) 

VAPOR 
(J, K) 
vapy(i) 
VAPYS 
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= counter for summing liquid flows. 

= counter for summing vapor flows. 

= counter used in summation of y/K during dewpt. 

— old value of summation of y/K Csumx) during dewpt. 

= counter used in summation of Kx during bubpt. 

= old value of summation of Kx, (sumy) used in prediction. 

= fixed amount of vapor withdrawn from stage j of column k as a 
product or interconnecting stream. 

= assumed value of stage temperature (°F.). 

= adjusted value of temperature used for prediction of new value 
(°F.). 

= array for storing exit intercooler temperature for any stage j of 
any column k (°F.). 

= vector set aside for set value of condenser temperature of any 
two-product condenser used with column k (°F.). 

= array for storing temperature at stage J of column k (°F.). 

= interval of temperature change in prediction of new temperature 
value. Used in bubpt, dewpt, isovfl. 

= upper limit of temperature for system (°F.). 

= lower limit of temperature for system (°F.). 

= old value of temperature used in predicting new values of temper¬ 
ature in BUBPT, DEWPT, ISOVFL. 

= initial estimate of top stage temperature (°F.). 

= heat capacity of combined vapor and liquid flows, including latent 
heat effects (B.t.u./mole °F.). 

= summation of external feeds to a stage (moles). 

= summation of outlet vapor and liquid enthalpies for flash calcula¬ 
tion of temperature ti (B.t.u.). 

= heat absorbed per mole through vaporization of liquid on any 
stage (B.t.u./mole). 

= sum of absolute value of stage unbalances for any column k, i.e., 
2|qunbal(j, k)|. 

" molal enthalpy of vapor from stage j of column k (B.t.u./lb.- 
mole). 

~ array set aside for variable vapor flow from stage J of column k 
( moles). 

= calculational vector used for vapors. 

= sum of calculated vapor mole fractions for a given feed and set 
temperature. 
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IV. Program GENVL 


C GENERAL PROGRAM FOR VAPCR LIQUID EQUILIBRIUM STAGt PRUClSSES 
C 

C PROGRAM GtNVL BASIC PROGRAM 

C 

c 

CI MENS I ON A(20,b),B(20,b),C(2C,5),NSTG$(b),cNTHK(20) ,ENTHL(20), 
lENTHU(20),ENTHW(20), EXTFD(20,40,b),tXTFCH(40,5),SVFLCI AG * 5), 
2SLFLU(40,S) ,J$VfRG(40 « 5) ,KSVF RU ( 40 . S) , JSVTO (40 , b ) ,KSVTO(40,b), 

3 JSLFRC(40,b) ,KSLFRQ(4C » b)» JSLTG(40,5)» KSLTG<40»5) ,JtVFRC(40,5), 
4KEVFR0( 40,5) ,JtVT0<40,5) ,KLVfC(40,5) ,JElFRO t40,b) ,KtLFRC(40,b), 
5JELTC(4U,b),KtLTU(4C,5),JK£TYP(b),JCGTYP(b>,JCOCL(40,5), 
6TCOOL140,b) ,TtMP( 40,5) , VAPOR I 40, b> ,QUID(40,b),CUlTCP(5) ,TCStT(5) * 
7FIXRV(b),FlXBL(b),FIXRE(b> ,F iXTV(b) ,FIXIU5) .FlXTVHb), 
8FIXSV(4U,5),FIXSL(4C«5)»GUIMOM40* 5),VAPMCH(40,b),GLNLX(20,40,5). 
9GENVYI20,40,5),KM0Dfc(40,b),FIF£CD(20)«FLVAP(20),FLLIQ(20) 
DIMENSION SCMFC(20».FLVAPl (20) .FLUUl (20) * QUNBAL (40,5), 

ICUOL LD ( 40,5) , KEdLO ( b) , CCNDLO ( 5 ) ,PRDS0M(20) * RF SUM(20) ,CUNBAL(20) , 
2CUIDX(20J,VAPY(20>,EQK(2G),FD(40) 

COMMON A,B,C,NSIGS,tNTHK,kNTHL,tNTHU,tNTHW,cXTFD,EXUOH,SVFLU, 
1SLFL0,JSVFRC.KSVFRO,JSVIC.KbVIO,JSLFRO.KSLFRO,JSLTO.KSLTO, 
2JEVFRC,KEVFKC,JcVrO.KEVTC,JtLFRU.KfcL)RO,JtLI 0,KELTC,JRt TYP, 
3JC0TYP,JCCUL,rCCOL,(fcMP,VAPCR,QG10,001 TUP,TCSt1,FIXRV, 

4FIXBL.FIXRt,FIX rV,FIXTL,FIXTVL.FIXSV.FIXSL,CUIMCH,VAPMOh t GENLX, 
5GtNVY,RM00E,FLFtkD,SUMFC.QUNBAL,CGCLLD,RtBLD.CONDLD,PRDSUM.RFSUM, 
6CUNBAL,wUIDX,VAPY,tQK.FC,NCCMPS,K,BOFtRK ,FLFEES,KAL1LR,NCCLS, 
7PRDtRR,1TERAT,CHECK,PRSfcRR,T MAX»TMIN 
EQUILKF( A,B,C,T)*tXPF (A/(T*46C,0 H-B + C* ( T*460.0 ) ) 

THALPF(Y ,2,I )*Y*T+Z 

1 CALL INPUT 
ITERAT*u 
KINVEN«0 
TCTFD-0.0 

DO 2 1*1,NCLMPS 
SUMFD(Il-O.C 
CO 2 K*I»NCCLS 
JT*NSTGS(K) 

co 2 j=i,jr 

SUMFC(I)*SUMFD(l)*tXTFD(I,J,K) 

2 TOTFD*TOTFD*eXTEDU,J,K) 

3 KALTtR*0 

DO 140 K*I,NCCLS 
JT*NSTGS(K) 

J*l 

JDELTA*i 

KTIMfcS*2*JT-l 

4 CO 114 KCCI)KT*1 ,KTIMES 
C 

C DETERMINATION CF CCMPONtNT FEECS ANO ENTHALPIES TO THE STAGt 
C 

DO 5 I *i.NCCMPS 

5 FLFEED(1)*tX TFD(I,J,K) 

QIN*EXTFDH(J,K)-COOLLD(J,K) 

6 IF (KSVFRClJ,K) ) 10,10,7 

7 JV*JSVFRO(J,K) 

KV*KSVFRO(J,K) 

IF (SVFLO(JV,KV ) ) 1C,10,8 

8 DO 9 1*1,NCCMPS 

9 FLFE£0(I)*FLFEED(1)*GENVY<1,JV,KV)*SVFLO(JV,KV)/(SVFLO< JV,KV)♦ 

1VAPOR!JV,KV)) 

CIN*QIN+SVFLO(JV,KV)*VAPMCrt(JV,KV) 

10 IF (KSLFRO(J,K)) 14,14,11 
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11 JV*J SLFRO(J * KI 
KV*KSLFRO(J,K> 

IF ( SLFLOI JV.KVH 14,14,12 

12 CO 13 1=1,NCOMPS 

13 FLFEEDI I ) *FLFEED( I ) ♦GENLX ( I , J V ,K V I *SLF LO ( JV ,KV ) / (SLF LO IJV, KV ) ♦ 
lCUIC(JV,KV )) 

* QIN-QINtSLFLQ(JV.KVI*CU1MCHIJV,KV) 

14 IF (KEVFRO(J,K)) 18,18,15 

15 JV-JEVFROIJ,K) 

KV*KtVFKUU,K) 

IF <VAPGR(JV,KV)> 18,18,16 

16 CO 17 1*1,NCOMPS 

17 FLF6£0( I )*FIFEEU(I )+GENVY(l,JV,KV>*VAPOR(JV,KV)/tVAPOR(JV, KV)♦ 
1SVFLQ(JV *KV)I 

QIN*0IN^VAPOR< JV,KV1*VAPMCH(JV,KV) 

18 IF (KELF RC(JtKI) 26,26,19 

19 JV*JELFUO(J,K) 

KV*KELFRO(J,K) 

IF (JV-t» 2C ,20,23 

20 IF (QUlCtJV,KV)J 26,26,21 

21 DO 22 1*1,NCOMPS 

22 FLFEECI I )*FLFtEO( I )♦GENLX( I , JV ,KV) «QUI OUV*KVI 1 1 QUID UV ,KV I ♦ 

1SLFLO( J V ,K V ) ) 

QIN*G1N*QUID(JV,KV)*QUIKGH(JV,KV) 

GO TO 26 

23 IF (QUlfOPUVM 26,26,24 

24 DO 25 1*1»NCOMPs 

25 FUFCECII)*FlFEEC<I>+GENlX(I,JV,KV>*OUITOP(KV)/(GUI TCP(KV)♦ 
1QUKDI JV,KVM 

QIN*QIN*OUIIOP(KV)*CUIMCH(JV.KV) 

26 KE X TF D* 0 

IF (GIN) 29,27,29 

27 CO 28 l*t,NCOMPS 

IF IFLFLECm) 29,28,29 

28 CONTIKUL 
GO TC 30 

29 KEXTFC*1 

30 KV IN*0 
KL1N*0 

IF <J-l) 31,34,31 

31 IF (VAPOR(J-l* K)) 34,34,32 

32 CO 33 1*1,NCOMPS 

33 FLFEfcC( I I*FLF£LO(I)+GENVYU,J-1,K)*VAPOR(J-L,K)/(VAPOR(J-l•K >♦ 
1SVFL0IJ-ltK) ) 

CIN*QIN>VAP(JR( J-1,K)*VAPMCH( J-l,K» 

KV IN*1 

34 IF (J-JT) 35,40,35 

35 IF (QUID!J*1,K>I 40,40,36 

36 DC 39 1*1,NCOMPS 

IF IJ-UT-lll 3 7,38,37 

37 FLFEEC ( 1) *FLFLfcC U ) ♦GENLX CI, J+l,K)»GtJlO(J*l ,K)/(Q(JIC< J+1»K )♦ 
ISlFUJI J + ifKI) 

GO TO 39 

38 FLFECD(1)=FLFtEO(I)♦GENLXI I,J+1,K)*CUI0(J+1 ,K)/ (3U1C<J+l,K )♦ 

1CUI TCP(KI♦SLF LO(l,K)) 

39 CONTINUE 

CIN*GIN+OUlC( J + 1,KMGUIM0M J^L,M 
K LIN=1 

40 FLFEtS*0.0 

DU 41 1*1,NCOMPS 

41 FLFttS*FLFtLS + FLFEEC(I ) 
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c CALCULAIION OF RfcBClLER 

c 

IF (J-l) 42,42,44 

42 IF URfclYPnO) 47,47,43 

43 CALL REBOIL 
GO TO III 

C 

C CALCULAIION CF CONDENSER 
C 

44 IF (J-JII 47,45,45 

45 if ucorvpun 47 , 47,46 

46 CALL CONDfcN 
GO TO 111 

C 

C CALCULATION CF COMPONENT FLOfcS FKCM TYPICAL STAGE 
C 

47 KTRANS*KMODtIJ,K> 

IF (FLFtES) 46,48,50 

48 SUMVY-0.0 
SUMLX-0.0 
VAPMCH(J,KI*0.0 
QU IMOh ( J, K )=0*0 
00 49 I *l*NCOMPS 
GtNVY(I,J,K)*O.G 

49 GENLXII,J»KI*0.0 
GO TO 106 

50 IF (2»KtXTFC*KVIN*KLlN-2) 51,56,56 

51 IF (KVIN-KLIN) 54,48,52 

52 $UMVY*FlFEES 
SUMLX-O.C 

VAPMOhU,K)*VAPMOHU-l,K) 

QUlMQFiI J,k1*0.0 
TEMPI J f K)*TEMP( J-l,M 
DO 53 1*1,NCOMPS 
GENVYtI,J,K)*FLF££D(I) 

53 GENLXII,J,K)*0.0 
GO TO 106 

54 SUMLX*FLFkES 
SUMVY*0.0 

GUIMQHlJ,KI*QUIMOHIJ+l,KI 
VAPMQHIJ * K) *0.0 
TEMPIJ,K)*TEMP(J+1,K) 

DO 55 I * I,NCOMPS 
GENLXII,J,K)=FlFEED(1) 

55 GENVYII,J,K)«O.C 
GO TO 106 

56 IF (VAPURt J,K)+SVFLC( J , M-1.0b-4*F LFEES ) 57,57,59 

57 IF (KVIN) 62,62,58 

58 VAPOR!J,K )*VAPOR(J-1,K)♦1.0b-4*FLFEtS 
KMOOEIJ.KI-2 

KTRANS*2 

59 IF (OUIDIJfK J+SlFLOI J,K)-1. 0E-4»FlFE LS) 60,60,63 

60 IF ULIN) 62,62,61 

61 QUID!J,K)=QUlU<J*l,K)♦1.0fc-4*FLF£tS 
KMODEIJ,K)«2 

KTRANS*2 
GO TO 63 

62 FLV*.5*FLFLtS 
FLL*FLF£E5-FLV 
KMODE(J * K)*2 
KTRANS*2 

GO TO (65,75),KfRANS 
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63 FLV*FLFEES/( (QUID* J,K)*SLFLC(J,K) )/(VAPCR(J,K) *SVFLIJU,K) ) *1.0) 

64 FLL*FLFtES/( (VAPOR* J,KU$VFL0( J,KI)/(QUID* J,K)>$LFLC(J,K)M1.0) 
GO TO (65,75)*K TRANS 

65 T*TEMP( J * M 

CALL ISOTFL (FLVAP t FLLIC,FLV,FLL, T) 

IF (FlV-1*0E“4*FLFEES) 66,66*67 

66 FLV*l*0fc-4«FLFELS 
FLL*FLFCE$-FLV 
KHOOfc(J,K)*2 
KTRANS-2 

GC TO (65,751 *KTRANS 

67 IF (FLL-1•0E-4*FLFEES) 66,68,69 

68 FLL* W0t-4*FLFELS 
FlV*FLFEES-FLL 
KMOOE(J,K J *2 
KTRANS*2 

GO TO (65,75),KTRANS 

69 QCUTsO'O 

DO 70 1*1,NCOMPS 

70 QOUT*QOUT♦FLVAP*I)*(HALPF(ENTHU(I),CNTHK(I),T)♦FLLIG<I)*THALPF( 
IhNTHK(I),LNTH l(I)»T) 

IF IFLV-FLL) 71,71,72 

71 Tl*TH.O 
GO TO 73 

72 Tl*T-l.O 

73 FLVl*FLV 
FLL1-FLL 

74 CALL ISOTFL (FLVAP1,FLLIQ1,FLVI,FLL1,11) 

GO TO 80 

75 T*TEMP(J,K> 

CALL ISOVFL (FLVAP,FLLIC,FLV,FLL,T) 

QOUT-O.O 

DO 76 1*1,NCOMPS 

76 QOUT*QOUT<fFLVAP( I)*THALPF (ENTHU* I ) ,ENTHH ( I ) ,T ) ♦FLLIC* I) «THALPF ( 
1ENTHK*I)•ENTHL(I I,T) 

IF (FLL-FLV) 77,77,78 

77 FlL1*FLL*.01*FlFEE$ 

FLVl*FLFfcES-FLLl 

GO TO 79 

78 FLV1«FLV*.01*FLFEES 
FLLl*FLFEES-FLVi 

79 T1*T 

CALL ISOVFL (FLVAP1,FLLIC1,FLVl,FLL1,T11 

80 T0TH*0* 0 
StN$H*0.0 

00 81 I*1,NCOHPS 

HV*THALPF(EN THU(I),ENTHfc(I),11) 

HL*TMALPF(ENTHK(I)»tKTHL(1),11) 

T0TH*T0TH+HV»FLVAPU I ) ♦hL*Fi.L I Q1 ( X ) 

81 SENSH*SENSH4HV*FLVAP(I)«HL»FLLIG(I) 

IF (Tl-M 83,62,83 

82 TCTCP*l.0E2C 
SENSCP*O.C 

TOTHCP*( TCJTh-QOUT)/(FLVl-FLV) 

CEL T*C«0 

DELVS*(OIN-COuT)/FOIKCP 
GO TO 86 

83 IF (FLVl-FLV) 85,84,85 

84 T0TMCP"UQE20 

totcp*( iniH-oour i/m-n 

SENSCP* * SENSH-OUUT)/(Tl-T) 

DELVS-0.0 
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DELT«tQIN-QCUT)/TCTCP 
GO TO 86 

85 TOTMCP*lTOTH-QOUT)/tFLVl“FLV) 

TOTCP*(T0TH-QQU1>/(Tl-T) 

SENSCP* ( SENSH-OOUn / ( Tl-T ) 

06LVS*(UIN-tiOun/TOTMCP 

D£LT*(QIN-QOUT)/TOTCP 

86 TbMPt J,K)*UOELT 
SUMVY-0.0 

SUMLX *0-0 
VAPMOHtJ,K)*0.0 
QUIMOH(J,K)*0.0 
DO 97 I *i,NCOMP$ 

GO TO (87,86),KTRANS 

87 OELV*DElT/< T I-T ) * ( FL VAP1 (I l-FLVAPU ) ) 
OElL»DELT/(Il-T)#(FlLIQim-FLLtQU ) ) 

GO TO 89 

88 D6LV*CELVS/(FLVI-FLV)*(FLVAP1(I)-FLVAP( IM 
DELL«DELVS/(FLV1-FLV)*(FLLIGI ( n-FLLIGU ) » 

89 IF (FLVAPtI)*DELV-I.0E-20) 90,90,91 

90 GENVYtI,J,K)»I.0E-20 
GENLXt I,J,K)*FlFEED( l) 

GO TO 95 

91 GENVYU ,J,K)*FLVAPU u-delv 

92 IF tFLLIQU )+DElL-l .0b-20) 43,93,94 

93 GENLXtl,J,K)*l.CE-2(i 
GENVYU, J,K)*FLFEED(I) 

GO TO 95 

94 GfcNLXU , J.KI *FLUG( I UDbLL 

95 VAPMOH ( J, K ) *VAPMOH (J»KM GENVYt I, J ,K ) *T HALPF 1 ENTHUt 11 ,ENTHW( 1) , 
1 TEMPIJ,K)) 

OUIMOHtJ,K)*QUIM0H<J,K I ♦GfcNLXU,J,K)*THALPF(ENTHKtI),kNTHLI 11, 
1 TEMP( J, K ) I 

SUMVY*SUMVY+GENVY tI,J,K) 

97 $UMLX«SUMLX+GfcNLXtI »J,K) 

VAPMOHIJ,K)*VAPMOH(J,K)/SLMVY 
OUIMOHtJ,Ki*QUlMOHtJ,K)/SUMLX 

IF (SUMVY-I.0E-6*FLFEtS) 98,98,100 

98 SUMVY*0*0 
SUMLX*FLFEt5 
VAPMOHtJ,K)*0.0 
OUIMOHt J,K)=0.0 
CO 99 I»l,NCOHPS 
GENVYU, J,K)»0.0 
GENLXtI,J,K ) *FLFEfcD(1 ) 

99 OUIMOHt J,K )*QU IMOH (J,K)+FLFtEOU)*THALPMENTHKt I ) , ENTHL ( I ) • 
lTEMP(J, k))/F tF£fcS 

GO TO 103 

100 IF (SUNLX-1.0fc-6*FLFEfcS) 101,101,103 

101 SUHLX>0.0 

$umvy*flfees 

OUIMOHt J,M*0.0 
VAPMOHt J,K>*0.0 
00 102 1*1,NCQMPS 
GENLXt1•J,K)»0.t 
GENVYtI,J,K)*FllEcD 11) 

102 VAPMOHt J,K >*VAPMOHt J,K) ♦ FLFCtCU I •THAlPF tENTHUt I) .EMHW fU , 
ITEMPtJ,K|)/FLFfcLS 

103 IF tStNSCP/rOTCP-.5) 104,104,10^ 

104 KMOOt(J »K )*2 
GO TO 106 

105 KMQDfc ( J »K > * 1 
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106 SVFLU(J»K)*FlXSv(J»K) 

SLFLOI J,M*FlXSL( J.KI 
VAPOR!J,K)-SUHVV-$vrtC(J,K1 
QUID! J,K)*$LtfLX-$lFLCU,K| 

IF lVAP(JR!J,K)) 107,108*108 

107 VAPOR( J ,K1.0 
SVFtO! J.K)*i>UMVY 
KALTek*! 

108 IF IQUICU.M) 109,ill,111 

109 CUlDU,>0*0.0 
SLFlU!J,k >*SUMLX 
KALTfcR*l 

111 IF IJ-JI) 113,11?,112 

112 JDELTA—1 

113 J*J*JCElTA 

114 CONTlNUt 
C 

C CALCULATION CF HEA! UNBALAKClS 
C 

US CO 136 J*l,J T 

IF IJ-il 116,lib,117 

116 OUNQAU l.K)-EXTFDH( 1,K)+Ui. IU(2,K) *OlJ IMOh ( 2 , K ) 

GO TC 120 

117 IF U-JT) 119,118,118 

118 OUNBAL! JT,KJ = EX IFDH! J7 , M +VAPCRI Jl-l ,K1 -VAPMOH UT-1, K1 
GO XL 120 

119 CUNBALU,K)*EXTI DH(J,KMVAPLR!J-l,KI«VAPKGH(J-l ,K)*GUlO!J*1,K>• 
10UIMOH1 J+l*lO 

120 QUN8AL ( J • K ) -QUNhAL ( J ,K I - (VAPOR (J,KUSVFLU(J,K1) •VAPMUHI J,K)~ 

1 (CUIC1 J ,K USLFLGI J, K ) ) *CU1MLHU,K ) 

IF IKSVFRO(J,K1) 122,122,121 

121 JV*JSVFRO<J,K) 

KV*KSVFROU,K) 

QUN0ALU,K)-=GUNUAL ( J,K ) ♦SVFLU (JV,KV) *VAPMUH( jv,kvi 

122 IF (KEVFRO(J,K>) 124,124,123 

123 JV*JkVFKO(J,K) 

KV*KkVFRO<J,K) 

ClJNBAU J,K )*QuNBAl( J,K )♦ VAPOR UV,K V) *VAPMCH(JV, KV) 

124 IF USLFRO(J,KM 126,126,125 

125 JV*JSLFKO1J,K) 

KV*K SLFRO{J,K) 

CUNOAl ( J, K 1*QUNU Al (J,M + SLFlU(JV,KV) *QUl HQH ( J V , K V) 

126 IF (KbLFRO( J, K ) ) 130,130,127 

127 JV*JELFRO(J * K 1 
KV*RELFROU,K ) 

IF IJV-U 128,128,129 

128 QUNBAUJ»Kl*QUNHALtJ,K)*CL1D1JV,KV)«CUIMOH(JV,KV) 

GO IC 110 

129 QUNBALU»K)=QUNttAL< J,K)*00 I T CP<NV1*QUIMCH!JV,KV1 

130 IF !JCOUl!J,K) ) 136,136,131 

131 COOLH-O.O 

on 132 1*1,NCOMPS 

132 COOLH*COOLH+ THALPF(ENTHK(I),CNTHU I 1,TCCOUJ,K))*GENLX(l,J*l,K) 
IF (QUID!J+1,K>) 133,133,134 

133 C00LH*0•0 
GO TC 13S 

134 COOLH*CUOLH«QUIC(J+l,K)/(CUlC(J+l,K)+$LFLQtJ+l,K)l 

135 COOLLCl J,K)*QUIU( J4 1,M*GUIH0H(J*1,K)-CC0 lH 
QUN8AU J,K)*QUNBALU,K)-CCOLLO( J,K) 

136 CONTINUE 

IF (JRfc TYPCK 1) 138,138,137 

137 REBlC(K)*-QUNBAl(1,K) 
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CUNBAL*l.Kl*0„0 

130 IF UCOTYP(M) 140,140,139 

139 CONOLC(K)*0UNBAL(JT»K)-CUIT0P(K1 *QUIMOH(JT,K) 

QUNBAl(JT,K)*O.C 
UO CONTINUE 

c 

c calculation cf component recovery fractions anc products 
c 

00 1A l 1*1,NCOMPS 
HI PROSUMtl 1*0.0 

DO 161 K*l* NCGLS 
JT*N$TGS(K) 

DO 149 J* l« J T 

IF (SVFLOU.K)) 145,145,142 

142 IF TKSVTOIJ.KM 143, 143,145 

143 DO 144 1*1,NCQMPS 

144 PRDSUMI l >*PRDSUM(1MGENVY(I , J,K)*SVPLO( J,K)/l$VFLO( J,KH 
1VAP0 R(j,k h 

145 IF (SlFlOIJ,*)) 149,149,146 

146 IF IKSLTOtJ.KM 147,147,149 

147 DO 148 1*1,NCOMPS 

148 PRDSUMI I }*PRDSUM( H+GENLXU ,J,K)»SLFLO( J,K)/tSLFLC( J»K)*QU!CU,K)) 

149 CONTINUE 

IF (KELTO(1, K ) ) 150,150,153 

150 IF (QUI0( 1,K)) 153,153,151 

151 DO 152 1*1,NCOMPS 

152 PRDSUMI H*PROSUM( 11 ♦GENlX< l , 1 ,K 1 »QUIDU ,K) / (QUID(1 ,K I *SlFlQ( l,K 1) 

153 IF (KEVT0(J1,KII 154,154,157 

154 IF (VAPCIRUT,*) I 157,157,155 

155 DO 156 1*1,NCOMPS 

156 PROSUM ( I l*PROSUM(l HGENVYU, JT,K I* VAPORC JT,K|/(VAPOR(JT,KI♦ 

1SVFL0IJT,KI ) 

157 IF (KELTOUT,K)l 158,158,161 

158 IF (QUITOPIK)) 161,161,159 

159 00 160 1*1,NCOMPS 

160 PRDSUM(I»«PKOSUM(IHGENLX(Ifjr,K)»QUlTOP(K>/IQUITOPIK)*CUIDIJT,K1) 

161 CONTINUE 

00 162 1*1,NCOMPS 

RFSUM(I)*PRCSUM(I)/SUMFC(I) 

162 CUNBAL(IJ*SUMFDII)-PRDSLM(I) 

C 

C OUTPUT 
C 

HERAT*! TERAT+1 
PRSERR*0.0 
DO 163 1-1,NCOMPS 

163 PRSERR*PRSEKR^ABSF(CUNBAL(I 1 1 
IF (SENSE SMTCH 1) 166,169 

164 FORMAT II5,k20.«I 

165 FORMAT (I5,t20.«,9H (11) 

166 IF (K 1NVEN ) 167,167,168 

167 PRINT 164,1l£KAl,PRSERR 
GO TO 169 

168 PRINT 165,1IERAT,PRSERR 

169 IF (PRSERR-PRUERR) 170,170,171 

170 CHECK*1.0 
CALL OUTPUT 
GO TC 1 

171 IF (SENSE SWITCH 5) 172,173 

172 CHECK*l.0 
CALL OUTPUT 
GO TC 175 
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173 IF CifcNSE SaITCii 6) 174,175 

174 CHECk-O.0 
CALL OUTPUT 

C 

C CORRECTION UF 1N VtNI OKY OF LNHALANCt D CCFPONuNTa 
C 

175 TUNBAL-0.0 

IF ( SENSE SWITCH 2) 176,1 bI 

176 SUMLO-O.O 

DO 178 K*l,KCOLS 
JT-NSTUiOU 
DO 177 J * 1, J T 

17? TUNftAL«TUNBAL*Att$FtCUKBALIJ,K|) 

176 SUMLC»SUKLD + CONCLOUI*RtBLDlK) 

IF (SLHLD) 181,161,179 

179 IF ITUNbAL/iUMLD-.On 180,lttJ,lHl 

180 CALL 1NVLN 
KINVLNM 
GO TO 3 

181 KINVEK*0 
GO TU 3 
fcNO 
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C PROGRAM GENVL SUBROUTINE FOR INPUT 

C 

L 

SUBROUTINE INPUI 

0IMtNSIUN A120.5) ,8(20,5) ,C(?0,5 I ,NS TGS(5) v bNTHH20> ,ENTHL(20) • 
lENThU(2‘j),ENTHW(20> ,EXTFD(2U,40,5) ,EXTFOH(4U,5) ,SVFLC(40,5) , 
2SLFLU(4G,5),JSVFRC(40,5),*SvrR0(40,5>,JSVT0I40,5I,K$VTO(40,5), 

3 JSLFROl 40,5 ) ,K54.FKOI 4C » 5 ) , JiLTO( 40,*> ) ,KSLTQ(40* 6) , Jt VFRC I 40,5 ) , 
4KEVFR0140,5),JEVTO(40,5),KEVTC(4U,6)•JELFRD(40,SI,KfclFRCI 40,5), 
5JEITU(40,5),KtLI014C.5),JRCIYP(5>,JCU VP 15) ,JCOUL(40,5>, 

6TC00L(40,5),TlMP( 40,5),VAPUR(40,5),CuI0(40,5),QuITCP(5) ,TCSLT(5), 
7FIXRV(5) ,FIaBL(S),FIXRE( 5) ,HXTV(5) ,1 IXTU5 ),FIXTVL(5), 
BFIXSV(40,5),FIX^L(4C,5),GUiP0H(40,5),VAPMCH(40•5),GLNLX(20,40,5), 
9GENVY( 20,40,5) ,KMUDfc( 40,5) ,T LFttD(20 ) ,FLVAP (20 ) ,FLLU(2G) 
DIMENSION SUMF0(20),FLVAP1(20),FLLlCl(20),0UNBAL(40,5), 

1CG0LLIH <*0,5) ,KfcbLD ( 5 ) , CCNCLC(5) , PROSUM (20) * RFSUM(20) ,CUNBAL ( 20 ) , 
2QUIDX (2l)). VAPY( 20 > ,EQK( 20) ,10(40) 

COMMON A,B,C,NSTGS,LNTHH,kNIHL,cNfHu,LNlHN,EXTFO,EXTFOH,SVFlU, 
islflc,jsvfru,ksvfro,jsvic,ksviu,jslfro,xslfro,jslic,kslto, 
2JEVFRC,KEvFkO,J tVTO.KfcVTO,JELFRO,KELFRO,JELTU,KtLTn,JRfcTYP, 
3JC0TYP,JCOUL.TCGOL,(EMP,VAPCR,QU10,OUITCP,TCSCT,FIXRV, 

4FIXBL,F IXRc ,F IX I V,F IXTL.HXI VL,FIXSV,HXSL,LUlMOH,VAPNOh,GENLX, 
5GENVY,RHODE,FtF lED,SOPFC,CUNBAL,COOLLO,KEBLC,CONDLO,PROSUM,RFSUK, 
6CUNBAL,«U1 OX,VAPY,ECK,FC,NCOMPS*K,BDFtRR,FLFEES,KAlUR,NCOLS, 
7PR0ERR,ITtRAT,CHECK,PRStRR,TMAX,TMIN 

1000 FORMAT (72HI 

1 ) 

READ INPUT I APE 5,1C00 
WRITE OUTPUT TAPE 6,1000 
PRINT 1000 

1001 FORMAT (72HC 

l ) 

READ INPUT TAPE 5,1001 
WRITE OUTPUT TAPE 6,1001 
PRINT 1001 

1 FORMAT (513) 

READ INPUT TAPE 5,l»NCOMPS,NCCLS 

READ INPUT TAPE 5,l•(NSTGS(K)»K* UNCCLS) 

2 FORMAT (9F8.0) 

DO 3 K*I»NCL LS 

READ INPUT TAPE 5 • 2 «(A( 1,R ),1*1,NCOMPS) 

READ INPUT TAPE 5,2«(8(I,K),I-1,NCOMPS) 

3 READ INPUT TAPE 5,2,(C(I,K),1*1,NCOMPS) 

READ INPUT TAPE 5,2,(ENTHK(I I,1 * 1,NCOMPS) 

READ INPUT TAPE 5,2,(ENTHi(i)»I -1»NCCMPS) 

READ INPUT TAPE 5,2,(ENTHO(I),1 * 1,NCOMPS) 

READ INPUT TAPE 5,2,(ENTHW(I),l*l,NCOMPS) 

READ INPUT TAPE 5,2 *PRDERR,BDFtRR 

C 

C SPECIFY FEEDS NFEEDS IS THE TOTAL NUMBER OF EXTERNAL FEfcC STRLAMS, 
C A PARTICULAR FELD ENTERING STAGE J OF COLUMN K 
C 

4 DO 5 K*1,NCCLS 
Jt«NSTGS(K) 

00 5 J*1* JT 
EXTFOHlJ,K)*0.0 
DO 5 1*1,NCCMPS 

5 EXTFD(I,J,K)*O.U 

READ INPUT TAPE 5,UNFEEDS 

DO 6 JV*l»NFEtDS 

READ INPUT TAPE 5,1,J,K 
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READ INPUT TAPE 5,2,(EXTFO(t#J.K),1*1.NCOMPS) 

6 HEAO INPUT TAPE 5,2,EXTFDH(J,K> 

C 

C SPECIFY FIXED SlOfc STREAMS LEAVING ANY STAGE NOT A REBOILER OR 
C CONDENSER IN ANY COLUMN AND EITHER LEAVING AS PRODUCTS LR ENTERING 
C ANY OTHER STAGE IN ANY COLUMN NVFLOS IS THE TOTAL NUMBER OF FIXED 
C SIDE VAPOR STREAMS, NLFLDS IS THE TOTAL NUMBER OF FIXED SIDE LIQUID 
C STREAMS* A PARTICULAR SIDE STREAM OF AMOUNT FIXSV OR FIXSL LEAVING 
C STAGE JFRCM OF COLUMN KFRCM AND ENTERING STAGE JTC CF COLUMN KTC 
C IF THE STREAM LEAVES AS PRODUCT * JTO AND KTO ARE ZERO 
C 

7 DO 8 K*i*NCCLS 
JT-NSTGS(K) 

DC 8 J«1,JT 
FIXSV(J,K)*C.O 
FIXSL t J *K)*G«0 
JSVFRO(J *K)*0 
KSVFROtJ,K)*0 
JSVTO(J,K)*0 
KSVT0(J»K)*C 
JSLFKC(J * K)-0 
KSLFROIJ,K)*0 
JSL TO(J,K)*C 

8 K$LT0(J,K)«0 

READ INPUT TAPE 5,l,NVF lGS*NlFlOS 
IF 1 NVFLOS) 13,13*9 

9 DO 12 J V*l* NVFLOS 

READ INPUT TAPE 5,1 *JFRCM,KFRCM,JTO*KTO 
READ INPUT TAPE 5,2*F1XSV(JFRCM*KFRUM) 

IF (JTO) 11,11,10 

10 JSVFRO(JTO,KTO)-JFROM 
KSVFRC(JTO,KTO)=KFRCM 

11 JSVT0(JFROM,KFRGM1■JTC 

12 KSVTG(JFKOM,KFRGM) *KTC 

13 IF (NLFLDS) 18,18,14 

14 DO 17 JV*1,NLFLUS 

READ INPUT TAPE 5,l,JFRCM,KFRCM,JTO,KTO 
READ INPUT TAPE 5,2,FIXSL(JFRCH,KFROM) 

IF (JTO) 16,16,15 

15 JSLFRO(JTO,KTO)-JFRCM 
KStFRCtJTG,KTO)-KFRCM 

16 JSLTO(JFROM,KFRGM)*JTC 

17 KSLTO(JFROM,KFRGM)*KTO 
C 

C SPECIFY STREAMS LEAVING ANY END STAGE IN ANY COLUMN AND ENTERING ANY 
C STAGE IN ANY OTHER COLUMN NVAPGS IS THE TOTAL NUMBER OF END VAPOR 
C STREAMS LINKING COLUMNS, NQLIDS IS THE TOTAL NUMBER OF END LIQUID 
C STREAMS LINKING COLUMNS, A PARTICULAR STREAM LEAVING STAGE JFROM OF 
C COLUMN KFRQM AND ENTERING StAGE JTO OF COLUMN K10 VAPOR STREAMS 
C MILL BE VAPOR(JT*K) FROM EMHER AN ORDINARY STAGE OR A CONDENSER 
C LIQUID STREAMS MILL BE CUI0(1,K) FROM AN ORDINARY STAGE OR A REBOILER 
C OR QUITOP(K) FROM A CONDENSER 
C 

18 DO 19 K*1,NC0LS 
J T *N$TGS(K) 

CO 19 J=1,JT 
JEVFRGiJ,K)=0 
KEVFRO(J,K)*0 
JEVfUlJ,K)*C 
KbVTO(J,K1 S G 
JELFR0(J,K)=0 
KELFR0(J,K)*0 
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JELTO(J,K)*0 

19 KELTCHJ,K)*(J 

READ INPUT TAPE 5, l , NVAPOS , NQU 1DS 
IE (NVAPOS) 23,23.20 

20 00 22 JV*1,NVAPUS 

21 READ INPUT TAPE 5,l,JFRCM.KFRCM,JTO.KTO 
JEVFkCIJTG,KTG»*JFRCM 

KE VFRQ(JTU,XTG) S KFRCM 
JEVTQCJFRUM.KFRUM)* JTC 

22 KEVTO(JFROM,KFRUM)*KTC 

23 IF INCUIOS) 27,27,24 

24 DO 26 J V* l,NQUICS 

25 READ INPUT (APE 5, l,JFRCM.MRCM, JTO.KTO 
JELFRCUTO,KTO>=JFRCM 

KELFROIJTU.KTOI*KFRCM 
JEt(01JFROM.KFRCM)= JTG 

26 KELTQ(JFROM,KFROM)*KTC 
C 

C SPECIFY INTtRCOULERS NCOLLS IS • THE TOTAL NUMBER OF STREAMS TC BE 
C COOLED, A PARTICULAR LIQUID FLOW LEAVING STAGE J* L 10 Bt COCLED TO 
C TCOOL(J,KI BEFORE ENTERING STAGE J CF COLUMN K 
C 

27 00 28 K* l*NCULS 
JT*NSTGS(K) 

CO 28 j*i,ji 

28 JCOOLIJ•K)*0 

READ INPUT TAPE 5,l,NC0CL$ 

IF (NCOOLS) 31,31,29 

29 DO 30 JV*1,NCGGlS 

READ INPUT TAPE 5,1,J,K 
JCOOL(J,K)* 1 

READ INPUT (APE 5,2 ,TCOLL(J,K) 

30 CONTINUE 
C 

C SPECIFY REBOILER TYPE AND FIXED FLGhS AT BOTTOM OF COLUMN K FOR ALL 
C COLUMNS JRE T YPIK)*0 INDICATES NO RtBUUCR JRE1YP(K) = 1 INDICATES 
C PARTIAL RESCUER, VAPOR FLOW FROM RlBUILER WILL BE HELD CONSTANT AT 
C FIXKV(K) JRE1YP(K1*2 INDICATcS PARTIAL RCBOILER, LIQUID FLOW FROM 
C REBOILER WILL BE HELD CONSTANT AT FU6LIKI ONLY VALUES OF FLCwS 
C REAO WHICH CORRESPOND TO JRtTYP(K) WILL DC USED BY THE PROGRAM 
C 

31 DO 32 K*1,NC0LS 

REAO INPUT I APE 5,1,JRE TYP(K) 

32 REAO INPUT TAPE 5,2 ,H XK V ( K ) ,U Xb L U ) 

C 

C SPECIFY CONDENSER TYPE AT TCP OF COlUMN k FOR ALL COLUMNS 
C JCOT YP (K ) *0 INDICATlS NC CONDENSER JCUTYPtMM INDICATES PARTIAL 
C CONDENSER, REFLUX WILL HE HELD CONSTANT A1 FlXRt(K) JCCTYP(K)=2 
C INDICATES PARIIAL CONDENSER, VAPOR FLOW WILL BE HELD CONSTANT AT 
C FIXTVIK) JC0IYP(K)*3 INDICATES TCTAL CONDENSER, SATURATED REFLUX 
C WILL BE hELD CONSTANT AT FIXRE(K) JC0TYP(Kl*4 INDICATES TOTAL 
C CONDENSER* NON-REFLUX SATURATED LIQUID TLUW WILL BE HELD CONSTANT AT 
C FIXTlIK) JCOIYPUI-5 INDICATES TWO PRODUCT CONDENSER, REFLUX WILL 
C BE HELD CONSTANT AT FIXKE'K) JC0TYPlK>=6 INDICATCS TWO PRODUCT 
C CONDENSER, SUM CF VAPOR AND NCN-REFLUX LIQUID FLOWS WILL BE HELD 
C CONSTANT AT FIXTVL(K) TEMPERATURE CF TWO PROCUCT CONDENSERS WILL 
C BE HELD CONSTANT AT TCSLT(K) IF POSSIBLE ONLY VALUES OF FLOWS REAO 
C WHICH CORRESPOND TO JCOTYP(K) WILL BE USfcD BY THE PROGRAM 
C 

00 3J KM.NCOLS 

READ INPUT TAPE 5,1,JCOTYPI K) 

33 READ INPUT TAPE 5,2,FIXHE(K),FI XTV(K),F1XTL(K ) ,FIXTVL(K)•TCSET(K) 
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C 

C INITIAL ESTIMAIlS OF TEMPERATURES 
C 

CC 34 K*1,NCGLS 
jr*N$TOSIM 

READ INPUT I APE 5.2,ICPI,«OTI 
TINT*ITQPT-ttOTT)/FLCATFIJT-l) 

TEMPI l.KI-6CTI 
DO 34 J-2.J1 

TEMPIJ.K)*ItMPIJ-1 ,K)eTINI 
34 CONTINUE 
C 

C PRINT INPUT DATA 
C 

37 FORMAT (1IHCINPUT OATA) 

WRITE OtiTPUI TAPE 6,37 

38 FORMAT I37HCNO. UF COMPONENTS NO. OF COLUKNS/I10,12C) 

WRITE OUTPUT TAPE 6,38,NCCMPS,NCUlS 

39 FORMAT (biHOtMMMMtl.fM.tM.MMt.MM.tlMl.i.tMt.MMtttttt 
1 COLUMN I1.56H •••#•*•••*•*•••*•*••*•**•*•*****•*••••**•••**•*•••• 

2*t**| 

40 FORMAT (20HCNUM8ER CF STAGES * 12) 

41 FORMAT <IBHCEXTERNAL FEED Oh El*.d,l6h POLES TO STAGE I2.11F OF CO 
1LUMN ID 

42 FORMAT I20H COMPONENT AMOUNTS/(5E20.8)) 

43 FORMAT I22H ENTHAlPY CF FcEC * ElS.tt) 

44 FORMAT (12HCNU KEBOlLEK) 

45 FORMAT (34HOREBOILER, FIXED RCBCILEK VAPOR = E15.8) 

46 FORMAT (31HUREB0ILER» FIXED LIQUID FLOW * EI5.8) 

47 FORMAT (13HONO CONDENSER) 

48 FORMAT (35H0PAR UAL CCNCENSlR. fIXED REFLUX * E15.8) 

49 FORMAT (39H0PARTIAL CONDENSER, FIXED VAPOR HOW « E15.8) 

50 FORMAT (43H0T0TAL CCNCENSER, FIXED SATURATED REFLUX * E15.8) 

51 FORMAT (49Hu TOT AL CONDENSER, FIXED NGN-REFLUX LIQUID FLCW * E15.8) 

52 FORMAT I39HUTW0 PRODUCT CCJNDENStR, FIXED REFLUX - £15.8,22H CO 

1N0ENSER TEMP = l!5.8,12H IF POSSIBLE) 

53 FORMAT (74HGTW0 PRODUCT CCNDENScR, FIXED COMBINED VAPOR AND NON-RE 

IFLUX LIQUID Flow * tl5.B/22Fl CONDENSER TEMP * E15.8,12H IF POS 

2SIBLE) 

DO 104 K-l,NCULS 
JT»NSTGS(K) 

WRITE OUTPUT TAPE 6,39,K 
WRITE OUTPUT TAPE 6,40,NSTG$U) 

CO 56 

TOTFD*Q.0 

DO 54 DUNCOMPS 

54 TOTFO»TQTFD*EXTFD(I»J,K) 

IF ITOTFD) 55,56,55 

55 WRITE OUTPUI TAPE 6,4l,IOTFC,J,K 

WRITE OUTPUT TAPE 6,42,(EXTFDIl,J,K)#1*1,NCCMPS) 

WRITE OUTPUT TAPE 6,43,EXTFDH(J,K) 

56 CONTINUE 

IF (JRETYP(K)) 58,58,57 

57 KTRANS*JRETYP(K) 

GO TO I 59,60),KTRANS 

58 WRITE OUTPUT TAPE 6,44 
GO TO 61 

59 WRITE OUTPUT TAPE 6,45,FIXRV(K) 

GO TO 61 

60 WRITE OuTPUI TAPE 6,46,FIXBLIK) 

61 IF MCOTYPU)) 63,63,62 

62 KTRANS*JCUTYP(K) 
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GO TO 

( 64,65 

,66,67,68,69),K T R A N b 

63 

WRI Ft 

OUTPUT 

TAPE 

6,47 


GO TO 

70 



64 

WRITE 

OUTPUT 

TAPE 

6 , 48,F IXRt ( K) 


GO TO 

70 



65 

WRITE 

OUTPUT 

TAPE 

6,49 , F IX T V (K ) 


GO TO 

70 



66 

WRITE 

OUTPUT 

TAPE 

6,50,FIXRc(K) 


GO TC) 

70 



67 

WRITE 

OUTPUT 

TAPE 

6,51,F IXTE (K ) 


GO TG 

70 



68 

WRITE 

OUTPUT 

TAPE 

6,52,FIXRcIK),TCSETIK) 


GO TO 

70 



69 

WRITE 

OUTPUI 

TAPE 

6,53,FIXTVL(K),TCSET (K ) 


70 CONTINUE 

71 FORMAT (29H0FI Xt D SIDE VAPOR PRODUCT UF El5.8,l8H MULES FROM S T AGE 
l 12,UH OF COLUMN III 

72 FORMAT (30H0FIXLD SIDE LICUIO PRODUCT Oh Cl6.8,18H MOLES FROM STAG 
IE 12,UH OF COLUMN ID 

73 FORMAT (28H0FIXtD SIDE VAPOR STREAM OF E15.8,18H MOLLS FROM STAGt 
l 12» UH OF COLUMN U,iOH TC STAGL I2,I1H CF COLUMN ID 

74 FORMAT <29HuFIXlD SIDE LIQUID STREAM OF E15.8,18H MClES FROM STAUE 
l I2,llH OF COLUMN 11,1OM TO STAGE 12,UH OF COLUMN ID 

75 FORMAT (45H0INTERCONNECTING VAPOR STREAM FROM END STAGE 12,UH OF 
1C0LUMN HUGH TO STAGE I2,11H OF COLUMN ID 

76 FORMAT I46HGINTERCONNECT1NG LIQUID STREAM FROM END STAGE 12,UH GF 
l COLUMN 1 L, L OH TO STAGE 12,UH CF COLUMN II) 

00 84 J = 1 » J T 

IF (FIXSVCJtKM 80,80,77 
n IF (JSVTOIJ,K)) 78,78,7$ 

78 WRITE OUTPUT TAPE 6,7l,FIXSV(J,K),J,K 
GO TO 80 

79 WRITE OUTPUT TAPE 6,73,FIXSV(J,K),J,K,JSVTQ(J,K),KSVTO(J,K) 

80 IF I FIX SL(J,K )) 84,84,81 

61 IF (JSLI 0(J,K)) 82,82,83 

62 WRITE OUTPUT TAPE 6,72,FIXSLtJ ,K ) , J , K 
GO TO 84 

83 WRITE OUTPUT TAPE 6,74,FIXSL<J,K),J,K,JSLTO(J,KJ,K$LTCU,K) 

84 CONTINUE 

00 88 J * 1,J T 

IF (KEVTO(J »K)) 85,86,85 

85 WRITE OUTPUT TAPE 6,75,J,K,JEVTO(J,K),KEV TO(J»K) 

86 IF (KEL fO(J,K)) 87,88,87 

87 WRITE OUTPUI TAPE 6,76,J,K,JELTCU,K),KELTO(J,K) 

88 CONTINUE 

89 FORMAT (32H0HEATER SUPPLYING FEAT TU STAGE 12,L9H HEATER LOAD 

1* EI5.8) 

90 FORMAT (33HGCOOLER REMOVING HEAT FROM SI AGE I2.19H COOLER LOAD 

1 * L15* 8 I 

91 FORMAT (27HU1NTLRC0CLER BETWEEN STAGE 12,11H AND STAGE I2,30H COOL 
1ING LIQUID FLUW TO STAGE I2,19H TO TEMPERATURE CF E15.8) 

DO 96 J*1,JI 

IF IfcXTFDHlJ.KD 92,96,92 

92 CO 93 I s 1,NCOMPS 

IF (EXTFD(1»J,K )) 96,93,96 

93 CONTINUt 

IF (EXIT pH(J,K) ) 94,94,95 

94 nUTY=-EXTFDF(J,K) 

WRITE OUTPUI TAPE 6,90,J,DUTY 
GO TO 96 

95 WRITE OUTPUT TAPE 6, 89 ,J*EXTFCH1J,K) 

96 CONTINUE 
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DO 98 J * l, JI 

IF <JCOOL(J,KI) 98,98,97 

97 JV*J*1 

WRITE OUTPUT TAPE 6,9l,J,JV,J,TCOUL(J,KI 

98 CONTINUE 

99 FORMAT I82HCEQUIL1BRIUM CONSTANTS A EQUILIBRIUM CONSTANTS B 

l EQUILIBRIUM CCNSTANTS C/(E19.8,2£29.8 I 1 

100 WRITE OUTPUT TAPE 6,99,IA(I,K ) ,bIl,K),CU,K),I*1,NCCHPSI 

101 FORMAT (13H0TEMPERA TURES/(5fc2Q*8 I I 

102 FORMAT (E57.8I 

WRITE OUTPUT TAPE 6,1C 1,(TEMP(J.KI,J = 1,JTI 

104 CONTINUE 

105 FORMAT .120N0*******«*****»«******»****»»***»**********»****.* 

l ALL COLUMNS ****•**•**•#•**•******•****•#•***•**•*•♦*#•*••*•****• 

21 

106 FORMAT (99HCENTHALPY CONSTANTS * ENTHALPY CONSTANTS L EN 

1THALPY CONSTANTS U ENTHALPY CONSTANTS W/(E10.8,3E26.8I) 

107 FORMAT (52HUPR0CUCT ERRCR LIMIT BUBBLE DEW FLASH ERRCR LIMIT/IE 
117.8,£28.8)I 

WRITE OUTPUT TAPE 6,105 

WRITE OUTPUT TAPE 6,106, (EN IHKII) »ENTHL (I I, ENTHU l 11 * tNTHWUI , I* l, 
INCOMPS I 

WRITE OUTPUr TAPE 6,1C7,PROtRR,BOFEKR 
C 

C SET UP INITIAL CONDITIONS 
C 

DO 109 K* l»NCGLS 
JT*NSTGS(KI 
QUI TCP(KI=0.0 
REBLOIKI>0.0 
CONDlC(KI* 0.0 
DO 109 J * 1 * J T 
VAPOR(J,K)*0•0 
CUIO(J,K1*0.0 
SVFL0U,KI*C.0 
SLFLO1J,K1*0.0 
COOLLC(J,K)*0.0 
VAPMCH(J «KI*0.0 
QUtMUMJ,KI=0.0 
KMOD E(J,KI*2 
DO 108 1*1,NCOMPS 
GENVY(I,J,K)*O.G 

108 GENLXU , J,K)=0.0 

109 CONTINUE 
JT*NSTGS(II 
TMAX-TEMPU, I) 

TMIN*TfcMP(JI,11 
DO 117 K = l,(NCULS 
J T»NS TGS(KI 

IF (TEMPIl.Kl-TMAX) 111,111,110 

110 TMAX*TEMP(l,K) 

111 IF (TEMP(J T,KI-lMAX 1 113,113,112 

112 TMAX»TEMP(JT,K) 

113 IF I TEMPIl,K)-TMIN) 114,115,115 

114 TMIN*TEMP(1,KI 

115 IF I TEMPIJT.KI-IMIN) 116,117,117 

116 TMlN»TEMP(Jf,Kl 

117 CONTINUE 
TMAX*TMAX+300.0 
TM1N*IMIN-200.0 
RETURN 

END 
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C PROGRAM GENVL SUBROUTINE FCR CLTPUf 

C 

C 

SUBRCUTINC OUTPUT 

DIMENSIUN At20*5)«B(2Cf5)»C(2G,5),NSlGS(S),CNTHM20),LNTHLt20)« 
l€NTHU(2G) ,ENTHW(20) ,EXTfD(2u,40,51 ,tX!FCH(40,5) ,SVFLt(4C,5) . 
2 SlFl0(40,51 f JSVFRGt40,5) ,K S VF RO ( 40 , *>) , JSVT0(40,5 J , KSVTO(40 ,6 1 , 
3JSLFRU(4Q,S) ,KSlFK 0(4C,6) , JSL TO (40,6) , K it! 0 < 40, 6) , Jc VFRL ( 4 0 *5 ) , 
4KEVFRO(40,5),JE/TG(40,5),KfcVIC(40,31 *JtLFRO(40 * 5 I,KLLFRC(40,5), 
5J£L!0(40,5> ,KCL10(40,5) ,JREIVP(*> , JCCI YP(*>) »JCOCL (4o,5) , 
6TCOGL(40*S), TfcKP (40,5) .VAPOR! 40, t>) ,001 D( 40,5) ,GUlTCP( 5 ) ,TCSLT ( 5 ), 
7FIXRv(5) .FIXBL(SI,F1XRE(5) ,FlXTV(6) ,HXTLm,FlXTVL(S), 
8FIX$V(40*t>) »FIXSL(4G,5) , QUlMCH(4u,5) , VAPMCiH (40, *>) , GLNLX ( 20,40,5 ) , 
9GENVY!20*40*5)*AMGDfc(40,51,TLFEtD(20),FLVAP(?0)*FLLIU(2C) 

01 MENS ION S(iMFD(20),FLVAPll20),FLLlGU20) »QUNBAl (40,5), 

ICOOLLO!40,5)*KEbLD(5)*CCNDLC(5),PRDSOM(20)*RF$UK(20)*CUKBAL(20)* 
2QUlOX(20),VAPY(20l,fcOX(20),FD(40) 

COMMON A,B,C,NS1GS,cNTHK,tN(HL,tNTHU,tNTHW,tXUU,£ X1FOH,SVFLU, 
ISLFLC,JSVFRU,KSVFR0,JSVTC.KSVfO*JSLFRU,KSLFRO,JSLTC,A$LTO, 
2 JEVFKO.KEVFKO,JlVTQ,KEV( 0,JcLFRG.KELFRO,JEL(C.KfcLTC,JRE(YP, 
3JC0TYP,JCCOL.FCCOL,TEMP,VAPCR,QUID,GUI TOP,TCSCT.FIXKV, 
4FIXBL,FIXRE,F1XIV,F1XTL,FIX1VL,FIXSV»FIXSL,LUlMCH,VAPMOH,GENLX, 
5GENVY,KM0DE,FLFtED,SUMFC,CUNBAL,CaULLG,REBLC,C0NDLD,PRDSUM,RFSUK, 
6CUNBAL,QUIDX,VAPY«EGK*FD,NCCMPS,K»BDFERR,fLFEES,KALT£k,NCOLS, 
7PR0EHK,11 ERAT,CHECK,PRSCRR,TMAX.TMIN 

1 FORMAT (L7H11IEKAIICN NC. * 13) 

WRITE OUTPUT TAPE 6,1,HERAT 

2 FORMAT (47HGSPECIFIED PROBLEM ALItRED TO OBTAIN A SOLUTION) 

IF (KAMEk) 4,4,3 

3 WRITE OUTPUT TAPE 6,2 

4 DO 113 K*1,NC0lS 
JT*NSTGS(K) 

5 FORMAT 

1 COLUMN 1 1,56H ....... 

2**»*) 

WRITE OUTPUT TAPE 6,5,K 
IF (CHECK) 33,33.7 

6 FORMAT (63HCLIQUI0 AND VAPOR POLE FRACTIONS LISTED AS COMPONENTS P 
1ER STAGE) 

7 WRITE OUTPUI TAPE 6,6 

0 FORMAT (19HU STAGE NC. * I2/7H LIQUID/!5E20.8)) 

9 FORMAT (6H VAPOR/(5L2C.8)) 

DO 24 J*l,Jl 

IF (VAPOR(J,K)4SVFLC(J,K)) 10,10,12 

10 00 11 I x l,NCQMPS 

11 VAPY(11*0.0 
GO TO 14 

12 00 13 1*1,NCOMPS 

13 VAPY(I)=GINVY(I,J,K>/(VAPOR(J ,K)*SVFLU(J,K>) 

14 IF (J-JT) 16,20,20 

15 IF (QU1D(J,K}+SLFL0(J,K)) 16,16,IB 

16 DO 17 1*1,NCOMPS 

17 QUIDXU)*0.0 
GO TO 23 

18 DO 19 1*1.NCOMPS 

19 QUI OX(I)*GENLX(I,J*K>/ICulD(J,K)*SLFLO(J,K) ) 

GO TO 23 

20 IF IQUIDI J,K)4GUITGP(K)4SLFL0U,K1 ) 16,16,21 

21 DO 22 1*1,NCOMPS 

22 QUIDX(I)*GENLX(I,J,K)/(QUID(J,K)4QUITOP(K)♦SLFLC(J,fcj) 

23 WRITE OUTPUT TAPE 6,8,J,(CUIDX(II,1*1,NCOMPS) 
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WRITE OUTPUT f APE 6,9,tVAPY(I),I *l,NCOMPS) 

24 CONTINUE 

25 FORMAT (59HGVAP0R AND LIQUID PRODUCT AMOUNTS AND INTERCONNECTING F 
I LOWS) 

26 FORMAT ( 34HU LIQUID SICE PRODUCT FROM STAGE 12,5H OF E15.B,7H M 
lOLtS) 

27 FORMAT I33HU VAPOR SIDE PRODUCT FROM STAGE 12,5H OF E15.8.7H MO 
ILES) 

28 FORMAT T21MC BOTTOM PRCOUC T CF LL5.8,7H MCLES) 

29 FORMAT (25HC LIQUID TOP PRODUCT OF tlS.8,7H MCLES) 

30 FORMAT I24HC VAPOR TCP PRODUCT OF E15.8.7H MOLES) 

31 FORMAT (23H COMPONENT AMCUNTS/<5E20.8)) 

32 FORMAT (34H COMPONENT RECOVERY FRACTIONS/I5E20.8)) 

33 WRITE OUTPUT TAPE 6,25 

34 IF (KELTOTUM) 35,35,36 

35 WRITE OUTPUT TAPE 6,28,CU10(l,K) 

IF (QlJlD(ltK)) 38,38,36 

36 CO 37 1*1,NCUMPS 

QUIDXTI)*GENLX(I,1,K)*QU1DU,K)/(QUl0(I,K)♦SLF10U,K)) 

37 VAPYT I >=QOICX( I )/SUMFOU ) 

WRITE OUTPUT TAPE 6,3l,(CUIDX(I),l*L,NCOMPS) 

WRITE OUTPUT TAPE 6,32,lVAPYU),1 * 1,NCOMPS) 

38 DO 49 J = 1, J T 

39 IF (FIXSL(J.K)) 44,44,4C 

40 IF TKSLTO(J,K)) 41,41,44 

41 WRITE OUTPUT TAPE 6,26,J,SLFLCU,M 
IF (SLF LO(J,K) ) 44,44,42 

42 DO 43 1*1,NCOMPS 

QUIDXU )*GENLXI l , J , K ) # SLF LO ( J , K ) / ( SLFLO l J , K ) + QU l D ( J , K ) ) 

43 VAPYU)*QUlCXm/$UMFD(I> 

WRITE OUTPUT TAPE 6,31,fQUl C X(I),I * 1,NCOMPSI 
WRITE OUTPUT TAPE 6,32.tVAPY(I),I * 1,NCOMPS) 

44 IF (FIXSVTJ.KJ) 49,49,45 

45 IF (KSVrOTJ.K)) 46,46,49 

46 WRITE OUTPUI TAPE 6,27,J,SVFLCtJ,K) 

IF (SVFLQTJ * K}) 49,49,47 

47 DO 48 1*1,NCOMPS 

QUIDX11 )*GENVYf I,J,K)•SVFLO( J,K>/T SVFLO U, K )♦ VAPORT J,K)) 

48 VAPYT1)*QUICX(I)/SUMFC(I) 

WRITE OUTPUT TAPE 6,31,(QUI OX(I),I = l,NCOMPS ) 

WRITE OUTPUI TAPE 6,32,TVARYtH,I=l,NCOMPS) 

49 CIJNTINUL 

IF (JC0TYP(K)-2) 55,55,50 

50 IF (KELTOTJi*K)) 51,51,54 

51 WRITE OUTPUT TAPE 6,29,GUI TOPTKi 
IF (QUI TOP(K )) 54,54,52 

52 DO 53 1=1,NCOMPS 

ClJlOXtl)*GENLX(I,JT,K)#GUlTLP{K)/(QUITOP(K)♦QUIDtJT,K)) 

53 VAPYT I )=QUlUXm/SUMFD(I) 

WRITE OUTPUT TAPE 6,31,(QUIDXlI),I=l,NCUMPS) 

WRITE OUTPUI TAPE 6,32,IVAPY(I),l*l,NCOMPS) 

54 IF {JCOTYPTK)-4) 59,59,55 

55 IF TKEVTO(JT,K)) 56,56,59 

56 WRITE OUTPUI TAPE 6,30,VAPOk(JT,K) 

IF (VAPOR (JT,K>) 59,59,57 

57 CO 58 1=1,NCOMPS 

OUIDXTI)*GENVYTI,JT,K)*VAPORTJT,K)/<VAPLRIJf,K)♦SVFLOIJT,K1) 

58 VAPYTI)=QUICX(I)/SUMFD(I ) 

WRITE OUTPUI TAPE 6,3l,(QUI OX(I),1 * 1,NCOMPS) 

WRITE OUTPUT TAPE 6,32,(VAPYTl),I=1,NCOMPS) 

59 CUNTiNUE 

60 FORMAT (23HO SIDE LIQUID FLOW CF £15.8,19H MOLES IRCM STAGE 12,1 
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11H TC STAGE I2.12H CF COLUMN ID 

61 FORMAT (22HC SIDE VAPOk FLOW CF E15.B.19H 
1H TU STAGE I2,12H OF COLUMN II) 

62 FORMAT I IHHC LIQUID FLtw OF E15.8,19H 
10 STAGE I2.12H OF COLUMN ID 

63 FGRMAT I 18H0 LIQUID FLOW OF tl5.8,3lh 
1GE I2,12H CF COLUMN ID 

64 FORMAT (18HC LIQUID FLOW OF fcl5.8,32H 
1 AGE I2.12H OF COLUMN ID 

65 FORMAT ( 17H0 VAPOR FLOW CF tl5.8,19H 
I STAGE I2.12H CF CCLLMN ID 

66 FORMAT I 17HG VAPOR FLOW CF E15.8.32H 
1GE I2.12H CF COLUMN ID 


MCLtS FRCM STAGl 12, II 
MOLLS FROM STAGE I2,UH T 
MOLtS FROM KLBOILER TO STA 
MOLLS FROM CONDENSER TO ST 
MOLES FRCM STAGE 12,UH TO 
MOLES FROM CCNOCNSER TO STA 


J=i 

IF UELTOU.M) 73,73,67 

67 IF (JRtTYP(K)) 68,68,69 

68 WRITE OUTPUT TAPE 6,62 ,QUl0(l ,KI , J, JELTCU , K),KElTCU,K) 

GO TO 70 

69 WRITt OUTPUT TAPE 6,63,QUID!l»K),JELT0I1,K),KtLTO(l,K) 

70 IF (QUICUjKM 73,73,71 

71 DO 72 1 = 1,NCOMPS 

72 QUIDXI D =GENLXI I , l ,K ) *QL 10 I1 ,K I / t QUI D (1, K) ♦SLFLC!I ,K H 
WRITE OUTPUT TAPE 6,31,IGUI OX(1),I *l.NCOMPS) 

73 DO 83 J-1,JT 

IF IF IXSLIJ,K)} 78,78,74 

74 IF (KSLTOU.KD 78,78,75 

75 WRITt OUTPUT TAPE 6,60,SLFLCIJ,K),J,JSLTO<J,K),K$LTO(J,K) 

IF (SLFLO(J,K|) 78,78,76 

76 CO 77 1 = 1,NCOMPS 

77 QUIDXII)=GENL X(1 , J , K ) *SlFLO ( J , K) / I SLFLO ( J, KKQUID (J, K D 
WRITE OUTPUI TAPE 6,31,(QUIDXII),1 = 1,NCOMPS ) 

78 IF (FIXSVIJtK)) 83,83,79 

79 IF IKSV TO IJ,K)) 83,83,8C 

80 WRITE OUTPUT TAPE 6,61,SVFLCIJ,K),J,JSVTGIJ ,K),KSVTCIJ,K) 

IF (SVFLOUtKD 83,83,81 

81 DO 82 1 = 1,NCOMPS 

82 QUIDXIIDGENVVII,J,K)#SVFlO(J,K)/(SVFLUIJ,K)♦VAPOR(J,K)) 

WRITE OUTPUI TAPE 6,31,IQUlOX(I) , I *l ,NCOMPS ) 

83 CONTINUL 

IF (JC0TYP(K)-2) 89,89,84 

84 IF (KELTOIJT,K)) 88,88,85 

85 WRITE OUTPUT TAPE 6,64,CUITCP IK),JELTUIJT,K),KELTO IJT,K> 

IF IQUlTOP(K H 88,88,86 

86 DO 87 1=1,NCOMPS 

87 QUIDXIlDGENLXtI,JT,K)*QU1TCP(K)/IQUlTOPIK»+QU10(JT,K)I 
WRITE OUTPUI TAPE 6,31 , ICUICX(I) , I *l,NCOMPS) 

68 IF IJCOTYPIK)-4) 96,96,89 

89 IF IKEVTOtJI ,K)) 96,96,90 

90 IF UCOIYPIK)) 96,91,92 

91 WRITE OUTPUT TAPE 6,65,VAPOR(JT,K),JT,JEVTO(JT,K),KbVTOIJT f K) 

GO TO 93 

92 WRITE OUTPUI TAPE 6,66,VAPORIJT,K),JLVTGIJT,K),KEVTC(JT,K) 

93 IF IVAPORIJT,K)> 96,96,94 

94 DO 95 1=1,NCOMPS 

95 QUIDXII)=GENVYI I,JT,K)*VAPOR IJT,K)/(VAPOR IJT,K) +S VFLCIJT,K)) 

WRITE OUTPUT TAPE 6,3l,ICUICXII),I=l,NCOMPS) 

96 CONTINUE 

97 FORMAT I16H0S TAuE VARIABLES/118H0STAGE TEMPERATURE VAPO 

IR FLOW LIQUID F LC W VAP MGL tNTH UQ MOL ENTH 

2 htAT UNBALANCE/!14,6E19.8) ) 

WRITE OUTPUT TAPE 6,97,IJ,TEMP IJ, K ),VAPOR IJ , K),QUID(J,K>, 

IVAPMQhlJ,K),GUIM0H(J,K),CUNBAL(J,K>,J=1,JT) 
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98 FORMAT (E61.8) 

IF ( JCOTYPU )-3) L 02 * 99 * 99 

99 WRITfc OUTPUT TAPt 6,98,CUlTCP(KI 

100 FORMAT ( 17H0RIBL1 Lt R LOAD = fct‘i.8) 

101 FORMA! (lBHUCUNCfcNSLR LCAC * E15.8) 

102 IF (JRETYPUM 104,104,10J 

103 WRITE OUTPUI TAPE 6,ICO,REbLO(K) 

104 IF (JCOTYPUn I08.l0e.l0b 

105 WRITfc OUTPUJ TAPfc 6, 101 .CCNOLOIK ) 

106 FORMAT (27HCINTlRCOUlER BETWEEN b TAOfc 12,11> AND STAGE I2.3UH COOL 
1ING LIQUID FLOW TO STAGE I2.19H TC TEMPERATURE CF E15.8) 

107 FORMAT <2CHGIN TtACOVLER LCAC * tl5.8) 

108 DO 110 J=l.J! 

IF (JCOUl(J.K)) I10.110.1C9 

109 JV*J^l 

WRITE OuTPU! TAPE 6,106,J,JV » J .TCUOLI J .K) 

WRIU OUTPUT TAPE 6,107 .CCOLLD I J ,K ) 

110 CONTINUE 

111 FORMAT (31H0T0TAL COLUMN HEAT UNBALANCE * E15.8) 
tunral*o.u 

DO 112 J=1,JT 

112 TUNHAL*TUNhAL+QUNBAL(J.KI 
WRITE OUTPUI TAPE 6.111,TUNBAL 

113 CONTINUt 

114 FORMAT ..*#•**•*•**•••*****#*•••#**•••♦••#***#**•* 


..*...*.. 

21 

115 FORMAT (5 IMG TOT AL PRODUCT MASS BALANCES AND RECOVERY FRACTIONS! 

116 FORMAT (4bH0RtCUVERY FRACTION SUMMATIONS FOR EACH COMPONENT/(5E20. 
18) 1 

117 FORMAT (9IHCEXCtSS MOLES OF EACH CQMPONtNT ENTERING THE SYSTEM IN 
1FEEDS OVER MOLES LEAVING IN PRQUUCTS/(5E20.d1) 

WRITE OUTPUT TAPE 6.114 
WRITE OUTPUT TAPE 6.115 

WRITE OUTPUT TAPE 6.116,(RFSUM(I)♦1 * 1,NCOMPb1 
WRITE OUTPUT TAPE 6* 117,(CUNBAL(1).l»ltNCOMPS1 

118 FORMAT (77HU TOTAL MASS UNBALANCE (SUM OF ABSOLUTE VALUES OF COMP 

615.8) 


ICNENT UNBALANCE^) 


WRITE OUTPUI 

RETURN 

ENO 


[APE 6.118.PRSERR 
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C PROGRAM GEN YL SUBROUTINE FCR CAECULAIION UF REBOILER 

C 

C 

SUBROUTINE REBCil 

01 MENS I UN A I 20 « 4 ) ,B(20,4) ,C 120,4),NS ToS ( 4) , ENTHK (20 > ,ENTHU 20 ) , 
IENTHUI20),ENTHW(2G),cXTFD(2G,40,5),EXTFLH<40,4),SVFlC(4C,4), 
2SlFlOI 40 * 4 ) , JSVFR0(4C,5) ,KSVFRQ I 40,4 ) ,JSVTO(40,5 ) ,KSVTO ( 40,5 ) , 
3JSLF R0< 40,4) ,*SlFRO(40,4), JSLI0<40,4) ,KSLTO(40,41 , JLVFRCI40,5 ) » 
4KEVFKC(40,5),JEVTO(40,5),KEVIC(40,5),JELFRO(40,4),KlLFRC( 40,5)• 
5JtLTC(40,5),Ktl10(4C,5),JREI VP(4),JCOTYP(5),JCOCL(40,4), 
6TCO(JL(40,4),TEMPI 40,41,VAPOR!40,4).QUID(40,4),QUIT0P(4),TCSET(5), 
7FIXRV14) ,FIx8L<4) .FIXRE15) ,FIXTV<4) ,FIXTL(5 ) ,F1XTVL(4) , 
8FIXSV(4U,5),f1XSL(40,4) , OU IMOh (40,5 ) , VAPMCH (40,4 ) .GfcNLX (20,40,5 ) , 
9GENVYC20,40,5 ),kMGDL<40,4),FlFEEC(20),FlVAP( 20) ,FtLlG(2C) 
DIMENSION SUMFD(20).FLVAPl(20),FLLI01(20>,OUNBAL(40,4>, 

1C0QEID(40,4),RfctiLO(5).CEN0LC14)* PROSUM(20),RFSUM(20),CUNHAL(20), 
2CUI0X(2J),VAPY(20),tQK<20),10(40) 

COMMON A,b*C »NSIGS,ENTHK ,ENfHE,tMHIj.ENIHN,EX TFC»EXTFDH»SVFlO, 
lSLFlOfJsVFROfASVFRO,JSVTOtKSVTO,JSLFRU.KSLFKOtJSLTO,KSL TO, 
2JEVFR0.KEVFR0,JlVTO,KEVTO,JELFRU.KELFRO,JEL fD.KCETC,JRETYP, 
3JC0TYP,JCUOL,1CU0L,TEMP,VAPCK,OU10,CUI TCP,TCS6T,FIXRV, 

4FJXRL.F |XkEfHXrv,FlXTE,FIXIVL,FIXSV,HXSL,CUlMCH,VAPMOH,GENLX, 
4GENVY,KM0DE,FLFtE0,SUMFC,CUNBAI,COOLLD,REBEC,CONOLO,PRDSUM.RFSUM, 
6CUNHAL f oUlDX,VAI*Y,ECK,FD,NCCMPS,K,BDFLRR,FLFEES,KALItR,NCOLS, 
7PRD6RR,ITLRA T.CHECK»PRStRR»I MAX,THIN 
THALPF(Y,Z,I)'Y*T*Z 
IF (FlFetS) 1,1,3 

1 QUID(l» N)*0.0 
VAPOR(l,K )*C. J 
CO 2 IM.NCCMPS 
GENVYI1,!,KI*0.w 

2 GtNLX(I,1,K)*0.0 
KAE TER* l 

GO 1C 14 

3 KTRANS*jRt TYP(K ) 

GO TO I 4, B),RTRANS 

4 IF fFLFEES-FIXRV|K ) ) 4,4,7 

5 VAPOR(l,K)*FLF6tS 
0U1CI1,K)*Q.C 

CO 6 I-I.NCCMPS 
CENVY ( I ,1,K>*IL» CEO I I ) 

GENtXlI,1«K)*0»G 

6 VAPV(1)*FlFl EUIIl/FLFEES 
CALL CEwPl (TcHPU.K)) 

KAL 1CK* 1 

GC It 14 

7 VAPOR I I,RI*FI XR v (K ) 

QUID!ltK)*FLFEES-FIXRVIA ) 

GO T L 12 

0 IF (FLFcES-l 1XBLUU 9,9,11 

9 CUI0(1,A>*FlFfctS 
VAPOR I 1,K)*G«G 
CO 10 I *l.NCOMPi 
GENVYI1,1,111*0.0 
GENLXI 1,1 EfcCf 1) 

10 QU1DXI1)=FEFEtOIIl/FLFEES 
CALL CUHP1 UiMPU.M) 

RAlTeR-1 

GC TC 14 

11 CU1CI | ff M*MXbL(K ) 

VAPOR I1,K)*FLFCtS-FIXBL(x) 
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12 FtV=VAPCR<1,K) 

FLL*GGI Of U K ) 

CALL 1SOVFL (FI VAP ,FLL IC ,f LV.FLL , TEMPI UK) ) 

DO 13 1*1, NCGHPS 
GENVY(I,l,K)*FLVAP( I I 

13 GENLX( l ,UK)*FLLlCW ) 

14 VAPMOH! X *K)*0.0 
CU1MCHI1»K)*0* 0 
CO 15 UUNCOMPb 

VAPMOH ( 1 »K )*VAPMOH< U*UGLNVY( Ul.KUTHALPF ItNTHUJ I ) .fcNTHWt I) 
1 TEMP(l* K ) I 

15 OU IMCH ( 1 9 K)*QUIK0H( 1»KUGENlX( U 1 #K ) *THALPF I ENfHK (I) , ENTHl < i ) 
lTEMP(1»K ) ) 

IF IVAPURI 1.K) ) 17,17,16 

16 VAPMOH t UK) -VAPMOH ( UK ) /VAPLR (l ,K > 

17 IF (QUlUCUKl) 19,IS,18 

18 QUlMOHi 1,K )*0Ul KOH ( UM/GUlDIUM 

19 CONTINUE 
RETURN 
ENO 
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C PROGRAM GENVL SUbROO TINE FCR CALCULAI ION Of- CONDLNSER 

C 

C 

SUBROUTINE CONDcN 

DIMENSION A(20,5),BC2C,5),CI 20,5),NSTGS(5), LNFHM 20) ,EN THU 20 ), 
LENT HU (20) ,EN THK1201 , t X TED ( 20 , AO , 5 ) , L X ) FDH ( 40 . 5 ) , SVFLG( 40,5 > , 
2SLFLG(40,5) , JS Vf RG ( 40 , 5 ) ,KS VF KO ( 40 , 5 I , J S V f 0 (40 * b ) , Ks VTO (AO , 9) , 

3 JSLFRC (40,5) ,KSLFR0(4C,5), JbU0l40^1 ,KSLTO(40,5) .JtVFRC(40,5), 
4KEVFRC(40,5),JEVT0(40,5),KEVTU4U,5),JEtFKO(40,5),KtLFRC(40,5)* 
5JELTC1 40,5 ) ,K£LT0(4C,5) »JRfc I YP (!> ) »JCUTYP(5) ,JC0CL(4G,5) , 

6 (COOL (40,5), TEMPI 40,5) ,VAPOR(40,5) , CUl D (40, 5) , OUI TOP ( 5 ) , TCS fcT ( 5 ) , 
7FIXRV(5),FIX8L!5),F IXRE(5)»t IXIV(5),F1XIL(5)»FIXTVL(5), 
8F1XSV<40,5),FIXSL(4G,5),QUIMQh(4U,5),VAPMCH(40*5),GtNLX(20,40, 5 ), 
9GENVY(20,40,5),KMCDE(40,5),hLFtLD<20),FLVAP<20),FLL K, (20) 
DIMtNSlUN SLMFD120),FLVAP1(20),FLUGl(20).OUNRALl40,5), 

ICOOLLD(40,5)»RfcbLD( 5 ),CCNCLC(5),PRDSUM(2U), RF SUM(20),CUNBAL(20), 
2CUICXI20),VAPY(20),tQK(2C),FD(40) 

COMMON A,6,C,NS)GS,fcNThK,tNTHL, lNTHU,ENTHW,EXTFC,EX IFDH,SVFLO, 
1SLFLG, JSVFR(j,KSVFR0, JSVTC.KSVIC, JSLFRO,KSLFKO, JSLTO,KSLTO, 
2JEVFRG,KEVFK0,JtVTO.KEVIC, JlLFRL ,KELFRQ,JtLIU,KLLTO,JRETYP, 
3JC0TYP, JCUOuTCUOl, TEMP, VAPOR, QUID, GUI TCP, TCSET, FI XRV, 
4FIXBL,F1XRE,FIX1V.FIXTL,F I X T VI , F l X$V ,F IXSL , GUI MCH, VAPMOF, GEISLX, 
5GENVY.KM0DE, FLFcED,SUMFC,CUNBAl,CUOLLD,RteLC,CONDLD,PRDSUM,RFSUM, 
6CUNBAL*UU10X»VAPY,£CK,FC,NCL'MPS«K,BDfERK,FLFEES,KALI lR,NCCLS, 
7PRDEKR,ITERA T,CHECK,PRSLRR,I MAX,TMIN 
EQU1LKF(A,B,C,T)=EXPF(A/(T+46C.0)*B*C*(T+46C.0)) 

THALPF( Y,2,r)=Y*T+Z 
J T*NSTG b(K) 

IF (FLFLES) 1,1,3 

1 QUID!JT,K)=C.O 
VAPOR!Jl,K)*0.0 
QUI TOP(K) x 0*0 
CC 2 I s l,NCOMPS 
GENVY(I,JT,K)*0.0 

2 GENLX(I,JT,K)*0.0 
KALILR»1 

GO re 60 

3 KTRANS*JC01YP(K ) 

GO TO (4,14,4,18,4,21),KTRANS 
C 

C FIXED REFLUX 
C 

4 IF (FLFtES-FIXRE(K)) 5,5,10 

5 CUIDtJT,K)=FLFE lS 
VAPOR IJT,K)«0*0 
QUITOP(K)*0•0 

00 6 1=1,NCOMPS 

GENVY(1,JT,K)*0.0 

GENLX(I,JI,K)=FlFEED(I ) 

6 GU1DX(I)=FLfEkD(I)/FLFEES 
CALL BUttPT (TfcMP(JT , K ) ) 

GO TO (9,60,9,60,7,60),K1RANS 

7 IF (TEMP!JT,K)-TCSET(K) ) 9,9,8 

8 TEMP(JT,K)=TC$Ef(K) 

9 KALIfcR*1 
GO TO 60 

10 QUID!JT,K)=FIXRt(K) 

GO TO (1l,60,12,60,21,60,K!RANS 

11 VAPOKU r,K )=FLFtES-CUlD( JT,K) 

GO TO bti 

12 QUITOP(K)=FLFLEb-GUlD(JT,K) 
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13 GC TC 54 
C 

C FIXEC END FUlfcS 
C 

C PARTIAL CONDENSER 

14 IF (FLFtES-MXTVlM > 15,15,17 

15 VAPDRlJI,K)=F lFLES 

16 QUID!JT,KJ=U.O 
KALTLR*1 

GO TC 56 

17 VAPORIJTfK)-FlXTV(K) 

CUIDUT»K)=FLFEcS-VAPCRUT, K) 

GC TO 5H 

C TOTAL CONDENSER 

18 IF I FlFE(ES“F IXTl IK) ) 19,14,20 

19 QUlTOPtK )=FLFttS 
CUIDUT , K >=U.O 
KAL TEK= 1 

GO TC 54 

20 QUIT0PU)*F1XTL(K) 

CU1D(JT,K)=FLFEES-QUITOP IK) 

GO TO 54 
C 

C TWO PRODUCT CONCENScR 

c 

21 TEMPUT,K|*ICSEUKI 
VAPY S*0•0 
GUIDXS*0.C 

DO 22 I*lfNCOHPS 

£QK=ECU1LKF ( A( 1,KJ,R(I,K),CU,K), TCSLTtM ) 
VAPYS*VAPYS+FLFttD(I)/F lFEES*EQk 

22 QUIDXS*CU10XS*FLFEfcCU)/rLFtfcS/ECK 
IF (VAPYS-1.0) 23,23,30 

23 VAPOR(J1, K ) = 0«0 

GO TC (60,60,60,60,27,24),KTRANS 

24 IF (FLFtES-FlXTVLlKM 25,25,26 

25 GUI TOPiK )=FLFEEi» 

CUIDUT,K ) = C.O 
GO TO 2B 

26 gui tqpik)*mxtvum 

QUIOUT ,M*F LFEtS-GClTQPUU 
GO TO 2H 

27 QUID!JT,K)«FIXRECK) 

GUI TOP(K)=FLFEES-QUlDUT,K ) 

28 DO 29 1=1,NCQMP5 
GtNVYII,JT,K)*0.0 

29 G6NLX( I , JT,K)*fLFEECm 
GC TO 60 

30 IF (CUIDXS-l.G) 31,31,36 

31 CU1TCPU)=0.0 

GU TO (60,60,60,60,32,33)*KTKANS 

32 QUIOUT ,<U*F URttK) 

VAPOR Ur,K)=FLFtCS-CUlOU! »K> 

GO TC 5tt 

33 IF (FLFlES-FIXTVL(K)) 34,34,35 

34 QUIOUT ,KI*G.O 
VAPOR U!»K)=FLFLES 

kalter=i 

GO TU 5b 

35 VAPOR(JT,K)=FIXTVL(K) 

QU1DUT ,K )*fLFfc lS-VAPOR UT , K) 

GC 1C 5« 



COMPUTING MULTISTAGE LIQUID PROCESSES 


339 


36 IF ICUtOlJF,K)+GUIICPIK)) 37,37,38 

37 FLL«l.0t-4*FLFfctS 
FLV*F LF tE b-FLL 

GO TU 43 

38 IF (VAPOR( J I,K)) 39,39,40 

39 FLV*l#0c-4*FLFEtS 
FLL*FLFLES-FLV 

GO 1C 4 3 

40 IF {(QUID!JT,K)+CUITOP(K))-VAPOR(JT.K)) 41,41.42 

41 FLL*FLFEES/( VAPOR t Jf ,K)/UUIDI JT,K)♦CUlTOP(KJ )*1.01 
FLV = FLF EfcS-fLL 

GO rc 43 

42 FLV«FLFlES/UGUID( JT,K)*GUl TCPU) >/VAPOR(JT ,KK1.0) 
FLL«FLFt£S-F LV 

43 CALL ISCTFL (FL VA?,F LL IC ,FLV,FLL , TtRPU» ,K ) ) 

GO TO (60,60,60,60,44,47),KTRANS 

44 IF (FLL-FIXRE(K)) 46,*5,46 

45 GUITOPIK>*0.0 
GUIDI Jf,K )*f URLtK ) 

VAPOR(JT,M*FLFEES“LUlO(JT,Kl 
GO TO 5-3 

46 QUIOUI ,K )=f IXRl(K) 

CUITCP(K)*FLL-CUIDUI ,K ) 

VAPOR(J T,K)*FLV 

GO TO 52 

47 IF (FLFttS-f IXTVL(K) ) 48,48,49 

48 CUlDtJT»K ) =G .0 
VAPCRtJI »K ) =FLV 
CUIT0P(M*FLL 
KAL TfcR*1 

GO TO 52 

49 IF ( FIV-FIXTVLUM 51,51,50 

50 QUI TOP t k)=0* 0 

VAPOR(JT,K)«FIXTVL(K) 

C0ID(jr,K) sFLFCtS-VAPOR(JT,K) 

GO TC 58 

51 VAPOR(J T,K)-FLV 

QUITOPIK)*FlXrVL(K)-VAPOR(J1,M 
CtilDl JT,K)*FlFEES-F IX1Vl(M 

52 DU 53 1=1,NCQMPS 

GENU X(I,JI,k)=F LLIQ(I) 

53 GENVYt I,J!»K)*F l VAP (l) 

GO TO 6U 

C 

C CALCULATION OF CCNDlNS tK TEHPLRATGRfc 
C 

C BURBLE POINT 

54 DO 55 1=1,NCOMPS 

GtNL X(I,JT,X)=F LFfc EC(I) 

GENVY(I v JI ,k )=0.0 

55 QUlDXl1 )=FlFEL0(1)/FlFEeS 
CALL RU8PT (TtMP<JT,K) ) 

GO TO 63 

C DEW POINT 

56 DO 57 1 = 1,NCOMPS 
GENLX(I,JT ,k >*0.0 

GENVY(I,JT,K) *F LFECC(I> 

57 VAPYU » *FLFL£0( U/FLFCtS* 

CALL CEWPT (TtRP(J T»K)) 

GO TO 60 

C FLASH 

58 FLV=VAPUR(J1,K) 
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FLt»CUlD( JT,K)*f-UlTCPtK) 

CALI ISUVM. (FLVAP.FLLIC TEKPJ JT .K ») 

CO 59 I * i »NCOMPi 
GtNLX(I, JT,K )*FLLIQ(I) 

59 GENVY(I,JT»k>*FLVAPU) 

60 VAPMCM JT,K)*0.0 
CO IMOH(JT,K) x 0«G 
DO 6i l* 1»NCOMPb 

VAPMOMJT,K)*VAPMGH(JT,K)*GtNVY(l,J1*K)•IHALPFILMTHOI I),CNThW(I) 
1TEMP<JT,K)) 

61 CUIMOMJT,K)*UUIKCH(JT,K KGlNLXII,JI,K)•IHALPF( tNTHK(I),LNTFL(I) 
1 TEMPIJT,K)) 

IF (VAPUft(Jl f *n 63,63,62 

62 VAPMChUT,K) *VAPMOH( JT,M/VAPCR(JI »M 

63 IF tCUIG( JT ,K)+wUMCP(X )) 65,65,64 

64 CUIMCM JT,K )*CU1MCHUT,M/(CUID( JT ,K )♦ QUI TOP(K ) ) 

65 CONTINUE 
RETURN 
ENO 
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C PROGRAM GEN VL SUBROUTINE FOR CORRECTION CF INVENTORY CF COMPONENTS 

C 

C 

SUBROUTINE INVEN 

DIMENSION A(20,5 ) ,B(20,5 ) ,C(20,5 I,NSTGS ( 5>, ENTHK120) ,ENTHL (20 ) , 
1ENTHU(2G),ENTHW(20 ) , E X T F D I 2U , AO» 5) ,EXTFDH(40,5),SVFlC(4G,5), 
2ScFl 0(40,5) *JSVFROI40.51,K5VFR0(40,5)♦J$VTO(40»5),KSVTO(40,5). 
3JSLFR0(40,5> , K S LF RO ( 40 , 5) , J SL TO ( 40,5 ) , KSLTO 140 • 5 ) , Jk VFRC ( 40 # 5 ) * 
4KfcVFR0(40,5),JEVTO(40,5),KEVTG(40,5),JElFRO(40,5),KfctFRC(40,5)« 
5JELT0(4u,5),KEL10(40,5),JRETYP15),JCCTYP(5),JC0 Cl( 4U,5), 
6TC00l_(4u,5) , TtMP ( 40» 5 ) , VAPOR (40,5) ,QUlD<40,5) ,QUIT0P(5) ,TCSET(5I , 
7FIXRV(5),FIXBL(5I,F 1 XRE ( 5 )*FIXTV(5),FIXTLl5),FlXTVL(5), 
8FIX$V(40,5),FIX5L(40,5),QUIMOHl40,5),VAPMGH(40,5 I,GtNLX(20•40,5), 
9GENVY< 20,40,51 ,KMODE (40,5) ,) IFEtD ( 20 ) , Fl VAP (20 ) ,FtL IQ( 20 ) 
DIMENSION SUMFD(20),FLVAP1(20),FLLICI(20),QUNBAL(40,5), 

ICOOLLOl40,5),REBLD(5),CCNDLD(5),PKDSUM(20),RFSUM(20),CUNBAL(20>, 
2QUIDX(20)»VAPY(20)»EQK(20),FD(40) 

COMMON A,B,C,NSIGS,ENTHK,ENTHL,tNrHU,EN!Hfc,EXTFOtEXTFDH,SVFLO. 
1 $LFl 0,JSVFRC,KSVFR0,JSVTO,KSVTO,JSLFRO.KSlPRO,JSLTO,KSLTO, 
2JEVFR0.KEVFK0,JEVTO,KEVTO,JELFRO,KELFRO,JEL IQ.KELTO,JRETYP, 

3JC0IYP,JCUOL,TCGOL,TEMP,VAPOR,QUID,GUI TOP,TCSET,FIXKV, 

4FIXBl,FIXRE.FIXIV,FIXTL,FIXTVL,FIXSV,FIXSL,CU lMCH,VAPMOF,GENLX, 
5GENVY,KMODE,FLFtED,SUMFD.CUNBAt,COOLED,REBLD,CONDLD,PRUSUM,RFSUM, 
6CUNBAL,OUiDX,VAPY,ECK,FD,NCCMPS,K,flDFERR,FLFEES,KALrER,NCOLS* 
7PRDERR,ITERAT,CHECK,PRSERR,IMAX,TMIN 
DO 30 1*1,NCOMPS 

1 DO 29 K a 1,NCOLS 
JT*NSTGS(K) 

DO 16 J*l,JI 
FO(J)*EXTFD(I,J,K) 

IF (K SV FRO(J,K)) 4,4,2 

2 JV*J SVF RO(J »K) 

KV*KSVFRO(J,K) 

IF (SVFLOtJVtKV) ) 4,4,1 

3 FD(J)*FD(J)*GENVY(l,JV,KV)*SVFLC(JV,KV)/(SVFLClJV,KV )♦ 

1 VAPOR(J V«KV) ) 

4 IF (KSLFRC(J,K)) 7,7,5 

5 JV*JSEFKO(J,K) 

KV*KSLFR01J,K ) 

IF (SLFLO(JV,KV) ) 7,7,6 

6 FG(J)*FD(J)+GENLX(1,JV,KV)*SLFLC(JV,KV)/($LFL0(JV«KV)+ 

LOUIDtJV.KV)) 

7 IF (KEVFRO(J,K ) ) 10,10,8 

8 JV*JEVFKO(J »K) 

KV*K 6VF RD(J,K) 

IF (VAPURtJV,KV) ) 10,10,9 

9 FC(J)=FO(J)+GENVY(I,JV,KV)*VAPOR(JV,KV)/(VAPOR(JV,KV)♦ 
lSVFLO(JV.KV) ) 

10 IF (KELFRCJl J,K) ) 16,16,11 

11 JV*JELFRfl( J,K) 

KV=K€LFKO(J,K) 

IF (JV-i) 12,12,14 

12 IF (QUIO(JV.KV) ) 16,16,13 

13 FD(J)=FD(J)+GENlX(I,JV,KV)*QUID(JV.KV)/(QUID(JV.KV)*$LFLOIJV.KV)I 
GO TO 16 

14 IF (QUI TOP(KV)) 16,16,15 

15 FD(J)=FOlJ)+GENLX< I , J V , K V) *CU I TCP l KV ) / ( QU I TCP (KV ) *QtJ IC ( JV • K V) ) 

16 CONTINUE 

DO 29 NTIMtS*l,5 
J*l 

JDELTA-l 
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KTlMt$*2*JT-l 

DO 29 KC0UNI*1,KTIMlS 

CIN*FDIJ) 

IF CJ-1) 17,19,17 

17 IF {VAPQRU-1,K)) 19,19,10 

18 CIN*CIN+GLNVY(I,J-l,K)•VAPOR(J-l,K)/<VAPORlJ-I,KUSVFLO(J-1,K)) 

19 IF (J-JI ) 20,24,20 

20 IF COUIOIJtl«K)) 24,24,21 

21 IF (J-(JT-ll ) 23,22,23 

22 CIN*CIN+GfcNLX( I,J+l,K>»GUlDN*l,K)/(£UlD(J*l'K)*QUirOP(K)* 
ISLFLOIJ + l,K » ) 

GO TO 24 

23 CIN*CIN+GfcNLX(I,J+l,K)*CUIDIJ*1,K)/(CUIDU*1,K)*SLFLC(J+l,K>) 

24 IF 1GENLX ( I , J , K )+GENVY(1,J,K)) 26,26,25 

25 GENLXN-ClN*GfcNLX( I , J,K )/ IGEMXI I , J,K)+GcNVY I 1 • J • K ) ) 

G£NVYN*CI N*GENVY( I, J « K ) / (GEMX ( I , J , K ) ♦GENVY (I , J , K ) ) 

GENLX ( 1 , J,K> *GENLXN+U0fc-20 

GENVYII* J,K)-GENVYN+l«0L-20 

26 IT (J-Jfl 2d,27,28 

27 JDELTA*-1 

28 J*J*JOELTA 

29 CONTINUE 

30 CONTINUE 
RETURN 
ENO 
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c PROGRAM GEN Vl SUBROUTINE FLR BUBbLt POINT CALCULATION 

C 

C 

SUBROUTINE BUOPI ( T ) 

DIMENSION Al2U#5l »H(2 l,‘ »,CI2C*5i ,NSTGS(*>) , tNTMK ( 20) ,fcN THL I 20 ) , 
IENTMUI2U) ,£MHh(20J ,E X TF D ( 20 , AG f b I , L X TFCH I 4U , 5 ) , SVFlO 140 , 5 ) , 

2SLFICI4U.5),J5VF*UI40,5).KSVFROI 40,5),JSVTUI40.5)tKSVTOI40*31t 
3JSLMC<«#0,5) ,KSLFR(M4C, 5), JiUGUu, 5 l,KSLI(J (40,51 ,J£VFRC 140*51* 
4KEVFRl(40,3) ,JEVTU(40,5),KEVTCI40,5I , JELFRCM4U*5 I , KLlFRC ( 40,5 ) , 
5JELTai4J,5>*KtLI0l40,5),J*tTYP(5), JCCrYP(5),JCUCl(4u,5>, 

6 T COOL < 4u ,5) , TtMP140,5).VAPOR(40,5) , GUI 0 ( 40 • 5 ) ,QUl t CP ( 5 I , ICS tT i 51 , 

rF|XRV(5)*f IxnL(''») t FIXftE(5)»MxrV<5}«»' IXrL(5)tFIXrVL(b)» 

*MXSV<40,5) ,FIXM.(4C,5) , QU l MJH140 *5) , V APMC-h [ 40 • 5 ) ♦ GtNLX 120,40 * 5 I • 
9GENVY(2o,40,5) ,KMCOt (40,3) ,FLFEuO(2Q> ,FtVAP(20> ,FLLU(2CI 
DIMENSION S0MF0(20),FlVAPl(201,FEL 101120J*QONBAL140,5), 

1C00LLDI 40*5)*K LULDI5>,CCNClC(5),PKDSUM(2u)»RFSUM(20), CUNBAl(20) , 

2CO ICX(20)* V A P Y ( 2 0 )»LOK(20)»FD(40> 

COMMON A,H,C,NSTGS,LNTHK,tNiHL,cNIHU,ENTHW,EXTFC.fcXIFCH.SVFtO, 
ISLFLO,JiVFKL,KSVFKO,JSVTO.KSVTU,J3LFRQ,KSIF«0,JSET0,KSLT0, 
2JEVFi<C#KEvFi<0, JtVTO.KtVTU, JtLFROf KELEKO, JEL TO.KLLrC, JMETY^, 
3JC0TYP,JCUOL,TCOOL,TtMP,VAPOR*QUI0,C0ITOP,TCSET,FIXKYf 
4FlXRL.FIXRE.FIXI V , F IX11, F l X T VL , F I XS V ,F I X$L * CUIMCH, V APMQh* GEMX , 
SGENVY.KMUOE,FLFLEO,SURFC.LUNRAl,COOLLD.REttLC,CONOID,PftDSUM,KFSUM, 
6CUNHAL,0UlDX,VAPY,kCK,FC,KCCMPS,K,BDFLRR t FLrEES.KALlLR,NCDEb, 
7PR06RR,1TERAT f CHECK,PRStKR,TMAX,TMIN 
LCUILKF (A»B »C» T)*EXPF(A/(T + 460*0)♦B + C*iT*46Q«Q) J 
KTlMES* l 
TINTMO.O 
L SUMY-C*U 

00 2 1*1,NCCMPS 

2 SUMY * SUMY+ 001DX I I ) * t Qli I LKF I A ( I ,K) , 6 ( l*K),C(l*KI ,F) 

IF IARSMSUMY-l.O)-bDFERR) V.S.J 

3 KTIMES*K TI Me S-L 
IF {K1 I ME S ) 7,4,4 

4 $UMYO*$UMY 
TC* T 

IF t SUMY-1. C) 5,5,6 

5 T*T* TINf 

IF < T-TMAXl 1,10,10 

6 T* T-TI NT 

IF (T-TMIN) 11,11, t 

7 IF I (SUMYOI.OIMSUMY-L.O) I B,4,4 
tt SLOPE* I SUMY- SUMYO) / ( T-TL ) 

SUMYO*SUKY 

TO*T 

T *{Il.O-SUMY)/SLOPE)M 
TINT*TI,T/LC»U 
GO TO 1 
9 RETURN 

10 T*TMAX 
RETURN 

11 T*TMIN 
RETURN 
END 
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C PROGRAM GEN VL SUBROUTINE FOR DEW POINT CALCULATION 

C 

C 

SUBROUTINE C6WPT (T) 

DIMENSION A<20,5),B(20,5),C(20,5I,NSTGS(5)♦tNTHK(20),ENTHL(20», 
IENTHUI2Q),ENTHW(20),EXTFDl20,40,5),EXTFDH(4Q,5),$VFLO(40,5), 
2SLFL0I40,5) , J$VFR0(40,5) .KSVFRO140,5>,JSVTO(40,5> ,KSVT0(40,5> , 
3JSLFR0(40,5),KSLFR0(4Q,5),JSLI0(40,5 ),KSlTO( 40,5>*JtVFRC(40,5)• 
4KEVFR0(40,5),JEVT0(4Q,5) »KEVT0(4Q,5) j JELFRO (40,5 ) ,KELFRC(40,5 ) , 

5JELTO(40,5>,KfcL10(40,5).JREfYP(5),JCOTYP(5) ,JCOUL(40,5 ) , 
6TC00L(40,5) , TEMP (40,5), VAPOR 140,5) , QUID 140,5) ,QUIT0P (5 ) ,TCSET (5 I 
7FIXAV(5 ),FIXBl(5),FIXRE(5) ,F IXTV 15 ), F I XTL (5 ) »F I XTVL ( 5) , 

8FIXSV(40,5)«F1XSL(40,5),QUIMOH(40,5),VAPMOH(40,5),GENLX(20,40,5) 
9GENVY(20,40,5),KM0DE(40,5),FLFEfcD(20),FLVAP(20 I,FLLIG<20> 
DIMENSION SUMF0(20),FLVAPI(20),FLLIQ1(20),QUNBAL(40,5)• 

ICOOLtD(40,5),REBL0(5),CCNDL0(5),PROSUM(20),RFSUM(20),CUNBAL(20), 
2QUIDX(20)«VAPY(20),EQK(20),FDC40I 
COMMON A,B,C,NSTGS,ENTHK *ENTHL,fcNTHU,ENTHW,£XTFO,EXTFOH,SVFLO, 
ISLFLQ,JSVFRO.KSVFRO,JSVTQ,KSVTO,JSLFRO.KSLFRO,JSLTO,K$LTO» 
2JEVFR0.KEVFR0,JEVTO,KEVTO, JElFRG.KELFRO,JELTO.KElTC, JRETYP, 
3JC0TYP,JCOOL.TCGOL,TEMP,VAPOR,QUID,QUlTOP,TCSET,FIXRV, 

4FIXBL,FlXRE,FIXTV.FIXTL,FIXTVL,FIXSV.FIXSL,QUIMOH,VAPMOH,GENLX, 
5GENVY,KMODE,FLFEED,SUMFC,QUNBAL.CQOLLO,RkBLO,CONDLD,PROSUM.RFSUM 
6CUNBAl,QU1DX,VAPY,EGK,FD,NCCMPS.K,BDFERR,FLFEES,KALTER,NC0LS, 
7PRDERR,ITERAT,CHECK,PRSERR,TMAX,TMIN 
EQUlLKF(A,B,C,n*EXPF(A/(T*460.QKB + C*(T*460*0)) 

KTIMES*1 
TINT*10.0 

1 SUMX«0.0 

DO 2 1*1,NCOMPS 

2 SUMX*SUMX»VAPY(1)/EQUILKF(A(l,K),B(I,K|,C(I,K),T) 

IF (ABSF(SUMX-i.O)-BOFERR) 9,9,3 

3 KTIMES*KTIMLS-l 
IF (KTIMESI 7,4,4 

4 $UMXO*SUMX 
TO*T 

IF (SUMX-1•0) 5,5,6 

5 T* T-T IN f 

IF (T-TMIN) 10,10,1 

6 T»T*TINT 

IF '( T-TMAX) 1,11,11 

7 IF (<$UMX0-1.0)»(SUMX-l.0)> 8,4,4 

8 SLOPE*(SUMX-SUMXOI/(T-TC) 

SUMXO*SUMX 

TO*T 

T*((l.O-SUMX)/SLOPE)*T 
TINT*TI NT/10.0 
GO TO 1 

9 RETURN 

10 T*TMIN 
RETURN 

11 T*TMAX 
RETURN 
END 
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C PROGRAM GENVL SUBROUTINE FOR FLASH TEMPERATURE CALCULATION 

C 

C 

SUBROUTINE ISOVFL (FLVAP*FLL1Q*FLV,FLL,T) 

DIMENSION A(20,5),B(20,5),C(20,5>,NSTGS(5),ENTHK(20),ENTHL(20), 
lENTHU(20),ENTHWf20) ,EXTFD<20,40,5) ,EXTFDHI40,5) ,SVFL0I40,5> , 
2SLFL0<40,5),JSVFR0<40,5),KSVFROI40,5),JSVfO(40,5),KSVT0(40,5), 
3JSLFR0(40,5) ,KSlFR 0(40,5), JSLT0(40,5) ,KSLT0(40,5) , JEVFRC(40,5 >, 
4K£VFR0(40,5),JEVT0I40,5),KEVTC(40,5) , JELFRO (AO, 5 ) , KELFRC (40,5 ) , 
5JELTOl4Q,5),KfcLT0(40,5),JRETYP15),JCOTYPtS) ,JC0GL(4Q,5) , 

6TCOOL(40,5),TEMP(40,5),VAPOR(40,5),QU10(40,5),QUIT0P(5),TCSET(5), 
7FIXRV(5) ,FIXBH5),FIXRE(5) ,FIXTV<5) ,FIXTL(5),FIXTVL(5), 

8FIXSV(40*5)»FIXSL(40,5),QUIMOH(40,5),VAPMOH(AO,5),GENLX(20,40,5), 
9GENVY(20,AO,5),KMODE(40,5),FLFE£D(20),FLVAP(20),FLLIQ(20> 
DIMENSION SUMF0(20) .FLVAPK20) ,FLL IQI (20) , QUNBAl (40,5 ), 
1COOLLO(40,5),REBLD(5),CONOLD(5),PRDSUM(20),RFSUM(20),CUNBAL(20), 
2GUIDX120),VAPY(20),EQK(20),FD140> 

COMMON A,B,C,NSTGS»ENTHK,ENTHL.ENTHU,fcN1HW,£XTFD,EXTFDH,SVFLQ, 
ISLFLO,JSVFRO,KSVFRO,JSVTO,KSVIO,JSLFRO,KSLFRO,JSLTC,KSL10, 
2JEVFR0.KEVFR0,JEVTO.KEVTO,JELFRO.KELFRO,JELTQ.KELTO,JRETYP, 
3JC0TYP, JCOOL.TCOOLiTEMP^APORiQUIO.QUlTCPtTCSETjFIXRV, 
4FIXBL,FIXRE,FIXTV,F1XTL,HXIVL,FIXSV,FIXSL,CUIMGH,VAPM0H,GENLX, 
5GENVY,KM0 DE,FLFLED,SUMFC,CUNBAl,COOLLO,REBLD,CONOLD,PRDSUM,RFSUM, 
6CUNBAL,GUIDX,VAPY,EQK,FD,NCOMPS,K,BDFERR,FLFEES,KALTER» NCOLS, 
7PR0ERR,ITERAT,CHECK,PRSERR,TMAX*TMIN 
EQU1LKF(A,B,C,T)*EXPF(A/(T*460.0UB*CMT*460,0)) 

KTIMES*1 
TINT*10.0 

1 FLVAS*Q *0 
FLLIS*0.0 

DO 2 I* l»NCOMPS 

EQK*£QUILKF(A(I,K),B(I,K),C(I,K),T) 

FLVAP ( I ) X F_LFEED11) / (Flk/AlJi/E QK±l*iLl_ 

FLL IQ(I)*FLF EEDlI)/(FLV«EQK/FLL*l.0» 

FLVAS*FLVAS*FLVAP(I) 

2 FLLIS*FLLIS*FLUQ( I ) 

IF (ABSF(FLVAS/FLV-i.O)-BOFERR) 3,3,4 

3 IF (ABSF(FLLIS/FLL”l-Q)-BDFfcRR) 15,15,4 

4 KTIMES-KT1MLS-1 

IF (KTIMES) 10,5,5 

5 FLVASC=FLVAS 
FLLISO*F LLIS 
TO*T 

IF (FLV-FLL) 6,6,7 

6 IF (FLVAS/FLV-1.0) 8,8,9 

7 IF (FLLIS/FLL-l.O) 9,9,8 

8 T*T + TINT 

IF (T-TMAX) 1,1,16 

9 T=*T-T INT 

IF (T-TMIN) 17,1,1 

10 IF (FLV-FLL) 11,11,13 

11 IF ((FLVASO/FLV-1.0)*(FLVAS/FLV-1.0)) 12,5,5 

12 SLOPEDFLVAS/FLV-FLVASO/FLV)/(T-TO) 

FLVASO*FLVAS 

FLLIS0*FLLIS 

TO*T 

T* ((1,0-FLVAS/FLV)/SLOPE) + T 

UNT*TINT/10.0 

GO TO 1 

13 IF ((FLLISO/FLL-1.0)*(FLLIS/FLL~1.0)) 14,5,5 

14 SLOPE*! FLLIS/FLL-FLHS0/FLL)/(T-T0) 



346 


D. N, HANSON AND G. F. SOMERVILLE 


FLVASO-FLVAS 
FLLI$G*FLLIi 
T0*T 

T* 1 (1.0-FLLIS/FLU/SL0P£) + T 
TINT*T1NT/10.0 
GO TO 1 

15 RETURN 

16 T*TMAX 
GO TO 18 

17 T*TMIN 

18 FLVAS*0.0 
FLL1$*0 • 0 

00 19 1*1»NCOMPS 

€QK*EQUILKF(A( I f K) T BU»K) F C(I»K) ,T) 
FLVAP( U*FLFEfcOn l/CFLL/FLV/ECK^l.Oi 
FLL IQ(1 >*FLFE£Dm/(FLV*EQK/FLL*l.O> 
FLVAS*FlVAS*FLVAPU> 

19 FLLIS*FLLIS+FLL1QI I ) 

FLV*FLVAS 

FLL-FLLIS 

RETURN 

END 
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C PROGRAM GENVL SUBROUTINE FOR ISOTHERMAL FLASH CALCULATION 

C 

C 

SUBROUTINE ISOTFL (FLVAP,FLLIO*FLV,FLL,T) 

DIMENSION A(20,5),B(20,5),C(20,5),NSTGS(5) ,ENTHK(20) ,ENTHL(20), 
IENTHU(20),ENTHW(20>,EXTFD(20,40,5),EXTFDH(40,5),SVFLO(40,5), 
2SLFL0(40»5)»JSVFRQ(40,5),KSVFRO(40,5),JSVTO140*5),KSVTO(40,5), 
3JSLFR0(40,5).KSLFROJ40,5),JSLTOt40,5),KSLTQ(40,5),JEVFRC(40,5), 
4KEVFR0(40,5),JEVTO(40,5),REVTO(40,5)tJELFRO(40,5),KtLFRC(40,5), 
5JELT0(40,5),KELT0(4C,5),JRETYP(5),JC0TYP(5),JCO0L(40,5), 

6TC00LI40,5),TEMP(40,5),VAPOR(40,5),QUID(40,5),QUIT0P(5),TCSET(5), 
7FIXRV(5),FIXBL(5),FIXRE(5),FIXTV(5),FIXTL(5i,FIXTVL(5), 

8FIXSV(40,5),FIXSL(40,5),QUIMOH(40,5),VAPMOH(40,5),GENLX(20,40,5), 
9GENVY(20,40,5),KMODE(40,5),FLFEE0(20),FLVAP(20),FLL1Q(20) 

01 MENS ION SUMFD(20)»FLVAPI(20),FLLIQ1(20),QUNBAL(40,5), 

1COOLLO(40,5),REULD(5),CQNDL0(5),PRDSUM(20),RFSUM(20),CUNBAL(20), 
2QUI0XI20),VAPY(20),EQKI 20),FD(40) 

COMMON A,B,C,NSTGS,ENTHK,ENTHL,ENTHU,ENTHM,£XTFD,EXTFDH,SVFLO, 
lSLFLO,JSVFRO,KSVFRO,JSVTO,XSVTO,JSLFRO,KSLFRO,JSLTO t KSLTO, 
2JEVFR0,KEVFR0 ,J£VTO,KEVTO,JELFRO,KELFRO,JELTO,KElTO,JRETYP, 
3JC0TYP,JCOOL,TCOOL,TEMP,VAPOR,QUID*OUITOP,TCSET,FIXRV, 
4FIXBL,FIXRE,FIXrV,FIXTL,FIXTVL,FIXSV,FIXSL,QUIMOH,VAPMOH,GENLX, 
5GENVY,RHODE,FLFEED,SUMFD,GUNBAL,COOLLD,REBLD,CONDLO,PRDSUM,RFSUM, 
6CUNBAL,QUIDX,VAPY,ECK,FC,NC0MPS,K,BDFERR,FLFEES,KALTER,NC0LS, 
7PRDERR,ITERAT,CHECK,PRSE«R,TMAX,TMIN 
EQUILKF(A,B,C,T)*EXPF(A/( T♦460.0) +B4C*(T 4-460*0) ) 

KTIMES*l 
FLINT*.! 

DO I I * l ,NCOMPS 

1 EOK(II*EQUILKF(A(I,Kl,B(I,K),C(I,K) v n 

2 FLVAS*0.0 
FLLIS*0.0 

3 DO 4 l«!,NCOMPS 

FLVAP(1)*FLFEE0(I)/(FLL/FLV/EQK(I)*1.0) 

FLLIQdl-FLFEEDd )/(FLV»ECK(I J/FLLU.Ol 
FLVAS*FlVAS*FlVAP(I) 

4 FLLIS*FLLIS+FLLIQ(I) 

IF (AB$F(FLVA$/FLV-l.0J-BDFERR) 5,5,6 

5 IF (ABSF(FLLIS/FLL-1.0)-BOFERR) 23,23,6 

6 IF (FLVAS/FlFEES-I.QE-6) 24,24,7 

7 IF (FLLIS/FLFEES-1.0E-6) 26,26,8 

8 KTIMES*KTIMES-1 

IF (KTIMES) 18,9,9 

9 FLVASG*FLVAS 
FLLISO*FLLIS 
FLVO-FLV 
FLLO-FLL 

IF (FLV-FLL) 10,10,14 

10 IF (FLVAS-FLV) 11,12,12 

11 FLV*FLVM l.U-FLINT) 

GO TO 13 

12 FlV«FLV*(1.0*FlINT) 

13 FLL-FLFEES-FLV 
GO TO 2 

14 IF (FLLIS-FLL) 15,16,16 

15 FLL«FLL»(i.O-FUNT) 

GO TO 17 

16 FLL»FLL*(1*0>FLINT) 

17 FLV-FLFEES-FLL 
GO TO 2 

18 IF (FLV-FLL) 19,19,21 
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19 IF <(FLVASO-FLVU)*(FLVAS-FLVM 20,9,9 

20 SLOPE*!FLVAS/FLV-FLVASO/FLVO)/<FLV-FLVO) 
FLVASOFLVAS 

FLLISO-FLLIS 

FLV0*FLV 

FLL0*FLL 

FLV*! U.O-FLVAS/FLV)/SLOPE )*FLV 
FLL*FLFEES-FLV 
FLINT-FLINT/IO.Q 
GO TO 2 

21 IF I ! FLLISO-FLLU)*< FLLIS-FLL)) 22,9,9 

22 SLOPE*!FLLIS/FLL-FLLISO/FLLGI/IFLL-FLLO 
FLLIS0*F LLI $ 

FLVASO*FLVAS 

FLL0*FLL 

FLV0*FLV 

FLL*!(1.0-FLL1S/FLL)/SLCPE)*FL 
FLVFLFEES-FLL 

flint*flint/io.o 

GO TO 2 

23 RETURN 

24 00 25 I* 1 «NCOMPS 
FLVAPm-0.0 

25 FLLIQ(I)*FLFEED( I > 

FLV*0.0 

FLL*FLFkES 

RETURN 

26 DO 27 I*l,NCOMPS 
FLLIQ!I)*0#0 

27 FLVAPII)*FlFEED(11 
FLL*0,0 
FLVFLFEES 
RETURN 

END 



COMPUTING MULTISTAGE LIQUID PROCESSES 


349 


EXAMPLE l REBOILEO ABSORBER (7 COMPONENTS - 9 STAGES) 

BOTTOM PRODUCT SET INTERCOOLER ABOVE FEEO PLATE 

INPUT OATA 

NO. OF COMPONENTS NO. OF COLUMNS 
7 1 

•••••••••••••••••••••••••••••••••••••••••••••••••••••ft COLUMN 1 ........ 

NUMBER OF STAGES ■ 9 

EXTERNAL FEEO OF 0.64729998E 03 MOLES TO STAGE 3 OP COLUMN 1 
COMPONENT AMOUNTS 

0.2499Q000E 03 0.31999999E 02 0.22179999E 03 0.13140000E 03 O.TSOOOOOOE 01 

0.20999999E 01 0.T3999999E 01 

ENTHALPY OF FEEO > 0.36067279E 07 

EXTERNAL FEED OF 0.10990000E 04 MOLES TO STAGE 9 OF COLUMN 1 
COMPONENT AMOUNTS 

- 0 . - 0 . - 0 . - 0 . - 0 . 

-0. 0.105500006 04 

ENTHALPY OF FEEO • 0.53309149E 07 

REBOUER. FIXED LIQUID FLON * 0.14200000E 04 

NO CONOENSER 

INTERCOOLER BETWEEN STAGE 4 AND STAGE S COOLING LtQUIO FLOW TO STAGE 4 TO TEMPERATURE OF 0.20000000E 01 

EQUILIBRIUM CONSTANTS A EQUILIBRIUM CONSTANTS B EQUILIBRIUM CONSTANTS C 

•0. 0.5000000QE 01 *0. 

-0.22610600E 03 0.11134600E 01 0.28649999E-02 

-0.27829800E 04 0.77318999E 01 -0.33409999E-02 

-0.199921OOE 04 0.46058199E 01 -0.4B600000E-03 

-0.428997Q0E 04 0.94739398E 01 -0.407999991-02 

-0.60171299E 04 0.131817001 02 -0.713200008-02 

-0.S9302899E 04 0.63820399E 01 -0.14200000E-03 

TEMPERATURES 

0.22499999E 03 0.20312900E 03 0.18129000E 03 0.19937900E 03 0.13790000E 03 

0.1l962499E 03 0.93790000E 02 0.71879000E 02 0.90000000E 02 

• •••••••ft.. all COLUMNS ..••••*••••••••••••••••• 

ENTHALPY CONSTANTS K ENTHALPY CONSTANTS L ENTHALPY CONSTANTS U ENTHALPY CONSTANTS M 

0.67999999E 01 0.13100000E 04 0.67999999E 01 0.13600000E 04 

0. 15200000E 02 0.29899999E 04 0.90000000E 01 0.49999999E 04 

0.16800000E 02 0.32900000E 04 0.13900000E 02 0.70200000E 04 

0.17299999E 02 0.33300000E 04 0.16900000E 02 0.78A99999C 04 

0.23000000E 02 0.43300000E 04 0.22600000E 02 0.93600000E 04 

0.30700000E 02 0.97399999E 04 0.30199999E 02 0.12900000E 09 

0.36399999E 02 0.49800000E 04 0.23899999E 02 0.18660000E 09 


PROOUCT ERROR LIMIT 
0.20000000E 01 


8UB8LE DEW FLASH ERROR LIMIT 
0•99999999E-06 







I TEAATION NO. - 10 

......COLUMN I ..... 

VAPOR ANO LIQUID PRODUCT AMOUNTS AND INTERCONNECTING FLOWS 

SOTTON PRODUCT OF 0.14200000E OR MOLES 
COMPONENT AMOUNTS 

0.1284T170E-02 0.51427767E 00 0.21751072E 03 0.130S89B4E 03 0.74847341E 01 

0.20979225E 01 0.10617995E 04 

COMPONENT RECOVERY FRACTIONS 

O.S2330633E-OS 0.162746096-01 0.9806614BE 00 0.99383446E 00 0.99823148E 00 

0.9990107IC 00 0.99943475E 00 

VAPOR TOP PROOUCT OF 0.28C31856E 03 MOLES 
COMPONENT AMOUNTS 

0.24546584E 03 0.310700B6E 02 0.299I476SE 01 0.367066246-00 0.423777T9E-06 

0.94971Z18E-U 0.424099I9E-00 

COMPONENT RECOVERY FRACTIONS 

0.99986084E 00 0.98323057E 00 0.13487270E-01 0.27935024E-02 0.56503705E-07 

0.4S2243B9E-11 0.39918975E-03 

STAGE VARIABLES 

STAGE TEMPERATURE VAPOR FLOW LIQUID FLOW VAP MOL ENTH LIO ML ENTH HEAT UNBALANCE 

1 0.223316166 03 0.43440771E 03 0.14200000E 04 0.I1482784E 05 0.11606B53E 05 0. 

2 0.897 38540E 02 0.50123933E 03 0.20544077E 04 0.8551723BE 04 0.4468IA04E 04 0.24349IS0E OS 

3 0.487417746 02 0.10327732E 04 0.1923S867E 04 0.63S13041E 04 0.5S7S6069E 04 -0.294237S0E 04 

4 0.32829596E 02 0.73193252E 03 0.18073594E 04 0.5444410SE 04 0.51945792E 04 -0.44146075C 04 

5 0.449662356 02 0.5bT0316lE 03 0.LS0S6229E 04 0.487467L6E 04 0.S8331919E 04 0.A10O37S0E 04 

4 0.32304398E 02 0.43L37398E 03 0.13413845E 04 0.37754188E 04 0.SA434273E 04 0.50043TS0E 04 

7 0.L7378777E 02 0.3S320437E 03 0.12OS9204E 04 0.279IS682E 04 0.S339942U 04 0.24708749E 04 

8 0.B2 386624E 01 0.31S02271E 03 0.U278746E 04 0.22099546E 04 0.SI418741E 04 0.616S0000E 03 

9 0.4|170742E 01 0.2803I854E 03 0.L0897099E 04 0.1843469BE 04 0.SOS6S770C 04 0.83937S0OE 02 

REBOILER LOAD - 0.100673766 08 

INTERCOOLER BETWEEN STAGE 4 AND STAGE 5 COOLING LtOUIO FLOW TO STAGE 4 TO TEMPERATURE OF 0.20000000E 01 

INTERCOOLER LOAO - 0.19752259£ 07 

TOTAL COLUMN HEAT UNBALANCE - 0.312487SOE OS 


TOTAL PROOUCT MASS BALANCES ANO RECOVERY FRACTIONS 
RECOVERY FRACTION SUMMATIONS FOR EACH COMPONENT 

0.999B6607E 00 0.99950517E 00 0.9941487SE 00 0.9964279SE 00 0.99B231S4E 00 

0.9990I071E 00 0.99983393E 00 

EXCESS MOLES OF EACfl COMPONENT ENTERING THE SYSTEM IN FEEDS OVER MOLES LEAVING IN PRODUCTS 

0.328788766-01 0.15636444E-01 0.129T80S6E 01 0.44308662E-00 0.I3263464E-01 

0.2077490IE-02 0.176422IZfc-OO 

TOTAL NASS UNBALANCE <SUM OF ABSOLUTE VALUES OF COMPONENT UNBALANCES) - 0.198117086 01 
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EXAMPLE lA REtJO1 LED ABSORBER <T COMPONENTS - 9 STAGES) 

REBOILER VAPOR SET INTERCOOLER ABOVE FEED PLATE 

INPUT OATA 

NO. OF COMPONtNTS NO* Of COLUMNS 
7 1 

.......... COLUMN l ....... 

NUMBER OF STAGES • 9 

EXTERNAL FEED OF 0.6472999BE OS MOLES TO STAGE 3 OF COLUMN l 
COMPONENT AMOUNTS 

0.24550aOdE 03 0.31399999E 02 0.22 179999C 03 0.1314000OE 03 O-TSOOOOOOE Ol 

Q.20999999E Oi 0.73999999E 01 

ENTHALPY OF FEED ■ Q.36067279E 07 

EXTERNAL FEED OF 0.10550000E 04 MOLES TO STAGE 9 OF COLUMN l 
COMPONENT AMOUNTS 

- 0 . - 0 . - 0 . - 0 . - 0 . 

-0. O.105SOOOOE 04 

ENTHALPY OF FEED - 0.53309149E 07 

REBQlLEXf FIXED REBOlLER VAPOR » 0.63440770E 03 

NO CONDENSER 

INTERCOOLER BETWEEN STAGE 4 AND STAGE 5 COOLING LIQUID FLOW TO STAGE 4 TO TEMPERATURE OF 0.200000iX>€ 01 

EQUILIBRIUM CONSTANTS A EQUILIBRIUM CONSTANTS B EQUILIBRIUM CONSTANTS C 

-0• O.SOOOOOOOE Ol *0. 

-0.2261Q6Q0C 03 0.U13460OE 01 0.2S649999E-02 

-0.27B29B0QE 04 0.77318999E 01 -0.33409999E-02 

-0.19952100E 04 0.46058199E 01 -0.686Q0Q0QE-03 

-0.42699700E 04 0.9473939BE 01 -0.40799999E-02 

-0.60171299E 04 0.13I817OOE 02 -0.71320000E-02 

-0*59302899E 04 0.63B20399E 01 -0.14200000E-01 

TEMPERATURES 

0.22499999E 03 0.19B12500E 03 0.17124999C 03 0.14437900E 03 0.11750000E 03 

0.9Q625000E 02 0.637S0000E 02 0.36B7SOOOE 02 0.09999999E 02 

all COLUMNS .... . 

ENTHALPY CONSTANTS X ENTHALPY CONSTANTS L ENTHALPY CONSTANTS U ENTHALPY CONSTANTS W 

0.67999999E 01 0.13100000E 04 0.67999999E 01 0.13600000E 04 

0.1S200000E 02 0.29899999E 04 0.90000000E 01 0.45999999E 04 

0.16600000E 02 0.32500000E 04 0.13500000E 02 0.70200000E 04 

0.17299999E 02 0.33300000E 04 0.16500000E 02 0.7B699999E 04 

0.23000000E 02 0.43300000E 04 0.22400000E 02 Q.93600000E 04 

0* 30700000E 02 0.37399999E 04 0.30199999E 02 0.12300000E 03 

0.36399999E 02 0.49800000E 04 0.23B99999E 02 0.1B660000E OS 


PROOUCT ERROR LIMIT 
0.20000000E 01 


BUBBLE OEW FLASH ERROR LIMIT 
0.99999999E-06 







ITERATION NO. * 22 


COLUMN 1 


CO 

Cn 

to 


VAPOR AND LIQUID PRODUCT AMOUNTS AND INTERCONNECTING FLOWS 

ROT TOM PRODUCT OF 0. 14215221E 0* MOLES 
COMPONENT AMOUNTS 

0.12728422E-02 0.5108QH5BE 00 0.21771B07E 03 0.13135239E 03 0.75225109E 01 

0.21025914E 01 0.10623144E 09 

COMPONENT RECOVERY FRACTIONS 

0.518469366-05 0.161648286-01 0.981596386 00 0.999637736 00 0.100300146 01 

0.10012 340E 01 0.9999195 IE 00 

VAPOR TOP PRODUCT OF 0.28054288E 03 MOLES 
COMPONENT AMOUNTS 

0.245492186 OJ 0.311640206 02 0.3U807643E 01 0.381076166-00 0.452939116-06 

0.103630896-10 0.424839386-00 

COMPONENT RECOVERY FRACTIONS 

0.99996813E 00 O.9062O344E 00 0.I 3889830E-0L 0.29001229E-02 0.60391881E-07 

0.493480436-1t 0.39988647E-03 

STAGE VARIABLES 

HEAT UNBALANCE 

0 . 

0.1038T000E 05 
0.184187496 04 
0.23796874E 04 
0.54350000E 03 
0.21628749E 04 
0.15082499E 04 
0.5167S000E 03 
0.969375006 02 


STAGE TEMPERATURE VAPOR FLOW LIQUID FLOW VAP MOL ENTM L1Q MOL ENTH 

1 0.22294358E 03 0.63440770E 03 0.14215221E 04 0.U473969E 05 0.L1592S64E 05 

2 0.897244976 02 0.50530794E 03 0.20559299E 04 0.855358686 04 0.666698656 04 

3 0.48772026E 02 0.10377322E 04 0.19268301E 04 0.63599U9E 04 0.55736573E 04 

4 0.32883620E 02 0.73531319E 03 0.181180026 04 0.54576842E 04 0.51929630E 04 

5 0.45480654E 02 0.57177944E 03 0.15092070E 04 0.49060863E 04 0.58448264E 04 

6 0.32925513E 02 0.434712076 03 0.13457421E 04 0.38111437E 04 0.56576134E 04 

7 0.17795375E 02 0.35476288E 03 0. 12089275E 04 Q.281435706 04 0.5349702TE 04 

8 U.84111117E 01 Q.31563499E 03 0.U291541E 04 0.22196526E 04 0.514596726 04 

9 0.41641755E 01 0.28054288E 03 0.10900842E 04 0.18469136E 04 0.50576640E 04 


REBOILER LOAD * 0.10051404E 08 

INTERCOOLER BETWEEN STAGE 4 AND STAGE 5 COOLING LIOUIO FLOW TO STAGE 4 TO TEMPERATURE OF 0.20000000E 01 


INTERCOOLER LOAD * 0.20015999E 07 


TOTAL COLUMN MEAT UNBALANCE = -Q.97782499E 04 


O 

S5 


TOTAL PRODUCT MASS BALANCES AND RECOVERY FRACTIONS 

RECOVERY FRACTION SUMMATIONS FOR EACH COMPONENT 

0.999973326 00 0.10023683E 01 U.99548620E 00 0.10025378E 01 0.100300I5E 01 

0.100123406 01 0.10003193E 01 

EXCESS MOLES OF EACH COMPONENT ENTERING THE SYSTEM IN FEEDS OVER MOLES LEAVING IN PROOUCTS 

0.65498352E-02 -0.74837208E-01 O.1001I596E 01 -0.33347321E-00 -0.225113036-01 

-0.259146096—02 -0.339324956-00 

TOTAL NASS UNBALANCE I SUM OF ABSOLUTE VALUES OF COMPONENT UNBALANCES) - 0.17804476E 01 
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EXAMPLE 2 DISTILLATION COLUMN WITH SIDE STRIPPER IS COMPONENTS - 
13 STAGES AND 5 STAGES) REFLUX AND STRIPPER PRODUCT SET 

INPUT OATA 

NO. OF COMPONENTS NO. OF COLUMNS 

S 2 

•••••••••«»••»»••••••••«•»••••••»••••••••••••••••••••• COLUMN l •••••••*•*•••*•*•••*•*«••••••*•***•« 

NUMBER OF STAGES - 13 

EXTERNAL FEED OF 0.16352999E OA MOLES TO STAGE 6 OF COLUMN 1 
COMPONENT AMOUNTS 

0.14200000E 02 0.27119999E 03 0.946T9999E 03 0.25B30000E 03 0.14479999E 03 

ENTHALPY OF FEED ■ 0.36340000E OB 

REBOILER, FIXED REBOILER VAPOR « 0.12000000E 04 

PARTIAL CONDENSER, FIXED REFLUX » 0.2S000000E 04 

FIXED SIDE IIQUIO STREAM OF 0.12100000E 04 MOLES FROM STAGE 9 OF COLUMN 1 TO STAGE 5 OF COLUMN 2 


EQUILIBRIUM CONSTANTS A 

EQUILIBRIUM CONSTANTS B 

EQUILIBRIUM CONSTANTS C 



-0.68535999E 04 

0.1S499999E 

02 


~0.54880000E-02 



-0.67555Q00E 04 

0.1 3890000E 

02 


-0.4328999-9E-02 



-0.73860999E 04 

0.11089999E 

02 


-0.19069999E-02 



-0.10974800E 05 

0.lOBOOOOOE 

02 


“0.68499999E-03 



-0.12060200E 05 

0.98 399999E 

01 


-0.23199999E-03 



TEMPERATURES 







0.59999999E 03 

0.56500000E 03 

0.52999999E 

03 

0.49500000E 03 

0.4S999999E 

03 

0.42500000E 03 

0.38999999E 03 

0.35500000E 

03 

0.31999999E 03 

0.28500000E 

03 

0.25000Q00E 0) 

0.2150000CE 03 

o.iaooooooE 

03 





COLUMN 2 


NUMBER OF STAGES * 5 

REBOILER, FIXEO LIQUID FLOW « 0.94499999E 03 

NO CONDENSER 

INTERCONNECTING VAPOR STREAM FROM END STAGE S OF COLUMN 2 TO STAGE 10 OF COLUMN 1 

EQUILIBRIUM CONSTANTS A EQUILIBRIUM CONSTANTS B EQUILIBRIUM CONSTANTS C 

-0.68535999E 04 0.15499999E 02 -0.54B80000E-02 

-0.67555000E 04 0.13890000E 02 -0.43289999E-02 

-0.T3860999E 04 O.I10B9999E 02 -0.19069999E-02 

-0.10974800E OS 0.10800000E 02 -0.68499999E-03 

-0•I20602Q0E OS 0.98399999E 01 -0.23199999E-03 

TEMPERATURES 

0.40499999E 03 0.38999999E 03 0.37500000E 03 0.36000000E 03 0.34500000E 03 

• ALL COLUMNS ..«•**••••** 

ENTHALPY CONSTANTS U ENTHALPY CONSTANTS W 

0.34069999E 02 O.S8S80000E 04 

0.42629999E 02 0.65239999E 04 

0.57799999E 02 0.U172000E 05 

0.1218S000E 03 0.20993000E 05 

0.17581999E 03 0.24511000E 05 

PROOUCT ERROR LIMIT BUBBLE DEW FLASH ERROR LIMIT 
0.BOOOOOOOE 01 0.99999999E-06 


ENTHALPY CONSTANTS K 
0.45259999E 02 
0.54780000E 02 
0.72549999E 02 
0. 14719000E 03 
0.20517000E 03 


ENTHALPY CONSTANTS L 
-0.39080000E 04 
-0.49500000E 04 
-0.652&0000E 04 
-0.13603000E 05 
-0.19101000E 05 









CO 

On 


ITERATION NO. > 22 


COLUMN I 


VAPOR AND LIQUID PRODUCT AMOUNTS AND INTERCONNECTING FLOWS 


BOTTOM PRODUCT OF 0.40806741E 01 MOLES 
COMPONENT AMOUNTS 

0.7278*3306-06 0.23976675E-09 0.53277725E 01 

COMPONENT RECOVERY FRACTIONS 

0.512566706-07 0.88*095706-06 0.56271362E-02 

VAPOR TOP PRODUCT OF 0.26289108E 01 MOLES 
COMPONENT AMOUNTS 

0.147*7*466 02 0.2651*8856 03 0.299479I9E 01 

COMPONENT RECOVERY FRACTIONS 

0.L0385S25E 01 Q.97 76875 It 00 0.316306706-02 


0.25 796 78 IE 03 
0.9987139FC 00 

0.6*03367*6-15 

0.2*790*276-17 


0.1**771556 03 
0.99980357E 00 

0. 11301813E-22 
0.T805U98E-2S 


O 

sz{ 


.SIDE LIQUID FLOW OF 0.12100000E 0* HOLES FROM STAGE 9 TO STAGE 3 OF COLUMN 2 
COMPONENT AMOUNTS 

0.89806247E 00 0.37101607E 02 0.11T19964E 0* 0.363*60196-02 0.4*7771696-09 


STAGE VARIABLES 


STAGE 

TEMPERATURE 

VAPOR FLOW 

liquid flow 

VAP MOL ENTH 

LIQ MOL ENTH 

HEAT UNBALANCE 

1 

0.654268B2E 

03 

0. 12000000E 

0* 

0.*08067*16 

03 

0.97707521E 

05 

0.93661217E 

05 

0. 


2 

0.54708186E 

03 

0.9530612IE 

03 

0.1608067*6 

0* 

0.58893517E 

05 

0.67773326E 

05 

0.12995999E 

05 

3 

0.38596197E 

03 

0.15000*376 

0* 

0.136112866 

0* 

0.3**679776 

05 

0.3517*616E 

05 

-0.12577000E 

05 

* 

0.3322682 IE 

03 

0.179*26396 

0* 

0.19075555E 

0* 

0.30473727E 

05 

0.227720*TE 

05 

-0.L4892000E 

05 

5 

0.32**9218£ 

03 

0. I7268858E 

0* 

0.22011002E 

0* 

0.2973899SE 

05 

0.210796816 

05 

-0.31690000E 

0* 

6 

0.31*388366 

03 

0.2016721IE 

0* 

0.21335*666 

0* 

0.2 7974720E 

05 

0.2018857*6 

OS 

-0.22615000E 

0* 

7 

0.2960770*6 

03 

0.217*307*6 

0* 

0.78796*056 

03 

0.26960980E 

05 

0.1*9656066 

05 

-0.30989999E 

0* 

8 

0 • 2952886IE 

03 

0.217293206 

0* 

0.9*5*00896 

03 

0.2689*5916 

05 

0.1*80167IE 

05 

—0.9685OOOOE 

03 

9 

0.29320453C 

03 

0.211*08276 

0* 

0.94399432E 

03 

0.265639*06 

05 

0.14630602E 

05 

-0.126725006 

0* 

10 

0.28*777206 

03 

0.219722816 

0* 

0.20951l1*6 

0* 

0.252773136 

05 

Q.1395210SE 

05 

-0.65**187*6 

0* 

11 

0.250367076 

03 

0.215859076 

0* 

0.19131483E 

0* 

0.208602876 

05 

0.112025166 

05 

-0.110850006 

05 

12 

0.18154B63E 

03 

0.2783*9016 

0* 

0-18743356E 

0* 

0.1*92*1716 

05 

0.58205923E 

0* 

0.36532500E 

0* 

13 

0.14284064E 

03 

0.282891086 

01 

0.25000000C 

0* 

0.125869806 

05 

0.29703437E 

0* 

0. 



REBOILER LOAD - 0.464SS036E 08 

CONDENSER LOAO * 0.3055*6806 08 


TOTAL COLUMN HEAT UNBALANCE - -0.39214I87E 05 
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COLUMN 2 

VAPOR AMO LIQUID PRODUCT AMOUNTS AND INTERCONNECTING FLONS 

Ml TON PRODUCT Of 0.94499999E 03 MOLCS 
COMPONENT AMOUNTS 

0.60Z19639E-02 0.28103220E 01 0.94218002E 03 0.36229B4OE-02 0.4475A7A6C-05 

COMPONENT RECOVERY FRACTIONS 

0.4240B196E-03 0.10362544E-01 0.99512043E 00 0.1402*2646-04 Q.30910763E-07 

VAPOR FLOW OF 0.26496548E 03 HOLES FROM STAGE 9 TO STAGE 10 Of COLUMN l 
COMPONENT AMOUNTS 

0.R91S1279E 00 0.34273197E 02 0.229BOO46E 03 0.tt47B066E-04 0. 1B153316C-0B 

STAGE VARIABLES 

STAGE TEMPERATURE VAPOR FLOW LIQUID ELGA VAP MOL ENTH 

1 0.309SB9TRE 03 0.31462017E 03 0.94499999E 03 0.286917T4E 09 

2 0.30427B70E 03 0.30439479E 03 0.12996202E 04 0.284II440E OS 

3 0.30211191E 03 0.2920B09BE 03 0.124949R2E 04 0.2B03890BE OS 

4 0.299414S4E 03 0.27B93B95E 03 0.1237142BE 04 0.279B3479E 09 

9 0.2963571JE 03 0.2649654SE 03 O.I2239919E 04 0.2T077147E 09 

REBOILER LOAO » 0.42657795E 07 

TOTAL COLUMN HEAT UNBALANCE - 0.73975000E 01 


TOTAL PRODUCT NASS BALANCES AND RECOVERY FRACTIONS 
RECOVERY FRACTION SUMMATIONS FOR EACH COMPONENT 

0.103B976TE 01 0.98B05092E 00 0.10039106E 01 0.99BT279BE 00 0.999B014OE 00 

EXCESS MOLES OF EACH COMPONENT ENTERINC THE SYSTEM IN FEEDS OVER MOLES LEAVING IN PRODUCTS 

“0.593469066 00 0.3Z40S69LE 01 “0.37029909E 01 0.32895988E-00 0.2B438S6BE-O1 

TOTAL HASS UNBALANCE (SUM OF ABSOLUTE VALUES OF COMPONENT UNBALANCES! • 0.7B936479E 01 


LIO HOL ENTH 
0.19694999E 09 
0.19924394C 05 
0.15S4B9B6E 05 
0.15I309B6E 05 
0.14BB42B6E 09 


HEAT UNBALANCE 
0 . 

0.1A442500E 04 
“0.66000000C 02 
-0.J4249999E 03 
-0.69599999C 03 


CO 

07 

Or 
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resistance to, 3 
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practical, 42^44 
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variations in viscosity, 43 
liquid, steps in mass transfer, 52-53 
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F curve 

bypass flow, 162 
dispersion model, 118-119 
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Flocculation, 85-90 
Flow 
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downward film flow, 248 
effect of liquid injection, 248-249 
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heat generation in, 218 
in inclined tubes, 271 
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mathematical description, 108-109 
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two-phase 
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transport processes, 202-203 
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Flow patterns 
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direct use of age information, 173-178 
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residence time distribution in a 
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prediction of, 208-210 
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non-ideal, 96 

tracer information, use of, 104-105 
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prediction of, 212-213 
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Gas-liquid interface, 13-20 
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effect of surface-active agents, 14-15, 18 
resistance to mass transfer, 14 
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Hadamard’s model, 73-74 
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Heat transfer 
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I curve 

bypass flow, 162 

deadwater regions, 161,165-167 

definition, 99-100 
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stirred tanks, 168 
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nonoscillating drops, 78-80 
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high viscosity, 52-53 
low viscosity, 63-65 
Liquid, mass transfer, 52-53 
Liquid-liquid systems 
drop oscillations in, 75-77 
dynamic, 26-33 
interfacial concentrations, 21 
interfacial turbulence, 22,25 
resistance to mass transfer, 20, 22-23 
spontaneous emulsification, 22-23 
static, 23-26 

transfer coefficient, 21, 26 
unstirred, 20-22 
velocity versus drop size, 61-62 
Lituus model, 58 

Lockhart-Martinelli correlation, 220-225 
heat transfer in, 259-263 
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parameters, 259-260 
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Martinelli-Nelson correlation, 221-225 
in bubble flow, 243 
comparison with experiment, 222-225 
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Mass transfer 
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absorption from rising bubbles, 266 
in annular flow, 267-269 
in horizontal flow, 267-270 
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coefficient, 16 
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for gas-liquid systems, 9,10,16,18 
in liquid-liquid systems, 21-33 
for oxygen absorption, 16 
for S0 2 absorption in water, 18 
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in drops and bubbles, 33-42 
effect of surface-active agents, 14 
extreme turbulence, 9-11 
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between gas and liquid solvents, 5-19 
and interfacial phenomena, 1-50 
laminar flow, 9,16,18 
between two liquid solvents, 20-32 
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Metals, liquid, 232-233 
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application to fluidized beds, 170-171 
application to stirred tanks, 167-170 
construction of, 159 
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deadwater regions, 159-171 
matching models to experiments, 
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number of parameters, 164^167 
types of flow in, 159 
correlation, 229-233 
dispersed plug-flow 
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measurement of dispersion coefficient, 
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moment order of tracer distribution, 
136 
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tracer injection, 125 
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acceleration pressure losses, 222 
mixed cell (see Tanks-in-series) 
plug-flow, mathematical description, 108 
slip-ratio, 261 
stirred tanks, 168-178 
symmetrical pipe flow, 107-108 
Moments, tracer distribution, 136-139 
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dispersed plug-flow, 136 
first moment, 137 
general dispersion, 137 
summary for all models, 138-139 
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141 

uniform dispersion, 137 
zeroth moment, 137 
Momentum 

-exchange model, 228-229 
pressure losses, 227 
steady-state flow, 215 
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face, 25 
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Navier-Stokes equations of drop motion, 
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Nicklin approach, 218 
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0 2 absorption in gas-liquid systems, 13-17 
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Parameter-X, 229 
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Pressure 
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irreversible, 219 

Lockhart-Martinelli correlation, 220- 
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mass flow rate effect on, 224 
mean, prediction of, 223-225 
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vertical flow, 223 
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examples, 308-310 

distillation column with side stripper, 
310 
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set, 308-310 
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nomenclature, 310-316 
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Pulse response (see C curve) 
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Reactors, packed-bed 
axial-dispersed plug-flow, 180-182 
boundary conditions, 180 
dispersion, 181-182 
second order, 182 
volume ratio, 181 
conversion in, 179-184 
dispersed plug-flow, 182-184 
boundary conditions, 183 
steady flow, 182 
dispersion model, 184 
tanks-in-series model, 184-186 
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ratio of volume, 184-185 
tracer curves, 185 
Reboilers 

calculations of, 305-306 
specifications of, 304 
Regions 

backmix flow, 168 
deadwater, 159-161 
forced-convection, boiling, 263-264 
liquid deficient point, 263 
in parallel, 164 
in series, 163 
Relaxation solutions 
advantages and disadvantages, 289-290 
mass balance equations, 287-288 
nomenclature, 291 
subroutine INVEN, 306-307 
unsteady-state equations, 289 
Resistance 
diffusional, 1-3 

effects of surface-active agents, 2 
mass transfer 
in gas-liquid systems, 8-13 
in liquid-liquid systems, 22-33 
Reynolds numbers 
high, 72-74 

high viscosity fields, 73 
low viscosity fields, 72-73 
non-Newtonian, 73 
prolate shape, 73-74 
low, 71-72 

Hadamard’s development for, 68 
use in stratified flow, 254 
use in two-phase flow, 213 

s 

Separation operations, multistage, 279- 
381 

calculation methods, 281-291 
iteration solutions, 287-288 
problem description and variables, 281- 
285 

relaxation solutions, 288-291 
stage-by-stage solutions, 285-286 
Slug-flow, 207, 211, 233-241 
flooding action, 240-241 
force balance, 235-236 
frictional, 237 
of gas, 233 

gas volume-fraction, 234 


horizontal, 237-238 
unstable, 238-241 
entrance effect, 239 
true liquid, 239-240 
vertical tubes, 233-237 
downward velocity, 233 
upward velocity, 234, 237 
S0 2 absorption in water, 17-18 
Sphere, solid, 19 

interruption of the laminar flow, 19 
Steam-water mixture, 222 
Sternling-Scriven hydrodynamic analysis, 
77 

Stream junction, 68 
Surface 
-active agents 
effects on absorption, 17-19 
film covered, 12-13 

free clean, of a turbulent liquid, 11-12 
hydrodynamic theory, 11 
instability in gas-liquid systems, 6-8 
layer immobilization, 18 
in liquid-liquid systems, 24 
Surfactants, effects of, 80-84 
damping of oscillations, 82-83 
drop soluble, 80 
evaluation, 81-82 
increased drag, 83 
internal circulation, 67, 83-84 
in ultrapure systems, 67 

T 

Tanks-in-series, 150-158 
boundary conditions, 154 
C curve, 151 
maxima, 157 

comparison with dispersion model, 156— 
158 

mathematical description, 151-156 
one dimensional array, 151-153 
three dimensional array, 155-156 
number of parameters in, 164 
perfectly mixed tank, 150 
Tanks, stirred 
C curve, 152-153 

conditions, experimental, 169-170 
conversion in ideal, 178 
exit age-distribution, 168-169 
homogeneity in, 168 
internal age-distribution, 168 
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multistaged, impeller-agitated, 178 
non-ideal, 179 
steady state in, 178 
unsteady state in, 178 
Tracer 

concentration 

characterization of data, 120 
comparison of pulse and step 
methods, 119-120 
computation errors, 120 
experimental problems, 119 
in dispersed plug-flow model, 125 
distribution moments, 136-139 
flow characterization, 104-105 
injection methods, 109-121 
boundary conditions, 120 
imperfect pulse, 114^118 
imperfect step, 119 
perfect pulse, 110-114 
perfect step, 118 
periodic, 120-121 
rate of injection, 110-111 
in interpreting experimental data, 129— 
131 

measurement of dispersion coefficient, 
109-134 

delta function in perfect pulse, 113, 
115 

Transfer between gas and liquid solvent, 
5-19 

ammonia absorption, 5 

carbon dioxide absorption, 13-15 

experiments on, 13-20 

oxygen absorption, 13-17 

resistance in pure gas or liquid, 2, 5 

surface instability, 6-8 

theoretical values of resistance, 8-9 


Tubular and packed bed reactors (see 
Reactors) 

Turbulence, extreme limits of, 9-13 
in free clean surface of a liquid, 11-12 
Turner's structures, 145-147 

V 

Vapor-liquid processes, a general program 
for computing, 279-317 
calculation methods, 281-291 
independence of variables, 295-296 
problem alteration by program, 296-297 
Velocity 
bubble flow, 241 
drop, 59-67 
drag, 61-67 
wall effect, 66-457 
slip-, methods, 229-233 
pipe roughness variable, 230-231 
ratio, 229, 233,243 
slug-flow, profiles in 
nose region, 236 
upward, 237 
wake region, 235-237 
steady-state terminal, 62-63 
Void-fraction 

effect of concentrations and expansions, 
232 

horizontal flow, predicted in, 224-225 
liquid metals, 232 
steam-water system, 231 

W 

Water, bound, 14 

Weber number, critical, 249, 251 

X 

X-parameter, 229 



